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Overview

These notes cover the material I covered during an advanced session at ETH in the fall
of 2024, complementary to the course “Mathematics of Data Science” (MDS) taught by
Afonso Bandeira. The present notes are focused on discussing more advanced topics,
as well as open problems, in the different areas explored in the MDS lecture, as well as
some others. Especially Sections 3 to 7 should complement the book [BSS23] on which
the main course is based. Because some sessions were attached to the ones of the MDS
course, the topics of these notes can greatly vary from section to section!

You will notice some extra questions along the way, usually stated as Challenges. They
are well-defined mathematical questions, of varying level of difficulty. The solution to
some of them is given, but in any case you are encouraged try them by yourself before
reading it!

Important disclaimer — This draft is subject to possible future changes, adds and
removals. If you find any typos or mistakes, please let me know! This draft was last
updated on November 20, 2024.
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1 A warmup: Feige’s conjecture

In [Fei06], Feige conjectured the following
Conjecture 1.1 (Feige)

Let n > 1, and X1,--- , X, be independent random variables such that X; > 0 and
E[X;] =1 for all i € [n]. Then

1

n
P[ZXi<n+1 > -

i=1

This conjecture has applications in particular in computer science and combinatorics,
such as the weighted max-cut problem, see [Alq+24] for details and further applications.
Note that Markov’s inequality yields the much weaker bound that goes to 0 as n grows:

- n 1
IP’[ZXi<n+1]21— = :
= n+1l n+1

In [Fei06], Feige showed that Conjecture 1.1 holds when replacing 1/e by 1/13 on
the right-hand side, by a technical case-by-case analysis after reducing the support
of each X; to have at most two elements. This constant has been progressively im-
proved [HZZ10; Gar20], the best-known bound is due to [Guo+20] and is 0.1798 (note
that 1/e ~ 0.3679). The conjecture was also recently proven for discrete log-concave
random variables in [Alq+24]. The following challenge shows that the constant 1/e in
Conjecture 1.1 can not be improved.

Challenge 1.1. Find a set of random variables X1, -+ , X, as in Conjecture 1.1, such
that
n
P X;i<n+1| — -
[; (2 n—oo e
Solution of Challenge 1.1 — Pick Xg, -+, X, i.i.d. realizations of a random variable

X € {0,n+ 1}, with P[X =n+ 1] =1/(n+1). Then

1 \" 1

P X; 1
[Z <n-++ il

=0




2 Discrepancy theory

2.1 Some motivation

Imagine we are given a family of sets S := {S1, -+, S}, with S; C {1,--- ,n}. A good
example to keep in mind is a clinical trial: patients are labeled from 1 to n, and a set S;
contains the patients having a (binary) characteristic i € {1,---,m} (older or younger
than 40, sex at birth, patient having a cancer or not, ...).

Our goal is to find a coloring, i.e. a map x : {1,--- ,n} — {—1,1}, that is a partition
of {1,---,n} in two sets, such that for each i € [m], x"1({1}) N S; and x " *({-1}) N S;
partition S; into two sets of roughly of the same size. In the example above, this
corresponds to splitting patients into two groups, such that each characteristic ¢ € [m]
is roughly balanced between the two groups, ensuring that in a clinical trial a significant
difference of outcomes between the two groups would likely be due to the treatment.
Informally, discrepancy is about splitting our elements in two groups which look *
similar as possible”.

Let us formalize this. The discrepancy of the coloring is

disc(x) = max Z x(7)]| - (1)

i€[m] jes;

We define then the discrepancy of S as the minimal discrepancy of colorings, i.e.

disc(S) = X:[n]ni1ﬂ1’l} max sz;qX(]) . (2)

In the example below (taken from https://math.mit.edu/classes/18.095/1lect6/
notes.pdf), the set system is S = {{1,2},{1,3},{2,3},{2,4,5}}, and a minimal dis-
crepancy coloring that we show has discrepancy 2.

Discrepancy of vectors — Notice that we can represent the sets S; by their indicator
vectors a; == 1g, € {0,1}", and denote ¢; :== x (i), with ¢ € {£1}". With these notations,
we have

disc(S) = Jnin max (e, as)- (3)

We can represent eq. (3) in an equivalent way, if we denote uy,--- ,u, € {0,1}" the
vectors such that (u;); == (a;);, as

disc(S) = min (4)

e}

These general forms motivate considering the discrepancy of more general sets of vectors,
beyond indicator vectors. Generally, for n,d > 1 and uyg, -+ , u, € R%, we will denote:

Z £l (5)

disc(uy, -, up) min
aE{:l:l}”



https://math.mit.edu/classes/18.095/lect6/notes.pdf
https://math.mit.edu/classes/18.095/lect6/notes.pdf

2.2 Spencer’s theorem

In our original motivation with set systems, the vectors u; took value in {0,1}. As such,
the following seminal result of discrepancy theory directly applies to this case.

Theorem 2.1 (“Six Standard Deviations Suffice”)

There exists a constant C' > 0 such that the following holds. Let n > 1, and let
g, Uy € R™ with [|u]jee < 1. Then disc(ug, -+ ,u,) < Cy/n.

Notice that one can show that C' < 6 (hence the name “Six deviations suffice”), although
the optimal value of C'is not know. In [Ban10], Bansal showed that a discrepancy O(y/n)
can be achieved with a polynomial-time algorithm.

Challenge 2.1. Prove a weaker version of Theorem 2.1 where \/n is replaced with

vnlogn.

Solution to Challenge 2.1 — We use the so-called probabilistic method, in the following
form. Let g; <" Unif({£1}) be random signs. Let aq,--- ,a, defined as (a;); = (u;);.
Then |laillo < 1 for all 4 € [n], and || 37 eittille = maxjepy, (e, a;)|. Let us recall
Hoeffding’s inequality, which you have seen in class:

Theorem 2.2 (Hoeffding’s inequality, bounded random variables)

Let Xy,...,X,, be independent random variables such that X; € [a;, b;] almost surely
for i =1,...,n. Then, for any ¢ > 0, it holds that

n —2t2
P >t] <2 EE—
<: - )‘ eXp( ?=1(bz‘—ai>2>

> Xi—EX;
By Hoeffding’s inequality, we have for any j € [n]:

i=1
t2 2
P[|(€,aj>|2t]§2exp{ w}§2exp{—2n}- (6)

Using the union bound, we have

]P[EIéZ[%XKE ,aj)| > 1] < 2nexp{—t*/(2n)}. (7)
Therefore,
P[g{é:[ix (e, a;)| < t] >1—2nexp{—t*/(2n)}. (8)

In particular, if 1—2n exp{—t*/(2n)} > 0, then P[max e[, |(¢, a;)| < t] > 0 and therefore
there must exist a signing ¢ € {£1}" with max;c, |(¢,a;)| < t (such arguments are
called the probabilistic method). This implies that disc(u1, -, uy) < /2nlog(2n). O

A great reference on the probabilistic method is the set of lectures by Spencer [Spe94].

Sketch of proof of Theorem 2.1 — We describe here a sketch of the proof of Spencer’s
theorem (with suboptimal constant C'), which is due to Gluskin [Glu89] and relies on
beautiful geometric ideas. The original proof of Spencer [Spe85] shares many ideas,
but is less accessible. A great reference for this proof (which we follow here) is this
series of blog posts of Raghu Meka: [Mekl4a; Mekl4c; Mek14b]. For convenience, we



will consider the equivalent problem as a function of (a;); = (u;);, see eq. (3), so that
12201 €ittilloo = maxjery |(€; @)l

1. Partial coloring is sufficient — First, a crucial idea is that it is enough to “color”
(i.e. pick g; € {£1}) a positive fraction of i € [n]. The remaining &; will be taken equal
to 0.

Lemma 2.3 (Partial coloring)

For any n,d > 1 and any a1, - ,a, € R? with ||a;||cc < 1, there exists ¢ € {—1,0,1}¢
such that:

(i) Forall j € [d], (g, a;)| < Cy/dmax(1,log %) (for some absolute constant C' > 0).

(13) #{i € [d] : e; # 0} > nd, for some absolute constant n > 0.

Let us show that Lemma 2.3 implies Theorem 2.1. We choose € € {—1,0,1}" given by
Lemma 2.3 for (aj, - ,a,), and denote [ := #{i € [n] : ¢; = 0}, so that |I| < (1 —n)n.
By the triangle inequality we have:

disc(aq, -+ ,a,) < Cy/n+disc(by, -+ ,by),

where b; € R!, with b; = (ai)| 7 is the restriction of the vector a; to the index set I.
Notice that ||b;||cc < 1, and b; € R™, with ny < (1—n)n. We can then apply Lemma 2.3

to b;, and proceed like this iteratively. After k steps, we have

k—1
disc(a, -+, an) < C-v/n (1= )P/ max(1, —plog(1 — n))]"/* + disc(cr, -+ , cn).
p=0
(9)

with ¢; € R™, ny, < (1 —n)Fn, and ||cil|co < 1. Taking k = O(logn) is thus sufficient
to make it such that ngy = O(1), in which case it is clear that disc(ci, -+ ,¢,) = O(1).
Thanks to the geometric decrease of the bound in eq. (9), we get

disc(ay, - ,an) < C- \/ﬁi(l —n)P/? [max(1, —plog(1 — n))]'/* + O(1),
p=0

< C(m)vn,
which ends the proof of Theorem 2.1.

2. Minkowski’s theorem and the discrepancy body — Now that we saw that
proving Lemma 2.3 is sufficient, we will show it holds by using a beautiful geometric
argument. For A > 0, we define the discrepancy body as:

Ka = {r € R? : max|(z,a;)| < A}. (10)
Jj€ln]

Notice that a is a compact symmetric convex set. The main idea is to show that a

contains an integer point ¢ € {—1,0, 1}d (with a large support) in a non-constructive

way, by lower bounding its volume. We will not prove the following lemma, we refer to
[Mek14c].

Lemma 2.4 (Minkowski’s lemma)

Let K C R be a symmetric convex set. Assume that, for g ~ N(0,14):

Ya(K) =Plge K] > ¢-27%,



‘ for some integer £ > 1. Then K contains at least £ points in {—1,0,1}%.

We notice that a is the intersection of the n symmetric convex sets (called slabs)
{z : |{z,a;)| < A}. Sidak’s lemma [Sid67] shows that for g ~ N(0,14):

Plg € Kal > H (g, a;)| < A]. (11)

Eq. (11) is now known as a special case of the Gaussian Correlation Inequality, a very
general theorem on the Gaussian measure of intersection of symmetric convex sets, which
was only proven a decade ago [Royl4; LM17a] (read the story about this result!). Since
(g,a;) is a Gaussian random variable with zero mean and variance ||a;||3 < |la;||% < d,
it is easy to show that P[|(g,a;)| > A] < 2exp{—A?/(2d)}. This yields from eq. (11):

Plg € Ka] > [1 - 2exp{-A%/(2d)}]". (12)

Therefore, if we pick A = C'\/dmax(1,logn/d), we have:

[g c /CA]

% "
1—2€Xp{—2 max(l,logn/d)}] . (13)
One can easily check! that there is C' > 0 large enough such that for all n, d:

n/d
[1 —28Xp{—c2(2 max(l,logn/d)}] > (14)

AN

We then get:
Plg € Ka] > (3/4)". (15)

Applying Lemma 2.4, we see that Ka (for A = Cv/d) has at least (3/2)? points in
{—1,0,1}%. Notice that, for any > 0, there are most

d
L,= nd
! (nd>3

points in {—1,0,1}¢ that are zero everywhere except possibly on a set of cardinality nd.
It is a simple exercise (do it!) to show that for n > 0 small enough (but independent of
d), L, < (5/4)¢ < (3/2). Therefore, K must contain an element ¢ € {—1,0,1}¢ which
has more than nd non-zero coordinates: this ends the proof of Lemma 2.3. U

Challenge 2.2. Write Theorem 2.1 when the number n of vectors is different from their
dimension d, i.e. we have uy,--- ,up € R? with ||u;|leo < 1.

The scaling y/n in Theorem 2.1 can not be improved, as shown by the following example.

Challenge 2.3. A Hadamard matrixz of order n is a square n X n matrix with elements
in {£1}, and such that its rows are mutually orthogonal. It is known that if n = 2% (for
k > 1), there exists a symmetric Hadamard matriz®> H, of order n. Denote uy,--- ,up
the rows of Hy. Show that disc(uy, - ,un) > /n.

1Separa‘ce the cases n > ed and n < ed.
Whether a Hadamard matrix of order n exists for all n = 4k with k > 1 is still an open problem, look
at https://en.wikipedia.org/wiki/Hadamard_matrix!


https://en.wikipedia.org/wiki/Hadamard_matrix

Solution to Challenge 2.3 — Let ¢ € {£1}". We let again (a;); = (u;)i: (a1, ,an)
are still orthogonal, with elements in {£1}. Since ai,--- ,a, form an orthogonal basis
of R™, we have

n 2
(e, ai)
el = H;L'|Z|2 ;
(2

=1

so that 3" | (e, a;)2 = n?. Therefore there must exists some i € [n] such that |(¢, a;)|

>
N O

2.3 Komlés conjecture

The following is one of the most important open problems in discrepancy theory.

Conjecture 2.5 (Komlés)

Denote
K(n) == inf {disc(u1, - ,upn) |ui, - ,up, € R™ sit. ||usl|l2 < 1 for all i € [n]}.

There exists K > 0 such that K(n) < K for all n > 1.

At the moment, the best known bound is due to [Ban98|, which has showed K(n) =
O(y/logn). The partial coloring method used to prove Spencer’s theorem, on the other
hand, has only been showed to yield a bound K(n) = O(logn) [BMZ22]. The following
exercise shows that, while applying Spencer’s theorem 2.1 to the Komlés setting yields
K(n) < Cy/n (since ||uillco < ||uill2 < 1), such a bound can already be obtained with
much simpler arguments.

Challenge 2.4. Prove that K(n) in Conjecture 2.5 satisfies K(n) < \/n.

Solution to Challenge 2.4 — Let g; "= Unif({£1}). Then
n 2
disc(uy, - ,un)* <E Zsiui ,
i=1 o
2

<E

)

2

n
D> _cit
i=1

= S EEuill3 + 3 Elese )i ug),
i=1

A

<n.



3 The Matrix Spencer conjecture

We make here a short detour back to discrepancy theory, which we introduced in Sec-

tion 2. Recall that we defined the discrepancy of a collection of vectors u1, - - - , u, € R?
as
disc(ug, -+ ,uy) == min €4l
( ! " ee{x1}" Z H
We can generalize this notion to a collection of symmetric matrices Ay, --- , A, € R4

as:

disc(Ay, -+, Ap) = min ZeiA,- (16)

ee{£1}" -

op

You have seen in the main class [BSS23] the non- commutatwe Khintchine (NCK) in-
equality, which implies that for a random choice of &; - < Unif ({£1}):
n n
E. Y eid df> A7
i=1 i=1

log (17)

op op

Eq. (16) already gives a bound on the discrepancy via the probabilistic method. Very
much like Spencer’s Theorem 2.1 showed that the discrepancy of a set of vectors is
smaller by a log factor than the bound given by a random choice, the following open
problem states that the same thing occurs in matrix discrepancy.

Conjecture 3.1 (Matrixz Spencer)

Let Aj,---, A, € R™" be symmetric matrices, with ||4;|[op < 1 for all i € [n].
Then

disc(Ay, -+ ,A,) = min < Cy/n,

op

for an absolute constant C > 0.

Like Spencer’s Theorem 2.1, a version of this conjecture can be stated for the size d of
the matrices not necessarily equal to their numbers n. Conjecture 3.1 first appeared in
[Zoul2], and is also discussed in the blog post [Mek14a] that we mentioned in Section 2.
As we mentioned above, the non-commutative Khintchine inequality gives Conjecture 3.1

up to a y/logn factor.

Commutativity plays a role — Note that Spencer’s Theorem 2.1 can be seen as the
special case of Conjecture 3.1 when the matrices A; are pairwise commutative (convince
yourself!). So clearly, we need to be able to make a better choice of signings than a
random one if we wish to prove Conjecture 3.1. On the other hand, when the matrices
behave “very non-commutatively”, we expect that a random choice of signings will work:
this is mentioned in the notes [BSS23| as improvements over the NCK inequality. The
following example is arguably the simplest instance of “very non-commutative” matrices.

Challenge 3.1. Let Ay, -+, A, L GOE(d) (see eq. (21)). Show that (with high prob-

ability) there exists € € {£1}"™ such that disc(Ay,--- ,A,) < Cy/n. (Try to prove that
one can take C =2).



Actually, characterizing the optimal possible constant C' > 0 in Challenge 3.1 is still an
open problem [KZ23; Mai24]. If X, 4 := disc(A1,--- , Ay), it has been proven in [Mai24]
Via the first and second moment methods (we will revisit these methods in Section 7
if you are not familiar with it) that for n < d?, X,,4/+/n — 2, and on the other hand
that X, g < y/nif n > d?. The same work also shows non-trivial bounds on Xp,q when
n/d? = ©(1), but the actual limiting value of X,, 4/+/n is not known.

The “non-commutativity” of a set of matrices in general is hard to quantify, but several
approaches have been taken in this direction. Using the improvements over NCK of
[BBH23] and a nice decomposition argument, the best-known results on Conjecture 3.1
are due to [BJM23], which prove:

Theorem 3.2 (/[BJM23])

Conjecture 3.1 holds if we further assume that the matrices (4;) also satisfy

n
k(A;) < .
?elf[infr (4:) = log3n

In a nutshell, we have two extreme cases (commutative and very non-commutative
matrices) in which two very different arguments (respectively Spencer’s theorem 2.1
and a random choice, via improvements over the NCK inequality) yield Conjecture 3.1.
The difference of nature of these arguments, as well as the fact that we do not know
how to combine them to study general matrices A;, are two reasons why Conjecture 3.1
is so interesting!

A group theoretic approach — Motivated by the role played by commutativity,
[Ban+24] introduced the special case of Conjecture 3.1 when A; are the regular repre-
sentation of a finite group G: in this case, the commutativity of the matrices can be
quantified by the commutativity of G.

Conjecture 3.3 (Group Matrix Spencer)

Let G be a finite group of size n, and Ay, --- , A, € R™*" the matrices corresponding
to the left regular representation of G. Then

n

ZEiAi

=1

ey e ) = i,

< C/n,

op

for some absolute constant C' > 0.

[Ban+24] prove Conjecture 3.3 when G is a simple group (and Spencer’s Theorem 2.1
proves it when G is abelian), but the general case is still open.
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4 Concentration inequalities

Disclaimer — This section is largely inspired by Chapter 2 of [Ver18], and is essentially
a (very) shortened version of it. This book is a must read for students interested in
high-dimensional probability, and the mathematical aspects of data science!

4.1 Sub-Gaussian random variables, and general Hoeffding’s inequal-
ity

We have already seen Hoeffding’s inequality (Theorem 2.2), which shows that if X,---, X,
are centered independent random variables, such that |X;| < K; a.s., then the sum
Sp = >_ir X; satisfies the tail inequality, for any ¢ > 0:

2
P[[Sn| > t] < 2exp {—W} : (18)
i=1 1%

Can we hope to generalize a result such as eq. (18) to random variables X; under weaker
assumptions than boundedness? Clearly, if eq. (18) holds for all n > 1, then it must
hold for n = 1, so any random variable X in the sum must satisfy:

P|X| > t] < 2exp{—t?/(2K*)}. (19)

Eq. (19) defines what is called a sub-Gaussian random variable: it mathematically
states that the tails of the random variable X are dominated by a Gaussian curve.

f2
2exp [ ———
‘Xp< 21<2>

PlIX| > ¢]

We can give several equivalent definitions of a sub-Gaussian random variable. To mo-
tivate them, we characterize then two other properties of Gaussian random variables
(which are clearly sub-Gaussian!), via the moment generating function (MGF), and via
the moments themselves.

Challenge 4.1. Let X ~ N(0,02). Show:
(i) (Tail) For allt > 0, P[|X| > t] < 2exp{—t%/(20?)}.
(ii) (MGF) For all A € R, E[exp{\X}] < exp{\?02/2}.

(iii) (Moments) For allp > 1, | X||, = [E|X|P)'/? < Co/p, for some global constant
C>0.

Challenge 4.1 motivates the following definition.

Definition 4.1 (Sub-Gaussian random variable)

A centered random variable X is sub-Gaussian if it satisfies one of the following three
conditions.

11



(i) (Tail) For all t > 0, P[|X| > t] < 2exp{—t?/(2K?%)}, for some K; > 0.
(ii) (MGF) For all A € R, E[exp{\X}] < exp{\?K3/2}, for some K2 > 0.
(iii) (Moments) For all p > 1, || X[, = [E|X|P]'/P < K3./p, for some K3 > 0.

We will say that X is o-sub-Gaussian (or SG(0)) if E[exp{A\X}] < exp{\?0?/2} for
all A e R.

Challenge 4.2. Check that the conditions (i), (i7), (iii) in Definition 4.1 are equivalent,
and that (K1, Ko, K3) differ by at most an absolute multiplicative constant.

The following exercise is a classical consequence of sub-Gaussianity.

Challenge 4.3. Let X1, , X, be independent SG(o) random variables. Show that (<
means “up to a constant independent of o and n”):

Emax | X;| < ov/logn.

i€[n]

(Harder) Is the corresponding lower bound true for some sub-Gaussian random vari-
ables?

Finally, this challenge shows that bounded random variables are sub-Gaussian (which
is not surprising, since bounded random variables have tails P(|X| > t) = 0 for large
enough t!).

Challenge 4.4. Show that if |X| < a, then X is SG(Ka), for K > 0 an absolute
constant.

The careful reader will notice that proving Challenge 4.4 is suspiciously similar to the
proof of Hoeffding’s inequality (Theorem 2.2) done in [BSS23]... We are now ready to
state the most general version of Hoeffding’s inequality. It shows that sub-Gaussianity
is both necessary and sufficient to generalize eq. (18).

Theorem 4.1 (Hoeffding’s inequality)

Let X1, -+, X, be independent and centered sub-Gaussian random variables, with
sub-Gaussian parameters o1, -+ ,0,. Then for all a € R™ and all ¢ > 0:

t2
P >t] <2exp{ - .
<‘ > { 22?_1a?0?}

n
Z a; X 7
=1
Proof of Theorem 4.1 — We use again Chernoff’s method, which reads

n
P (Z a; X; > t) < /1\r>1% [e‘AtEezilaiXi] .

i=1
Using independence of the X;’s, and the definition of sub-Gaussianity, we get:
P Zn: X, >t <'f[xt+*22" a%Q] inf At+A22n:22
X 2 2i=1%% | = — —_ ‘¢ .
2 aX; >t)] < /l\rzlo e exp /l\rzlo 7 2 a;o;

The minimum of this quadratic function is reached in A = t/(3; a?02), which gives:

=1

12



Applying this inequality to —X; and using the union bound yields the statement of
Theorem 4.1. O

Remark I — Notice that the proof of Hoeffding’s inequality is extremely simple once
we have the correct notion of random variables to apply it to. Further, if you look
again at the proof of Theorem 2.2 which you have seen in class [BSS23], you will see
that the heart of it is to prove that bounded random variables are sub-Gaussian (see
Challenge 4.4), which now makes sense!

Remark IT — An equivalent way to state Hoeffding’s inequality is that if X; € SG(o;) are

independent, then 37 X; € SG(1/>1~; 02). Remember that the sum of independent
sub-Gaussian variables is also sub-Gaussian, and its sub-Gaussian parameter scales like
the standard deviation of the sum!

Challenge 4.5 (Almost-orthogonal vectors in high dimension). Let d > 1 and € > 0.
How many points® uy,--- ,u, € S¥1 can we build such that

(Vi #35)  [uiug)| <e?
(Hint: build your points randomly.) (This challenge is also present in the main notes [BSS23].)

Sd_l

cosl = (x,y)

ZA -

For z,y € S, the “overlap” (x,y) is a direct measure of the angle between the two
vectors, and thus of their distance.

Solution of Challenge 4.5 — Let us draw uq,--- ,u, iid. from Unif({#1/vd}?) and
apply the probabilistic method. Clearly, u; € S4~!. Applying Hoeffding’s inequality, we
get for any i # j:

P(|(ui, uj)| > €) < 2exp{—de?/2}.
We can now use the union bound:
P(fggjxlwz‘aujﬂ >e) <Y P([(ui uy)| > e),
1<j

<MD pexp(-d?/2).

< n?exp{—de?/2}.

Therefore, P(max;z; |(ui, u;)| < &) > 0 as long as n < exp{de®/4}. By the probabilistic
method, this means that there must exist at least |exp{de?/4} —1] vectors with pairwise
overlap at most &! O

Challenge 4.5 is another example of how un-intuitive high-dimensional geometry is: we
can build a number of almost-orthogonal vectors which is exponentially large in the
dimension!

3Recall that S*! := {x € R? : ||z||2 = 1} is the Euclidean unit sphere.
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4.2 Sub-exponential tails, and Bernstein’s inequality

Despite being a generic and powerful inequality, Hoeffding’s inequality (Theorem 4.1)
fails to control some random variables, for which the sum should still concentrate quite
strongly. A good example is given as follows. Let g = (g1, - ,gn) ~ N(0,1,). Then

n
gl =>"g;
=1

is the sum of n independent random variables, and by the central limit theorem we
expect that, as n — oo, ||g||3 strongly concentrates on its average E[||g|3] = n. But
unfortunately Hoeffding’s inequality does not apply here, because P[g? > t] = P||g;| >
Vit ~ e Y/2 for large t, so clearly an inequality of the type of eq. (19) will not be true
for g2.

Instead, we try to generalize the approach we used to obtain Hoeffding’s inequality to
weaker tails, which behave like exp(—Ct).

Challenge 4.6. Let X be a symmetric random variable such that P[|X| > t] = et
Show

(i) Elexp(AX)] < exp2)? for all |\ < 1/2.
(i1) | X|l, = E[|X[P]'/P < Cp, for some constant C' >0, and all p > 1.

Like the properties of Gaussian variables motivated the definition of sub-Gaussian ran-
dom variables, Challenge 4.6 motivates the definition of sub-exponential random vari-
ables.

Definition 4.2 (Sub-exponential random variable)

A centered random variable X is sub-exponential if it satisfies one of the following
three conditions.

(7) (Tail) For all t > 0, P[|X| > t] < 2exp{—t/K,}, for some K; > 0.
(i) (MGF) For all |\| < 1/Ks, Elexp{A\X}] < exp{\2K3}, for some K3 > 0.
(i7i) (Moments) For all p > 1, | X||, == [E|X|"]'/? < K3p, for some K3 > 0.

We will say that X is v-sub-exponential (or SE(v)) if Elexp{A\X}] < exp{\?1?} for
all [\ <1/v.

Challenge 4.7. Check that the conditions (i), (i7), (iii) in Definition 4.2 are equivalent,
and that (K1, Ko, K3) differ by at most an absolute multiplicative constant.

Notice that the MGF condition for sub-exponential random variables is very similar to
the one of sub-Gaussian ones, but (crucially) the bound only holds for A in a neighbor-
hood of zero. This also directly shows that a v-sub-Gaussian random variable is also
v-sub-exponential.

Challenge 4.8. Let X,Y be two sub-Gaussian random variables (not necessarily inde-
pendent). Show that XY is sub-exponential.

We are now ready to state our main concentration result for the sum of sub-exponential
random variables. It is named Bernstein’s inequality, although it is quite different from
the version of Bernstein’s inequality stated in [BSS23] (which is instead a refinement of
Hoeffding’s inequality for bounded random variables).
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Theorem 4.2 (Bernstein’s inequality)

Let X1, -+, X, be independent and centered sub-exponential random variables, with
sub-exponential parameters vy, --- ,v,. Then, for all a € R", for all ¢ > 0:

- t2 t
P Xl >t] <2exp{—min , .
(izl ' ) { (4 Sty ;v 2maxepy (vilas])

Proof of Theorem 4.2 — We again apply the Chernoff method. Notice however that,
for each i € [n], E[e*Xi] only exists if |A| < 1/(v;|a;|). We can still apply the method
for 0 < A < 1/max(|a;|v;), which gives:

(Z a; X; > t) inf [ A ﬁ E[e)\aixi]l )

0<A<1/ max(|a;|v;)
—Xt A+ AQZ@?V?] }

=1

S exp lnf
0<A<1/ max(|ai|vi)

We are now looking for the minimum of a degree-2 polynomial of the type —At + a\?
(with a@ > 0), over the interval [0, b]. It is easy to show that

t2
I i <
min [— At + a)\z] = 4a it ¢ < 2ab, ,

A€[0,b] —bt +ab® if t > 2ab.

R
< —min¢—,— .
4a’ 2
So we reach:

ZX >t — A\t E )\az z
(Za ) 0<)\<1/r£11ax(|az|l/z) [ H 1 7

- ) t2 t
ex — min .
= o A7 a2’ 2maxepy (Jail)

Using as usual the argument on —X and the union bound ends the proof. O

Challenge 4.9. Apply Bernstein’s inequality to obtain a concentration bound for ||g||3,
the squared norm of a random vector with i.i.d. N'(0,1) coordinates.

4.3 The two-tailed behavior

The most striking feature of Bernstein’s inequality is that it exhibits a “two-tails” behav-
ior. As we saw in Hoeffding’s inequality (Theorem 4.1), the sum of independent SG(o)
random variables has a purely sub-Gaussian tail. However, if we assume that X; € SE(v)
are independent, and S,, = Y 1 ; X;, then Bernstein’s inequality gives instead

et
P(‘Sn‘ Z t) S 2€Xp (- min {W, 2y}> .

Essentially, the tail of .S, is bounded as follows.
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Small deviations Large deviations

Large deviations
“CLT regime” Exponential tail

Exponential tail
P[|S,| > 1]

_/ \

t. = 2nv

The central limit theorem — We know by the central limit theorem that S,/\/n
converges in law to a Gaussian random variable, so it is not surprising that P[|.S,,| > ¢]
is governed by a Gaussian tail for ¢ = O(y/n). For sub-Gaussian random variables,
Hoeffding’s inequality shows that this is true for all ¢ > 0 (even growing with n faster
than y/n), while Bernstein’s inequality shows that this still holds all the way to t < t. =
2nv, which is of order O(n)!

Large deviations regime — For t > t. := 2nv, the tail of .S,, is upper bounded by
2exp(—t/2v). Notice that if we consider a single X;, then P[|X;| > ¢] is bounded by
2exp(—Ct/v) for large t. This is not a coincidence: the bound of S, in the “large
deviations” regime of Bernstein’s inequality is driven by very rare? situations in which a
very small number of X;’s are so large that they influence the total sum. On the other
hand, while such events can occur for sub-Gaussian random variables, their probability
is so low that they never dominate the large deviations of .S,,.

4.4 Other tails and concentration inequalities

One can also build concentration inequalities for other tails than sub-exponentials, for
instance tails of the type exp(—t®) for o € (0,2] (they are called sub- Weibull tails), see
for instance Lemmas 3.5 and 3.6 of [Ada+11], and references therein. They are proved:

e Using the usual Chernoff method when o > 1, so that the MGF E[exp(AX)] exists
for A close to 0.

e By using Markov’s inequality on the moments of order p when a < 1, and opti-
mizing over p rather than A (since o < 1, the MGF El[exp(AX)] in general does
not exist for any \).

Finally, let us mention that [BLM13] is a great reference on concentration inequalities
in general.

“Here t > n, so we are only talking about events with exponentially small probability!
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5 The BBP transition

Disclaimer — Much like [BSS23], this section will contain some mathematically informal
steps. However, () some of the main definitions require a good knowledge of probability
theory, although the main examples can still be understood without it, and (i7) we will
give references to papers and textbooks where all steps are properly carried away (some
of them being quite tedious, although the idea behind them will be very clear). A good
mathematical reference containing all the theorems we will state in this section (and
many more) is [BN11]. Regarding random matrix theory in general, [AGZ10] is an
amazing mathematical textbook.

Our goal here will be to generalize the picture of the “BBP” transition (named after
the authors of [BBP05]) that was introduced in class [BSS23]. We focus on the additive
perturbation case.

5.1 The model
5.1.1 Formal definition

We (the statistician) are given an observation under the form of a symmetric matrix Y,
built as:
Y =Z+0xx e R, (20)

o Z € R™? is a matrix that will typically represent the “noise”, and that we will
assume to be random. The canonical example is just a matrix with i.i.d. elements
drawn from a Gaussian distribution (more on that later).

e x € R is our “signal”. We assume that ||x|2 = 1, and our goal is to recover (or
“infer”) the value of x — or at least some partial information about x — from the
observation of Y.

e 0 > 0 is the “signal-to-noise ratio” (or SNR). We expect that, as € increases,
recovery of x becomes more and more feasible, since for # > 1, Y should approach
the rank-one matrix fxx .

Our main goal in Section 5 is to answer the following question:
Does the top eigenvector vmax(Y) contain information about x?

In order to carry out our mathematical analysis, we make the following assumptions on
the noise matrix Z (warning: these assumptions can be mathematically heavy, have a
look at the examples given later on to get a good intuition!).

Model 5.1 (Noise model)
Denote Sp(Z) = {z1,- -+, zq}, with z; > -+ > z5. We assume:

H.1 The empirical spectral distribution converges® to a limit probability measure y:

d

N 1 weakl

fz = E 0., N (as)
i=1

d—00

Moreover, we assume that p has compact support, and that supp(u) = [a, b] for
some a < b.

H.2 The top eigenvalue z; of Z converges to the right edge of the support of u:

z1 =maxz; —— b (as.)
i€(d) d—o0

17



u(

N
~—

* Is there an “isolated” eigenvalue ?

“Bulk” s s the eigenvector correlated with x ? °

)\max (Y)

1

Figure 1: Very schematic view of the question we want to answer regarding the model
of eq. (20).

@ b

H.3 We assume that the eigenvectors of Z are completely delocalized. Concretely, we
assume that Z is rotationally-invariant: for any orthogonal matrix O € O(d),

zL0zo" (g means equality of distributions).

We give in Fig. 1 a schematic view of our problematic, having now introduced the main
quantities of interest regarding the spectrum of Z. Let us make some remarks on some
of the (heavy) definitions of Model 5.1.

e H.1 is sometimes called the convergence of the “bulk”: the spectrum of Z admits
a limiting curve. The assumption that supp(u) = [a,b] is a single interval is not
necessary, but it will help fix our ideas.

e H.2 is very important: indeed, it ensures that no eigenvalue of Z is “running away”
from the support of the limiting distribution p as d gets large. Therefore, if we
see a single isolated eigenvalue away from [a, b] (see Fig. 1), it must be present in
Y but not in Z!

e H.3 means that the eigenvectors of Z are not skewed towards any “special direc-
tion”. It mathematically implies that the eigenvectors of Z can are uniformly sam-
pled from the orthogonal group O(d). We stress that H.3 can be greatly relaxed,
to much weaker assumptions than rotation invariance. Moreover, one can even
completely drop randomness assumptions on the eigenvectors of Z, by assuming
instead that the signal x is randomly sampled (independently of Z).

We refer to [BN11] for more details on all these points and further generalizations.

5.1.2 Examples of noise matrices

Model 5.1 is a quite generic assumption, and you have already seen two very important
examples in class [BSS23].

Gaussian orthogonal ensemble — If Z is a centered symmetric d x d random matrix,
with

{Zij ~N(0,1/d) fori < j, (21)

Zii ~ N(0,2/d),

then we say that Z is drawn from the Gaussian orthogonal ensemble (or GOE(d)). The
difference in normalization between diagonal and off-diagonal elements in eq. (21) is a

5Don’t be confused by the mix of weak and almost sure convergence: the convergence happens almost
surely, but the convergence itself is the weak convergence of measures.

18



convention, which implies the nice fact that the probability density of Z can be written
(up to a constant) in the compact form:

o(2) xexp {2}

The seminal work of Wigner [Wigh5], that can be seen as the start of random matrix
theory, proves that the GOE(d) ensemble satisfies Model 5.1 (more precisely H.1 and
H.2), with p given by the semicircle distribution:

/-

pec (@) = e <2, (22)

Challenge 5.1. Check that the GOE(d) distribution satisfies H.3 of Model 5.1.

The GOE(d) distribution will be the driving example of the BBP transition, and is a
good example to have in mind in what follows.

Wishart matrices — You have seen in class [BSS23] that so-called “Wishart” matri-
ces [Wis28] of the type Z = (1/n)XX T, where X € R¥*" has i.i.d. A'(0, 1) elements, and
where d = yn for v € (0, 1], satisfy Model 5.1, with u given by the Marchenko-Pastur
distribution [MP67]:

e (e) = LI g o g, (23)

where v+ = (1 £ /7).

Challenge 5.2. Check that the Wishart distribution satisfies H.3 of Model 5.1. (After
understanding Challenge 5.1, the proof should take you one line!)

Challenge 5.3. Simulate numerically the GOE(d) and Wishart distributions, and com-

pare the histogram of eigenvalues to the limiting curves we described.

Generic densities — More generally, given any probability measure p with support
[a, b], we can engineer a random matrix ensemble satisfying Model 5.1. Indeed, it suffices

to draw z1,--- ,2g i u, and to build Z as
Z = ODiag({=}{,)0", (24)

where we draw O from the uniform measure (also called Haar measure) on the orthogonal
group O(d), i.e. O is a random orthogonal matrix. The following can then be checked.

Challenge 5.4. Prove that the model of eq. (24) satisfies Model 5.1, if p has support
[a,0].

5.2 The general BBP transition

5.2.1 The top eigenvalue

Let y be an eigenvalue of Y, defined in eq. (20). Then

det[yly — (Z 4 6xx")] = 0.

If we assume that y is not an eigenvalue of Z, we can multiply this by det[(yIg — Z)~}],
which yields;
det[Iy — Oxx " (yIy — Z)~1] = 0,
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i.e. 1is an eigenvalue of M = fxx ' (yIy — Z)~'. Notice that M is a rank-one matrix,
so it has a single non-zero eigenvalue, which is also equal to Tr[M] = x ' (yIg — Z) " 'x.
In the end, we get that y € Sp(Y)\Sp(Z) if and only if

1
i x' (yly —Z) " 'x. (25)
We denote wy,--- ,wy the eigenvectors of Z, and x = Y%, a;w;. Because ||x[]z = 1
and we have H.3, it is easy to see that a = (a1, , ) is uniformly sampled from the
unit sphere S%! and is independent of the eigenvalues z; < --- < z4 of Z. Moreover,
eq. (25) reads:

1 4 o
7= -, (26)

It is easy to see that if all a; # 0 (which happens with high probability since a ~
Unif(S?71)), then eq. (26) has exactly d solutions y; > --- > 74, and they satisfy
yi > 2z > yiy1 for all ¢ € [d] (with yg41 == —00). We draw the behavior of the right hand
side of eq. (26) in green in the figure that follows, highlighting the solutions (y1, - ,yq)
to this equation.

Yd Ya -

2d 2d-1

Since we have d solutions, this means we have characterized all the eigenvalues of Y!

Remark — Notice that one could also have deduced that the eigenvalues of Y are
positively shifted with respect to the ones of Z from Weyl’s interlacing inequalities,
although it would not have given eq. (26).

We are interested here in the behavior of the top eigenvalue of Y, and we now give
a heuristic argument for the value of its limit. The mathematically rigorous approach
follows the same line, and can be found e.g. in [BN11]. We assume that the largest
eigenvalue y; of Y approaches, as d — 0o, a deterministic value A, and thus A > b since
A >z and z; — b by H.2. Since o ~ Unif(S9~1), for any A > b, eq. (26) concentrates,
as d — oo, around its average:

2

1 d o2 1 1 1 b 1
C~E T - = | fg(d ~ d .
0 ;/\—zi d;)\—zi /“Z( Z)A—z@)/G“( N

We used H.1 in (a), and ~ means here “equality up to o4(1)” terms. In the end, we
reach the following equation characterizing the limit A, if we have A > b:

GulN = [ udz) = 5. (21)

20



The function G, (t) (for ¢t > b) defined in eq. (27) is called the Stieltjes (or Cauchy)
transform of p. It is strictly decreasing, and behaves like 1/t for large t > 1.

I G, (b") € (0, 0]

~ 1/t

[ T

t

The conclusion of the argument above is that the top eigenvalue of Y approaches a value
A > bif and only if G,(\) =1/6,i.e. if 0 > 0. :=1/G,(b"). Notice that 6. > 0, and we
can have 6, = 0 if G,,(b") = oo: in this case, for any § > 0 there is an outlier eigenvalue
in the spectrum of Y, as d — oo. On the other hand, if § < 6., there is no solution
A > btoeq. (27), and therefore the top eigenvalue y; of Y approaches b as d — oo (since
y1 > z1 and z; — b). We can summarize this in the following theorem.

Theorem 5.1 (General “BBP” transition for the top eigenvalue)

Assume we are considering a noise matrix Z satisfying Model 5.1, and recall that
Y =Z +6xx", and ||x||2 = 1. Denote y; > --- > y, the eigenvalues of Y. Then:

e If0>0.:=1/G,(b"), then y; —— G;1(1/9) (a.s.) and yo —— b (a.s.)
d—o0 d—o0

o If 0 <0,:=1/G,(b"), then y; = b (a.s.)
—00

Theorem 5.1 informs us on the limit of the top eigenvalue of Y, and answers the first
question laid out in Fig. 1. We will apply Theorem 5.1 to a concrete example in Sec-
tion 5.2.3.

5.2.2 Correlation with the signal

We now consider the correlation of the associated eigenvector with the signal x. Let
(v,y) be an eigenvector-eigenvalue pair for Y, such that y € Sp(Y)\Sp(Z). The relation
Yv = yv yields:
(yla — Z)v = O0(x, V)x.
Multiplying this equation by (yIg — Z)™':
v=0{x,v)(yly — Z) 'x.
This equation still involves v on both sides. However since v is normalized, we can

write:
(ylg — Z)'x

\/XT(yId —-7Z)%x
And in particular the correlation (x,v) satisfies:

(XT(yId - Z)_lx>2
x ' (yly —Z)2x

(x,v)? =
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By eq. (25), we can further simplify it into:
~1
(e, v)? = (0% (yla — 2) %) (28)

We can analyze the limit of eq. (28) in a very similar way to what we did to analyze
the limit of x " (yI; — Z)~'x in eq. (25), which yielded eq. (27) as d — oo. Concretely,
we get (convince yourself!) that, if A > b, x" (Mg — Z)72x ~g o0 —GL()\). Moreover, if
we assume that § < 6. and that GJ,(b*) = —oo, then we get that (v,x)2 — 0. We can

summarize this in the following theorem.

Theorem 5.2 (General “BBP” transition for the top eigenvector)

Assume we are considering a noise matrix Z satisfying Model 5.1, and recall that
Y = Z + 60xx", and |x|2 = 1. Denote vy the eigenvector of Y associated to its
largest eigenvalue y;. Then:

e If 0 > 0, :==1/G,(b"), then (Viax, X)? — (—0*G,(N)! (as.), where A =
—00
G;l(l/O) is the limit of the top eigenvalue, cf. Theorem 5.1.

o If 0 <0.:=1/G,(b") and G| (b") = —o0, then (Viax,x)? —— 0 (a.s.)

d—o0

Notice that for § — oo, since G, (t) ~ 1/t, we have A ~ 6. Thus G,(\) ~ G/,(0) ~ —1/6?,
so we obtain that for § — oo, the correlation (Viyay,x)? approaches 1: for very large
SNR we recover the signal almost perfectly!

5.2.3 The canonical example: GOE matrices

Let us now apply Theorems 5.1 and 5.2 on concrete examples. The canonical example
in this problem, which you should always have in mind, is when Z is drawn from the
GOE(d) distribution, see eq. (21). We saw that then the empirical spectrum converges to
the semicircle law, and we can analytically compute its Stieltjes transform (the solution
to this challenge is given in Section 5.4).

Challenge 5.5. Show that if p(dx) = [V4 — 22/ (2m)]1{|z| < 2} is the semicircle law,
its Stieltjes transform satisfies, for all t > 2:
t—Vt2—4

Gu@) - 9

(20)

(Hint: try to write it as an integral over the complex unit circle, and use the residue
theorem)

In particular, 6. = 1/G,(27) = 1. Moreover G, '(s) = s+ 1/s for s < 1. Applying
Theorem 5.1, we get:

2 ifo<1,
lim Amax(Y) = 30
35, A (Y) 0+% if>1. (30)

Let us now look at the correlation of the top eigenvector, i.e. Theorem 5.2. Since
G, (t) = (1/2) —t/[2Vt? — 4], we have G},(27) = —oo. You can then check the following

easily from Theorem 5.2.
0 ifg <1,
lim (Vipax, X)2 = (31)

1
d—00 1_ﬁ if 6 > 1.
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lim (Vipax, X>2
d— o0

0(’,:1

Figure 2: The limiting overlap in the BBP transition, cf. eq. (31).

For 6 < 6. = 1, the “spike” fxx' has no influence on the spectrum of Y, and its top
eigenvector is not correlated at all with x. As 6 grows and crosses the critical value
0. = 1, an eigenvalue pops out of the spectrum (cf Fig. 1) and its associated eigenvector
becomes positively correlated with x! This phenomenon is what is usually referred to
as the “BBP transition”.

Challenge 5.6. Simulate numerically the BBP transition for Z o GOE(d) matriz, and
check the validity of egs. (30) and (31).

5.2.4 The behavior of the density at the edge

If we assume that p(z) ~ ¢(b — z)® for x 1 b, for some ¢ > 0 and o > —1 (so that u is
integrable), then the fact that G, (b") and G/, (b") are finite solely depends on a. By a
straightforward computation, we have in this case:

(i) Gu(bT) < —co < a>0. Sob. >0« a>0. And for « # 0, there is no transition:
as soon as # > 0, an isolated eigenvalue pops out of the spectrum!

(#1) G}, (b") = =00 & a < 1. In this case, there is a sharp transition for the correlation,
according to Theorem 5.2: the correlation is 0 for 6 < 6., and positive for 6 > ..

Notice that the two examples (GOE and Wishart matrices) we saw in Section 5.1.2
satisfy this condition with ae = 1/2: for these random matrix models, 6. > 0, and there
is a sharp transition for the correlation!

5.3 Generalization to multiple spikes

All the picture we described can be generalized to the case of “multi-spike” models, i.e.
we consider instead

T
Y=Z7Z+ Z 0:x:x; (32)
i=1
for some r > 1 (fixed as d — 00), and we can assume without loss of generality that the
X;’s are orthonormal vectors and that 61 > --- > 6,.. We get the following result.

Theorem 5.3 (“Multi-spike” BBP transition, eigenvalues)

Assume we are considering a noise matrix Z satisfying Model 5.1, and recall that Y
is generated from eq. (32), and has eigenvalues y; > -+ > y4. Let 0, == 1/G,(b"),
and let i* € {0,--- ,r} such that 6;x > 0. > 0;«;1. Then:

e Forallie{1,---,i*}, yy —— G;1(1/6;) (as.)
d—o0
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e Forallie {i*,---r}, yi - b (a.s.)
—00

Yix 1

} eoot

@ b

Informally, everything happens as if the different spikes in eq. (32) each had its own
independent BBP transition! One can formulate similar results for the eigenvectors
correlations: things are a bit more technical there if there is degeneracy in the spiked
matrix, i.e. if §; = 0;, and we refer to [BN11] for a precise theorem on the limit of the
correlations of eigenvectors of Y to the signals in the multi-spike case.

5.4 Solution to challenges
Solution of Challenge 5.5 — Let t > 2. Changing variables to x = 2 cos 0 we get:

2 (7™ sin?6
Gu(t): /

mJo t—2cosf

1 /™ sin’@
:f/ Ldg.

T J_rt—2cos0

Writing ¢ = €%, this can be written as:

R ¢c—¢c 1\’ 1 ac
G"(t)‘wﬂl( 2 )t—<¢+c-1>z’<’

1 (¢ - 1)
= fir fos A (%)

The integrand in eq. (33) has three poles, in ¢ € {0, (t + vt2 —4)/2}. Since ¢ > 2, the
only two poles inside the unit circle are 0 and (¢t — vt? — 4)/2, and they respectively
have residues

(-1? | _
e [CQ(CQ “icrn) "
(C2 — 1)2 _ 2
RGS(t_\/t2_4)/2 [CZ(CQ—tC+1) = —Vts —4.
Using the residue theorem in eq. (33), we finally find
t—Vt2 —4
G#(t> = 2 ’

which ends the proof. O
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6 Spiked matrix models: hypothesis testing and contiguity

6.1 Motivation

In this part, we are still motivated by the problem of Section 5:
Given Y = Z + 6xx ", can we recover information on x € R? when d > 1?7

Important: In this section, we will only consider the Gaussian noise case: here Z ~
GOE(d), see eq. (21).

In Section 5 we completely characterized the performance of one estimator for x, that
we call the PCA estimator Xpca(Y) :== vimax(Y) (the top eigenvector): this is the BBP
transition for the eigenvector, given in eq. (31). However it is not clear a priori that
taking the largest eigenvector is the best thing to do to recover x from Y, and this is
precisely the question we ask here:

(Q) Is it possible to have X(Y) that recovers information about x when the PCA esti-
mator fails?

As we will see, the answer to this question greatly depends on the prior knowledge we
(as a statistician trying to infer x) have on the signal x. A good example to keep in
mind is if x € {£1/+/d}?: the vector x then belongs to a very specific subset of the unit
sphere, and perhaps one can hope to leverage this information to improve over the PCA
estimator!

Weak recovery — The success of an estimator will be measured by its correlation:
informally, if limg s (X(Y),x)? > 0, we say that the estimator %(Y) weakly recovers
the signal x.

The goal of this section — In this section, we will mainly focus on lower bounds, i.e.
we will try to prove that (in some regimes to specify), it is impossible to recover x with
any procedure. On the other hand, there is a very rich line of work on designing practical
algorithms that can improve over the PCA estimator: we will mention a few later on,
but it is not the topic here.

A very good reference on the topics of this section is [Per+18], and it also contains a
thorough description of the rich literature on spiked matrix models (at the time of its
writing).

6.2 Distinguishability, contiguity, and the likelihood ratio

Clearly, a necessary condition to weakly recover x is to be able to distinguish the matrix
Y = Z + 0xx' from a pure sample of the noise Y = Z. In this section, we will study
sufficient conditions for two probability distributions to be indistinguishable, which will
yield sufficient conditions for the weak recovery of x to be impossible. To formulate this
theory, we use a greater level of generality, beyond spiked matrix models.

Definition 6.1 (Statistical distinguishability)

We consider (Pg, Qq) two sequences of probability distributions on a common measur-

able space (Sg, Fq), where S C R?. We say that a measurable function f : Sy — {0,1}
strongly distinguishes Py and Qg if:

{Pd[{f(Y) =1}] =1-0dc(1),

Qul{f(Y) =0}] =1-04-00(1).

If no such f exists, we say that Py and Qg are statistically indistinguishable.

(34)

25



We think of f as a test function: given a sample Y, it tries to categorize it either as
coming from the distribution P; (then it sets f(Y) = 1) or from the distribution Qg
(then f(Y) =0). In our motivating example, Qg is the law of the pure noise, while Py
is the law of the signal 4+ noise matrix:

Qd : YZZ)
P;:Y=7Z+0xx".

We now introduce another definition on sequences of probability distributions, which
easily implies statistical indistinguishability.
Definition 6.2 (Contiguity)

We say that Py is contiguous to Qg (denoted Py <1 Qy) if, for all sequences of events
Ag € Fy:

lim @d(Ad) =0= lim Pd(Ad) =0.
d—o0 d—o0

Informally, P; <t Qg means that all events which happen under Q; with high probability
must also have high probability under P,.

Theorem 6.1
Assume that Py << Qg or Qg <« Py. Then P; and Qg are statistically indistinguishable.

Proof of Theorem 6.1 — We assume that Py < Qg, the other case will follow by
symmetry. Assume that there exists a test f strongly distinguishing Py and Q4. Then,
if Ag = {f(Y) =1}, by definition Q(A4) — 0 as d — co. Since Py <1 Q4, we must have
P(A4), which contradicts the notion of strong distinguishability. O

An extremely useful sufficient condition for contiguity arises from the study of the like-
lihood ratio. It is defined as® AP
d
Lg(Y): 0,
The likelihood ratio has many interesting properties. Notably, L; can be used (via a
simple thresholding procedure) to build an optimal statistical test to distinguish between
P4 and Qg: this result is usually called the Neyman-Pearson lemma [NP33], see [KWB19]
for more details. Here, we will focus on another property of the likelihood ratio which
is related to the contiguity of distributions.

(Y) (35)

Lemma 6.2 (Second moment method for continguity)

Let HLdH(2@ = EYNQd [Ld(Y)Q] If HLdH(2@ = Odg)oo(l)’ then Py <1 Qq.

Lemma 6.2 is an extremely strong tool to prove contiguity, and thus statistical indis-
tinguishability: it suffices to compute || Lg||3, and to study its large-d behavior! Before
proving Lemma 6.2 let us make a couple of remarks:

(i) Since we will use Lemma 6.2 to prove that Qg and Py are indistinguishable, an-
other sufficient condition is that dQ,/dPy has bounded L?(IP4)-norm. However, we
usually take the convention that Qg is the “noise” distribution, which will typically
be simple (for instance with independent elements): for this reason, computing the
likelihood ratio of eq. (35) is usually much easier than computing dQ,/dPy.

SWe assume that Py is absolutely continuous with respect to Qqg, which will always be the case in our
applications.
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(17) HLdHé = O4_o00(1) is not a necessary condition for contiguity: there might be
events which have probability o4(1) under both Py and Qg (so they do not impact
contiguity), however if on these events the ratio dPy/dQy is extremely large, it
could cause the second moment ||Ld||6 to diverge. One idea can then be to con-
dition away from these rare “bad” events, and study the likelihood ratio of the
conditioned distributions: see [Per+18] (Lemma 2.4) for details.

Proof of Lemma 6.2 — The proof is surprisingly simple. Let Ay be a sequence of
events such that Qg(Ay4) — 0 as d — co. Then

Py(Aq) = Eyop,[14,(Y)],
dPq
dQq

2 By LY (@A) Y 0,(1).

=Ev~q, (Y)L4,(Y)|,

We just used the Cauchy-Schwarz inequality in (a), and the assumption that ||Lq||g is
bounded in (b). O

6.3 Application in spiked matrix models

We will now leverage the theoretical framework we developed in Section 6.2 to tackle
the spiked matrix model. Recall that we defined the two distributions

Q4 :Y=12Z,
‘ . (36)
Py : Y=2Z+0xx",

in which Z ~ GOE(d) (see eq. (21)), § > 0 is the signal-to-noise ratio, and x € R?
is the signal. Here we assume that x ~ X, a probability distribution on R?. The
properties of Xy will quantify the “structure” present in x: our motivating example is
Xy = Unif({#+1/vd}?). Using Lemma 6.2, we wish to study when one can not improve
over the PCA estimator. We thus compute the norm of the likelihood ration.

Theorem 6.3 (Norm of the likelihood ratio in the spiked matriz model)
For the distributions of eq. (36):

2 do? o
| Lallg = Ex,x'~x, €xp 7<x,x Yo r.

Proof of theorem 6.3 — P; and Q; are both absolutely continuous with respect to
the Lebesgue measure. We have

d 2
dQ 1 G B LA
dY = — e 2 e 4 = —
o) - e fLed -
For any smooth function f, we have

Ep,[f(Y)] = Exvx,Ez~cop@f(Z + 0xx")],
= ]EXNXdi /dZe*%mZQ]f(z i HxxT),
Na
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- Exwid [ ave i ),

So:
dP 1 4 .
—(Y) = Exw _ —*TI'[(Y—Hxx ) ]
dY( ) X, N, e 4
We reach that
Lal¥) = ig(Y) = Ext, [edﬁfnxnué"xwx} .

Using Fubini’s theorem:

2 2
HLd”é = Evy~coE() KEM}@ {edZIIXII“erzQxTYXD ] ;

[ed?f<x4+ux'n4> [eé"ﬂ[Y(xx”"’("')T”H :

= Ex x'niy Ey~cor@)

By Gaussian integration, it is easy to show that for any symmetric matrix M:
Ey~cor@) exp{dTr[MY]} = exp{dTr[MQ]}.

Applying this to our computation, we get:

a6 g 05 Ty ] ) 2
1Ll = Ev~cor) [(Em% [e Il + 5= TY: D ] 7

d6? 4 4y, do? T T2
= By, o ORI ot ]

2
95 ()

2
= Ex,x’NXd [6 2

)

which ends the proof. U

Theorem 6.3 expresses || Lq||3 as a function of the “overlap” (x,x’) of two independent
samples under X;. We now look for conditions on X, to show that ||Lg|> = O(1), to
apply Lemma 6.2.

Sub-Gaussian random vectors — Recall the definition of a sub-Gaussian SG(o) ran-
dom variable in Definition 4.1. By analogy, we sat that a vector x € R? has a sub-
Gaussian SG(o) distribution if, for any v € S¢~1, the projection (v,x) is SG(o):

sup E[exp{\(v,x)}] < exp{\?6?/2}, (V) € R). (37)

vesd-1

Examples of sub-Gaussian distributions include N (0,14) € SG(1), and Unif({£1/vd}?)
is SG(1/v/d) as well. More generally, any i.i.d. random vector with SG(o) coordinates
is also SG(o). But the notion of sub-Gaussian random vectors allow for non-iid distri-
butions: for instance the uniform distribution on the sphere Unif(S% 1) is SG(C/v/d)
for some C' > 0. We refer to [Verl8] for more details on sub-Gaussian random vectors,
and proofs of these properties. The main result of this section is the following theorem,
due to [Per+18].

Theorem 6.4 ([Per+18])
Assume that x ~ X, and that X; is (0/v/d)-subGaussian. If § < 1/, the two
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distributions of eq. (36) satisfy Py < Qg, and are thus statistically indistinguishable.

Notice that Theorem 6.4 only gives a sufficient condition for contiguity: for instance,
when X; = Unif[S?!], it can be shown by refining the proof of this theorem that
Py < Qg for all § < 1, see Corollary 3.14 of [Per+18].

Proof of Theorem 6.4 — We prove Theorem 6.4 when X; = Unif({£1/v/d}) (in this
case 0 = 1). The general case can be found in [Per+18], Proposition 3.9.

Notice that here (x,x’) = 3", z;2 is the sum of d i.i.d. random variables, which are
bounded as |z;x}| < 1/d. Thus, by Hoeflding’s inequality (Theorem 2.2):
P((x,x')| > t) < 2exp{—dt*/2}. (38)

We now compute:

do>

1Zall2 @ By, [e2<x,x/>2} |

o 2
= / P {edg<x’x/>2 > u} du,
0

o0 2 ’
@ 1 —1—/ P {edgb"x )? > u} du,
1

0 1 [2logu
=1 P N> =
+ [y<x,x>\_ o\ ]du,

In (a) we used theorem 6.3, in (b) that exp(u) > 1 for u > 0, and in (c) eq. (38). We
have shown that for all d > 1,
2 < 1/
ILal3 <1+ 2/ w V% du,
1
and the right-hand side of this equality is clearly < co as long as # < 1, which ends the
proof. O

Consequence — So, if Xy is 1/v/d-sub-Gaussian (e.g. if X; = Unif({£1/+/d}?), but
also if Xy = Unif[S¢~!] as we mentioned):

e For 0 < 1, no procedure can recover x from the observation of Y ~ P,.

e For > 1, the PCA estimator recovers partially x, and we can characterize the
limiting overlap limg o (Xpca,x)2 > 0 via the BBP transition, see Section 5.

For such signal distributions, we can say that the spectral PCA algorithm achieves the
optimal weak recovery (i.e. partial recovery) #-threshold. This answers in the negative
our original question (Q)! However, there are some distributions Xy for which PCA is
provably not optimal: we will investigate an example in Section 6.4. Before that, let us
make two final remarks.

Remark I: contiguity of spectra — It turns out that § = 1 is not only the weak
recovery threshold for PCA, but for any estimator based on the spectrum of the matrix
Y, for very general classes of distributions X;. Indeed, the following theorem, proven
in [Per+18], shows the contiguity of the spectra under Py and Qg .
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Theorem 6.5 (Contiguity of spectral distributions [Per+18])
Let X; be such that, if x ~ X, then ||x|2 — 1 in probability as d — oco.

e Qg be the joint law of the eigenvalues of Y ~ Qg of eq. (36).

e P, be the joint law of the eigenvalues of Y ~ Py of eq. (36).

If 6 < 1, then ]’Is’d < @d-

The condition ||x|l2 — 1 is very weak, and essentially amounts to say that 6 > 0 is the
well-defined “signal-to-noise” ratio of the problem.

Remark IT: Beyond weak recovery — However, even if X is (1/v/d)-sub-Gaussian,
Theorem 6.4 does not inform us about what is the optimal performance achievable
for & > 1. For instance, for x ~ Unif({1/v/d}), one might still expect to be able to
leverage the structure of x to enhance the limiting correlation with respect to the PCA
estimator. This turns out to true, and the optimal known algorithms for this belong to
the class of approzimate message-passing (AMP), and have connections with statistical
physics [LKZ15b]. The (informal) picture looks as follows.

lim (%(Y),x)?

d—o0

0
0.=1 0

The red curve is the same one as in Fig. 2! The green curve can be analytically computed
by analyzing the high-dimensional limit of AMP algorithms: this was first done using
non-rigorous methods of statistical physics [LKZ15b], and is now rigorously established
in many settings, including the spiked matrix model, see e.g. [GB23].

6.4 Spiked matrix model with sparse signals

What happens to our results if we assume that the signal vector x has a lot of structure
that can be exploited by algorithms? We discuss here some important results related to
this question, which allow to give a positive answer to (Q) for some distributions X}.

A particularly important type of structure (encountered as well in the lecture [BSS23])
is sparsity. We consider the distribution Xy = W?d (i.e. x; Lig- 7,), where p € (0,1] is
the sparsity parameter:

— P
Ty = (1—/))(50—1—5 5(1/\/%)4-(5(_1/\/%) . (39)

Typically, the vector x ~ X; will have a fraction p of non-zero coordinates. The following
results were shown in the series of works [LKZ15b; LKZ15a; Dia+16; KXZ16; LM17b].
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e Notice that Er, [2?] = 1/d, and more generally one can easily show that [|x|z — 1
in probability as d — co. By Theorem 6.5, this implies that PCA will not succeed
in recovering x (even partially) for any # < 1. The PCA performance curve is
shown in red in Fig. 3.

e For large enough p, the optimal estimator fails to weakly recover the signal for
6 < 1. However, for small p (i.e. very sparse vectors), there is a critical value
p* =~ 0.09 (for which an explicit formula exists) such that, for p < p*, partial
recovery of x is possible for any 8 > 6.(p), and that 6.(p) < 1! The optimal
estimator in this case, denoted Xopt.(Y) and shown in green in Fig. 3, can be
naively computed in time exp{©(d)}.

e Finally, the best-known polynomial-time algorithms for this problem are still the
AMP algorithms we mentioned above. However, they fail to weakly recovery the
signal x for any € < 1, even for 8 > 6.(p)! On the other hand, for § > 1, their
performance matches the one of Xop¢ (Y): it is shown in purple in Fig. 3.

lim (%(Y),x)?

d—o0

xamp(Y)
f(opt. (Y)
xpca(Y) = Vmax(Y)

0 0 (p) 1 0

Figure 3: Schematic view of the different limiting performances in the spiked matrix
model with a sparse signal, for p < p*.

The picture above leads to conjecture that sparse PCA presents a computational-to-
statistical gap (also called hard phase).

Conjecture 6.6 (Hardness of sparse PCA, informal)

For any p € (0,1] and 6 < 1, no polynomial-time algorithm can achieve (with high
probability) positive correlation with x as d — oo.

The informal picture for weak recovery (i.e. achieving limg ;. (X(Y),x)% > 0) is:

= Impossible Easy
p>p
No algorithm works Polytime algorithms work
1 0
Impossible Hard 7 Easy
< p* { :
P P . No known polytime algorithm . .
No algorithm works i Exponential-time algorithm succeeds Polytime algorithms work
i > Lial-t algorit :
=
an 1 ’
c\p
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Towards Conjecture 6.6 — Unfortunately we lack a theory similar to the one of NP-
hardness for random problems that we want to solve with high probability. For this
reason, the current progress on such hardness conjectures usually focuses on showing
the failure of large classes of algorithms, which are strong indications of the hardness of
the problem. This includes the AMP algorithm mentioned above, but also low-degree
polynomials, or algorithms based on the sum-of-squares hierarchy for instance: take a
look at the very nice surveys [KWB19] (on low-degree polynomials) and [GMZ22] (more
focused on AMP algorithms and the SoS hierarchy) to learn the ideas behind these
different approaches!
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7 Finding cliques in random graphs

In this chapter we will consider some questions related to finding cliques in random graph
ensembles, and in particular introduce one of the most famous problems for which it is
conjectured that a computational-to-statistical gap (similarly to what we saw for sparse
PCA in Section 6) exists.

Recall that for an unweighted and undirected graph G = (V, E), a cligue K C V is a
set of edges such that all nodes in K are connected: Vi,j € K, i # j = (i,j) € E.

7.1 Cliques in unstructured random graphs: sharp asymptotics

Here we consider a random graph from the Erdés—Rényi distribution G ~ ER(n,p): i.e.
G is a graph on n nodes, and for each pair (i,7) (with ¢ < j) we connect ¢ and j with
probability p. For simplicity we will consider p = 1/2 here, but all can be generalized to
any fixed p € (0,1), see Challenge 7.3. We ask the following question, for large n > 1:

What is the size of the largest cliqgue in G ?

This question was solved more than 50 years ago (see e.g. [Mat70; GM75; BE76]), and
its answer is given in the following theorem.

Theorem 7.1 (Larges clique in a random graph)
Let G ~ ER(n,1/2), and denote X,, the size of the largest clique in G. Then

X
n (p) 1.
2logyn n—roo

Here, (p) denotes the limit in probability. Let us first prove Theorem 7.1. Later, in
Section 7.2 we will highlight an important open problem related to this result.

Sketch of the proof — The proof of Theorem 7.1 is based on the first and second
moment methods. These are classical tools in high-dimensional probability (in particular
regarding random constraint satisfaction problems). The first thing is to notice that
X, = max{k € [n] : Z; > 1}, in which Zj is the number of cliques in G containing
exactly k vertices. The first moment method then amounts to study the expectation of
7., and we will show”.

Lemma 7.2

For k*(n) = 2log, n, we have for any € > 0:

e (First moment method): lim,, . E[Z(1c)i+] = 0, and so P[Z(1 4 ¢y» > 0] — 0
as n — 0o.

[ ] llmn_wo ]E[Z(lfs)k*] = Q.

We prove Lemma 7.2 in Section 7.1.1. The reason why the first moment method is
tractable is the linearity of expectation, a seemingly trivial result which has very non-
trivial consequences: while Z = > gcp, 1{|S] = k and S is a clique} is the sum of
many correlated random variables, its expectation is still the sum of expectations, and
can therefore be computed quite easily! Notice that the second statement in the first

"For simplicity we write Z(1—¢)k instead of Z|(1_.)x) (and similarly for other quantities): this will allow
to lighten the presentations, and will make no difference in the n — oo limit.
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moment method is a direct consequence of Markov’s inequality (since Zj is integer-
valued), and it implies that P[Z(1 cex > 0] = P[X,, > (1 +€)k*] — 0 for any € > 0.
This already gives us the upper bound for Theorem 7.1!

The corresponding lower-bound follows from the second moment method. The idea is to

now study the variance of Zj, and to use the following elementary inequality.

Lemma 7.3 (Paley-Zygmund inequality)

Let Y be a non-negative random variable. Then, for any 6 € (0,1):

(EY)?
PlY > AEY] > (1 — 9)2W'

(Second moment method, general) If Y is not identically zero:

(EY)? 1 Var(Y)
E[Y? E[Y?] -

PlY > 0] >

Challenge 7.1. Prove Lemma 7.3 using the Cauchy-Schwarz inequality.

Essentially, Lemma 7.3 states that if E(Y) > 0 and Y is concentrated close to its average
(which is quantified as Var(Y') < E[Y?]), then Y is positive with large probability. This
should be very reminiscent of Chebyshev’s inequality. Our study of E[ZZ] is done in
Section 7.1.2, where we prove:

Lemma 7.4

For k*(n) = 2logy n, we have for any € > 0:

E[Z? N
lim [ (1_€)k]

—— =1.
n—=00 (BZ(1_gypx)?

Combining Lemma 7.4 with the second moment method in Lemma 7.3, we get that
PZq ey > 0] = P[X,, > (1 — €)k*] — 1, and we obtain the matching lower bound to
conclude our proof of Theorem 7.1!

7.1.1 First moment method: proof of Lemma 7.2

As said above, we use linearity of expectation:

E[Zy] =E [ Z 1{|S] =k and S is a clique}] ,
5C[n)

= Z P{|S| =k and S is a clique},
5C[n]

=#{SC[n] : |S| =k} xP{1,---,k} is a clique],

where the last equality follows from the symmetry of the problem. The probability that
{1,--- ,k} is a clique is easy to compute, and we get:

E(Z] = (Z) (;)@ . (40)
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Upper bound — From the inequality (Z) < nF, we have
E[Zy] < 2F[losan—*5],
Therefore, if we assume that k& > 2(1 4 ¢)logyn (for a fixed ¢ > 0), we obtain that
IEM%]—%O.
Lower bound — It is also a classical inequality (prove it!) that (}) > (n/k)* for any
ke {l,---,n}. From this and eq. (40) we get:
E[Zk] > 2k[10g2 n—%—logQ k]

Again, from this expression, it is clear that if £ < 2(1 — ) logy n (for a fixed € > 0), we
have that E[Z;] > 2(5F10827)/2 _; oo which ends the proof. [

7.1.2 Second moment method: proof of Lemma 7.4

The second moment computation involves more complicated combinatorics than the
first moment, but the idea is similar. A good reference for this computation, as well
as other applications of the second moment method, is [AS16]. For S C [n], we define

Is .= 1{S is a clique}. Then
sz -5 3 55) |

SCln]
|S|=k

= Y E[sly]

S.7C[n]
|S|=k, | T|=k

Notice that E[IgI7] = P[S and T are cliques], and for the Erd6s—Rényi model, E[Ig]r] =
E[Is]E[I7] if |[SNT| < 1. Moreover, recall that E[Z;] = 3 ¢/ E[Is]. So we have

E[Z3] _ 2|8 |=k,|T|=k 1{|SNT| < 1}E[I5|E[I7] 2|8 | =k, | T] =k 1{|SNT| > 2}E[IsI7]

E[Z]? 2218 |=k, 1=k E[Ls|E[IT] 2218 |=k, 1=k ELs|E[IT]
And so
E[Z}] - 2218|=k, 7=k LS NT| = 2HE[IsI7] — ]E[IS]E[IT])‘ (41)
E[Z]? 2218 |=k, 1=k ELs|E[IT]
Since E[Z] > E[Zx]?, we even have
< g @)

To simplify notations, we denote S ~ T if |S| = |T| = k, and |SNT| > 2. We now
show that the right-hand side of eq. (42) goes to 0 as n — oo, for k = (1 — ¢)k*. The
denominator is simply E[Z;])?, which we have computed in eq. (40). The numerator can
be computed using the conditional expectation, and the symmetry of the problem:

> ElIsIy]= > PlIg=1AIp =1],
S~T S~T

= > Pls=1PlIy =1|Ig =1],
S~T
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=Y ]1»[1521]( > P[ITzwszl]).

|S|=k T:T~S

By symmetry, the term Y ;.pgP[I7 = 1|Ig = 1] is independent of the choice of S: if
we let Sp == {1,---,k}, we therefore have:

> E[lslr] = ( > Pls= 1]) ( > Plp=1Ig, = 1]) ,

S~T |S|=k T :T~So

= E[Zy] ( > Py =1, = 1]) :

T :T~Sy

We have thus simplified eq. (42) as:

21 r~s, P = 1|Ig, = 1]
>is|=k Ells]

We must now do the combinatorics. Denoting i = |T" N Sp|, we have

k n— [(2)-(2)]
> Plr=1lIg,=1=)_ (f)(k_ID x(i) .
N————

T :T~Sp =2

choice of the vertices T is a clique

Therefore:

Sprsy PUIr = 1Tsy =11 20G) &R (n—k\ .m0
T:T SZISIkE[[S] — ( Z( )( .>2 [(5)-()]

k E\fn—k i
Sl o

From eq. (43), we now have to prove that the right-hand side of eq. (44) goes to 0 for
k =2(1 —¢)logyn to finish the proof of Lemma 7.4. We look first at the term i = 2:

ko (kE\(n—k k®
AN LD~ 4
R <2> (k: = 2) 2z 0 (45)
where we implicitly used Stirling’s approximation for k = 2(1 —¢)logyn < y/n. Now we
notice that the maximum in eq. (44) is reached in ¢ = 2 because for any i € {2,--- , k}:

B (26 <(k: - 2)!)2 (n—2k42)l 206D/
(n—2k+1)! il

n — 2k 1K

i!
9 i-2
< [ F_grny
~\n-—2k ’

i—2
R ke
n — 2k
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Since k = 2(1 — ¢) logyn, 2¥/2 = n'== and so for sufficiently large n, we have

(%) (1=)20)

i/ \k

2) (k-2
which (together with eq. (45)) shows that the right-hand side of eq. (44) goes to 0. [

Remark I-It’s quite typical that second moment computation involve two independent
copies of the same randomness (here S and T, see eq. (41)), and involves statistics of
their so-called “overlap”, here |S N T|. For problems involving random vectors rather
than random sets, this overlap will often be |(x,y)|.

Remark II — Note that since we have shown that Var(Z_.~) < E[Z(l_g)k*]Q, by
Chebyshev’s inequality, with high probability Z_cyux > (1 — 0,(1))E[Z(1_)p+]. More-
over, E[Z(1_)i+] — oo by Lemma 7.2. All in all, we have shown that there exists (with
high probability) not only one, but an infinite number of cliques of size 2(1 — ¢) log, n.

7.2 A simple algorithm, and an open problem

Now that we have established the size of the largest clique to be around 2log,n by
Theorem 7.1, we can ask

Can we find large cliques in G ?

The key work here is find: we want to produce an algorithm that outputs a clique.
Note that since we know the size of the largest clique, we can simply do an exhaustive
search over all possible subsets of large enough size: this gives an algorithm which runs

in roughly
n ~ n2 log, n
2logan

operations. While not exponentially large in n, this is still going to infinity faster than
any polynomial, and we would like to have an efficient (i.e. polynomial-time) algorithm
for this task.

An easily-analyzable such algorithm is a greedy search: we start by S = {v} for a
random vertex v, and then at each step we choose a vertex i € V\\S such that SU {i} is
a clique. Once such a vertex does not exist, we stop and return .S. This algorithm can
be stated in a slightly more convenient form for analysis as follows, due to [GMT75].

Algorithm 1: Greedy algorithm
Result: A clique S
Input: A graph G = (V, E). We label the vertices V = {v1, -+ ,v,}

arbitrarily;
Initialize S = ();
fori=1,--- ,ndo
If SU{v;} is a clique, S < SU{v;};
end

Informally, we expect that if the clique S has size p, then the probability that a new
vertex is connected to all elements in S is 277, and so we will have to see (on average)
2P vertices before Algorithm 1 is able to increase the size of the clique. This suggests
that the size k of the clique returned by Algorithm 1 satisfies Zle 2t = oktl _ ] ~
so that k& ~ logyn. This argument can be made rigorous as follows.
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Theorem 7.5

For any £ > 0, with probability 1 — 0,(1), the output of Algorithm 1 is a clique of
size at least (1 — €) logy 1.

Proof of Theorem 7.5 — In order to make the analysis simpler, we embed G into a
graph on infinitely many nodes, indexed by {1,2,---}, in which each edge appears with
probability 1/2. In this way, we can run the procedure of Algorithm 1 for an infinite
time: the output of Algorithm 1 is simply the clique after n steps. Denote S; the clique
of Algorithm 1 after step ¢. Let T}, (for p > 1) be the number of iterations for the clique
S to grow from size p — 1 to p. By definition, 7}, has a geometric distribution with
parameter 2~ #~1 je. for any [ > 1:

P[T, <l]=1-(1—2""D)

and E[T,] = 2P~1. Moreover, (1},),>1 are independent random variables. Therefore, for
any k:

In (a) we used that 2-®=Y > 2=% and in (b) that (1 — z)* > 1 — kx for z € [0,1] (by
convexity). If k = (1 — ¢) logy n, we have:

n/k
1—P(|Su| > k) < k- (1 _ n—(l—g)) / 7
ne

This ends the proof. O

Challenge 7.2. Compute the average time complexity of Algorithm 1.

An important open problem — Algorithm 1 is a naive greedy algorithm that can
provably return cliques of size (1 —¢) logy 1, for any € > 0. On the other hand, we know
(Theorem 7.1) that the largest clique is of size around 2log, n with high probability.
This raises the following open problem.

Open Problem 7.1

Does there exists a polynomial-time algorithm that returns, for G ~ ER(n,1/2), a
clique of size (1 4 €)log, n with high probability?

Remarkably, this question (which can be tracked to [Kar76]) is still unanswered. A
positive or negative answer to this question would be a breakthrough, and would likely
deepen our understanding of computational hardness in average-case scenarios.

Remark — Finally, let us mention that all we said can be generalized to other proba-
bilities than 1/2 in the Erdés-Rényi distribution.
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Challenge 7.3. Generalize all the results above (Theorem 7.1 and the greedy algorithm
and its analysis) to the case p € (0,1): as you will see, all this extends there up to
replacing logy n by logy ;, n in some places.

7.3 The planted clique problem

The planted cliqgue model was introduced in [Jer92]: it is also related to finding cliques
in random graphs, but is slightly different from the question we studied above. Given
G ~ ER(n,1/2), we will plant a clique inside G by forcing some vertices to be connected.
We now ask: given the knowledge of (G, can a statistician recover the planted clique?

More formally, we choose a set K C [n] with |K| = k uniformly at random, and we then
draw the edges of G according to the distribution:

Pli ~ j] = 1 if (i,7) € K, (46)
1/2  otherwise .

The graph might then look as follows, where the planted clique is shown in red.

One way to formulate the planted clique question is in the form of hypothesis testing
(see Section 6): can we distinguish a graph G drawn from the distribution of eq. (46)
from a graph G ~ ER(n,1/2)? Here, we focus rather on the recovery question: can we
recover the clique, or at least a fraction of the clique?

7.3.1 Information-theoretic thresholds

o If k£ < (2—¢)logyn, we have shown in Section 7.1 that there is an infinite number
of cliques of size k (with high probability). This implies that recovering the planted
clique with high probability is impossible if it has a size k < (2 — ¢) logy n.

e On the other hand, if k& > (2 + €)logy n, then similar arguments than the ones
used to prove Theorem 7.1 imply that the planted clique is (whp) the only clique
of this size! In particular, we can do an exhaustive (very inefficient) search over
all subsets, and we will be assured to recover the clique.

Challenge 7.4. Given a node not in the planted clique K, give a high-probability bound
on the number of its neighbors which are in K. Deduce from this and Theorem 7.1 that
if k > C'logyn (for some large enough constant C' > 0), the planted clique is the unique
clique of size k in the graph.
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The following challenge is harder but shows the desired result.

Challenge 7.5 (Uniqueness of the planted clique). Using combinatorial arguments sim-
ilar to the ones used in the proof of Theorem 7.1, show that if k > (2 4 ¢)logyn (for
any € > 0), the planted clique is the unique clique of size k in the graph.

The points above can be summarized by saying that 2logyn is the information-
theoretic threshold for recovering (and also detecting) the planted clique.

Finally, it is possible to show that when the planted clique is the unique maximum
clique, then one can find it in super-polynomial time.

Challenge 7.6. For k > (2+¢)logy n, design an algorithm that runs in time n®Uogzn)

(quasi-polynomial time) that recovers the planted clique with high probability.
These different (hard) challenges are solved at the end of this section.

7.3.2 Efficient algorithms, and computational hardness

But what about efficient (polynomial-time) algorithms? Can they recover the planted
clique? A first naive approach is based on the following “degree test” informal argument.

Degree test — By the central limit theorem, the degree of any given vertex not in the
planted clique is a random variable whose distribution approaches a Gaussian distribu-
tion, with mean (n — 1)/2 ~ n/2, and variance O(n). On the other hand, a vertex in
the planted clique has a degree distribution with mean (n + k)/2, and variance O(n) as
well.

/2

n/2 (n+k)/2

Therefore, if k > /n, the two distributions are mostly separated, and we expect to be
able to distinguish vertices in the planted clique simply by their degrees. Based on this
idea, one can show that simply collecting the vertices with highest degree recovers the
planted clique with high probability when k = Q(y/nlogn) (the additional v/logn factor
arises from a union bound argument).

Challenge 7.7. Prove that if k > C/nlogn (for some constant C > 0), and if S is
the set of k vertices with the highest degree, then P[S = K| — 1 as n — oco.

This argument goes back to [Kuc95]. The proof is based on classical concentration
inequalities, and (if you are stuck) you can find a solution in [WX23]. Still, ©(y/nlogn)
is very far from the information-theoretic threshold 2 logs n!

Spectral methods — Another (more clever) algorithm uses the idea of spectral cluster-
ing, which you have been introduced to in class. Here we consider it for the hypothesis
testing problem, but it can be extended to recovery [AKS98]. It manages to detect the
planted clique as soon as k > Cy/n, for some (large enough) constant C' > 0, as follows
from the following challenge.
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Challenge 7.8 (Spectral method for the planted clique problem). For a given graph G,
we denote B(G) the signed adjacency matriz, i.e. Bjj =1 if (i,7) € E, and B;j = —1
otherwise.

(i) (Hard question) Let G ~ ER(n,1/2). Show that, with probability 1 — o,(1),
| B(G)lop < cyv/n for some ¢ > 0.

(17) Assume now that G has a planted clique of size k. Show that | B(G)|lop > k.

(17i) Conclude that when k > Cy/n (for some C > 0), the largest eigenvalue of B(G)
can be used to detect a planted clique, with high probability.

This algorithm (and its variant for recovery) was analyzed in [AKS98], where the authors
further showed that a modification of the algorithm allows it to recover the planted
clique for k > ¢y/n, for arbitrarily small (but fixed as n — o0) constant ¢ > 0, with a
complexity that now grows as nOog(1/c)),

The failure of these algorithms (as well as many others!) beyond the regime k = /n
motivates the folllowing famous conjecture.

Conjecture 7.6 (Hardness of planted clique)

If ¥ = o(y/n), then there is no polynomial-time algorithm that can (with high
probability) recover the planted clique.

Impossible i Hard ? Easy
No algorithm works No known polytime algorithm Polytime algorithms work Local algorithms work
Exhaustive search succeeds :
@ @ @ :k
2logyn cevn n/e
(cx1)

Figure 4: A schematic view of Conjecture 7.6.

Belief propagation — Beyond spectral methods, many other algorithms have been
studied in the planted clique problem. A notable example are variants of belief propaga-
tion (BP), which aim at approximating averages under the Bayesian posterior probability
distribution, and has origins in statistical physics. In many average-case problems, algo-
rithms derived from statistical physics ideas (notably BP) have been showed to achieve
the optimal polynomial-time performance among a large class of “local” algorithms®, see
[BPW18]. As an example, in the planted clique problem, a method derived from belief
propagation was shown to recover the planted clique for k > \/n/e in quasi-linear time
(i.e. time O(nlogP n) for some p > 1) [DM15]. Extending these results, it is conjectured
that y/n/e is the onset of hardness for “local” algorithms [Mon15].

Towards Conjecture 7.6 — In such average-case models, proving the non-existence
of a good algorithm is a problem that we essentially do not know how to attack. In-
stead, our best evidence for the difficulty of the problem usually comes from showing
that increasingly powerful classes of algorithms fail. In the planted clique problem, this
was shown to be the case when k/y/n — 0 for Belief Propagation algorithms [DM15],

8Here this essentially corresponds to algorithms that, for each node 4, estimate if 7 is in the planted clique
or not only based on the knowledge of a local neighborhood of 7 in the graph. For instance, the degree
test mentioned above is clearly local.
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for Sum-of-Squares algorithms [Bar+19] (which you will encounter later in class), for
Metropolis processes [Jer92], statistical query algorithms [Fel+17], and geometric argu-
ments based on ideas from statistical physics also support Conjecture 7.6 [GZ19].

Average-case reductions — The planted clique conjecture is one of the most famous
and well-studied examples of a computational-to-statistical gap: we already saw another
example with sparse PCA in Section 6. In analogy with the worst-case theory of NP-
hardness, there is a rich line of work which aims at showing that other problems that
we believe to be hard to solve can be reduced to the planted clique conjecture (in the
sense that if we prove that Conjecture 7.6 holds, then a similar statement will directly
hold for these problems). This is the case for instance of the sparse PCA problem we
discussed above, see e.g. [BR13|, and many others (submatrix localization, compressed
sensing, biclustering, planted dense subgraph problems, ...)

Solutions to Challenges of Section 7.3.1

Solution to Challenge 7.4

Part I — For a node i € V', we denote 0i the set of its neighbors. We show that
k
P{ViGV\K : 8iﬂK|§2+\/klogn] =1-o0,(1). (47)
To prove this, we use the union bound:

k k
P [Hie VAK : |0iNn K| > 2+\/klogn} < nP [\(%ﬂK\ > 2+\/klogn} ,
k

<nP [Z (xj — E[z;]) > Vklog n] ,

J=1

where z; K Unif ({0,1}). Using Hoeffding’s inequality (Theorem 2.2: notice that we
don’t need the factor 2 in Hoeffding’s inequality if we look at one-sided tail bounds) we
get:

k 1
P|die V\K : |0in K| > 5t \/klogn] < pe~2klogn)/k _ Z
n
This proves eq. (47). In particular,

Part IT — Assume now that k > C'log, n. We take C > 0 a large enough constant such
that

k 1 logn 1 log 2 3k
Ty —k|= <k|= <2
2+ klogn k2+ k]_k 2+ o | =3
Therefore by eq. (47):
. . 3k
P [32 EV\K : |0in K| > 5} — on(1). (48)

Denote Gy ~ ER(n,1/2) the graph without the planted clique, and G the graph Gy to
which we added the planted clique K. Let T' C V be a clique of size k in G. Clearly,
T\K C T is then a clique in Ggy. Therefore, by Theorem 7.1 (with high probability):

|IT\K| < 3logyn
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This implies that

310g2n} [3]
TNK|>k|l-——|>k|l—=]| >

2k

?7 (49)

taking again C' > 0 large enough. Notice that all nodes in T\ K have at least |T'N K|
neighbors inside the planted clique, eq. (48) and eq. (49) show that T\ K = ), and thus
T=K. O

Solution to Challenge 7.5

Here we only assume k > (2 + ¢)logyn. For any S C V with |S| = k, if we denote
[ == |S\K]|, we have

P(S is a clique)
=P(SN K is a clique) - P(All nodes in S N K and S\K are connected),

1\ 1\ k=D
-0 "
Then we use the union bound. Let A be the event “there exists S C V with |S| = k,
S # K, and S is a clique”. Then

k ! .
n—k\( k \(1\G& /1\ED
P[A] < Z =
a2 ()05 @76
k
n — k k _lk+l(l+1)
< .
=1
:ZTZ
We now show that for k£ > (2 + ¢) logy n:
nT) = o,(1), (50)
and:
T;
o (7) ! )

Clearly, the combination of egs. (50) and (51) imply that P[A] = 0,(1), which ends the
proof.

Proof of eq. (50) — Notice that
nTy =n - (n _ k) - 27k+1 < Tl2 k- 27]6 — 2210g2 n+log, kfk.

Clearly, 2logyn +logy k — k — —o0 as n — oo if k > (2 4 ¢) logy n.
Proof of eq. (51) — We have:

7 () 2

T k(n—k2 k1

_ (n — k — ].)' ) (k/’ — ].)' ) 21(131)717071)]‘:
N —k— 0 10k —1)! !
A AN (=S L A

ST
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-1
< (”1)2 (nk . 2(l+22)_k> .

Because | < k, we get from this:
1 _E\I-1
7 < (an -9 2) :

-1
< (21+log2 n+log, k— g) )

Since k > (2 +¢) logy n, we have logy n + logy k — % — —00 as n — oo. This implies (for
large enough n): T; < T for all [ > 2, which ends the proof. [

Solution to Challenge 7.6

If £ = O(logyn), an exhaustive search algorithm will recover the planted clique K in

time (}) ~ nk = p©ogyn)

We design here an improvement that allows to recover the planted clique (with high
probability) for any k& > C'logyn in time n®Uog21) where C' > 0 is a large enough
constant. The steps are the following.

Step 1 — By the exhaustive search algorithm, we can find T" a clique, with |T'| = C'logy n,
in time n®0°827) For any e > 0, it holds that |T'N K| > (C — 2 — ¢) logy n with high
probability. Indeed, T\ K is a clique that has no vertex in common with the planted
clique, so its size is upper bounded by (2+¢) logy n by Theorem 7.1, see also the solution
to Challenge 7.4.

Step 2 — We now “expand” our first guess T, by picking St to be the set of vertices that
have at least 3|T'|/4 neighbors in 7. By Step 1, any i € K has at least (C'—2—¢)logyn
neighbors in 7', and we can pick C large enough so that (2 +¢)/C < %. All in all we
have shown P[VT clique of size C'logan, K C Sy] — 1 as n — oc.

Step 3 — Now that we have built a set that contains K with high probability, we clean
it. We let G[St] be the induced subgraph on St, and we define K7 as the k vertices in
St with the highest degree in G[S7]. We will show that P[VT, K7 = K] — 1 as n — oco.
This is done in two substeps.

(i) For any given T and any node i € V\ K,

|7

> (xj — E[x]) >

J=1

T
P(i e Sp) =P u

)

where x; bR Unif({0,1}). Notice that for i € T' the sum actually runs only up to
|T'| — 1, but this will not make any difference to the argument. Using Hoeffdings’s
inequality we get:

P(i € Sp) < exp {—g‘} — p—Clos(2)/8

Since, for a given T', all the events {i € St};c1\ i are i.i.d. we have, for any r > 0:

n —

P(|Sr\K|=r) = ( k) P(i € Sp)'[1 = P(i € Sp)]"*" < prli-Cloa()/8]
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Using the geometric series we even have, for large enough C' > 0:

n—k
P(’ST\K‘ > T’) < Z nl[l—Clog(Q)/8]7

l=r

< prl1=Clog(2)/9] 1

1 — nl-Clog(2)/8°
< 2nr[1—Clog(2)/8]‘

Now we can crudely union bound over the choice of T', since |T'| = C'logy n:

n
P(3IT li T =C1 K| > <9 r[1-C'log(2)/8]
(3T a clique : |T| = Clogyn and |ST\K| > 1) < (Clog2 n)n ,

< 277,0 log, n—r[Clog(2)/8—1] '

The exponent in the right-hand side goes to —oo for n — oo as long as

8C

> |l 1
(e Clog(Z)—8+6] ogy N,

for some ¢ > 0. Since 8/log(2) ~ 11.54 < 12, we have shown that for a large
enough constant C' > 0:

P(3T a clique : |T| = C'logyn and |S7\K| > 12logy n) = 0,(1). (52)

Now that we have shown that |S7\ K| is small, we will show that this implies that
(whp), in the induced subgraph G[Sr], there will be no node of high degree in
S7\ K, while all nodes in Sp N K will have high degree because they belong to the
planted clique. For any i € Sp, we denote d(i) its degree in the subgraph G[St].
We clearly have

max d(i) < |Sp\K|+ max #{j €K :i~j},
i €S\ K

< |Sr\K| +igfa\>§<#{j €K :in~j}

However, we know (cf eq. (47), which is proven using Hoeffding’s inequality and
the union bound) that, with probability 1 — 0, (1):

k
max #{je K :i~j} < §+\/klogn.

iEV\K

Combining this and eq. (52) we get

P (VT, max d(i) < 12logyn + k + \/k:logn> =1-o0,(1).
i€ST\K 2
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Since k > C'logy n, for large enough C, we get:

3k
P(vT )< 2] =1—o0,(1).
(V ,igslgng(Z)_ 4> on(1)

On the other hand, for any i € K, d(i) > k—1 since K C Sy with high probability.
Therefore, P[VT, K7 = K] =1 — 0,(1), which ends the proof. [
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8 Optimization of random high-dimensional functions and
the Kac-Rice formula

Disclaimer — An important class of problems in high-dimensional statistics and data
science can be framed in the language of optimization. Optimization is a rich field of
mathematics and theoretical computer science in its own right: here we will discuss some
very high-level motivation, and introduce the simplest model of optimization of a “typ-
ical” high-dimensional function that one can imagine. As it turns out, understanding
how to minimize this simple function is a daunting task, and it took decades of works
of probabilists, theoretical computer scientists and theoretical physicists (as this object
was introduced in the statistical physics literature) to obtain a clear answer.

8.1 Loss landscapes in statistics and machine learning

A broad motivation — In statistical learning, and more precisely when doing supervised
learning, one is given access to a set of data samples (x1, - - - ,X,) € R? (think of them as
images), and corresponding labels (y1,--- ,yn), see Fig. 5. These labels can be discrete
(in classification) or continuous (in regression).
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Figure 5: An example of a series of labeled images (taken here from the CIFAR-10
dataset).

The statistician then constructs a learning model (for instance a complex neural network)
which is a parametric function: one can write that § = fg(x), where x is a data sample,
and ¢ is the label predicted by the model with parameters 8. Fig. 6 and 7 give examples
of two models of functions fg(x). Learning from data amounts to solve the following
question:

Given a dataset D = {(x1,¥1)," - » (Xn, Yn)}, how to find the best possible parameters
0 to most accurately predict the label of a new data sample Xew?

Mathematical formulation — Let us try to make this question mathematically for-
mal. For this we imagine that there is an underlying data distribution P, from which
X1, - ,Xp are drawn independently. For instance Py can be the law of a random image
of an animal: importantly, we do not require that we know what this distribution is,
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Figure 6: A linear classifier (a so-called perceptron model), where the decision boundary
is a hyperplane (w,x) = b for some w € S%! and b € R. The prediction is §(x) =
sign((w,x) — b). The parameters 0 := (w, b) are adjusted to better classify the data.

W,

@(X) — “Dog”

Figure 7: An example of a simple neural network model. Given the input x € R¢,
the output is predicted as § = o, (Wrop_1(---01(W1x))), where (o1, -+ ,0r) are real
functions applied entrywise. The parameters are the weights @ = (Wy,--- , Wp): they
are matrices that the statistician adjusts to correctly classify the data.

just that it exists! In the same way, we imagine that there exists an ideal estimator y(x)
that, given a point x, always returns the correct label.

If @ € RP, in order to find the best? possible values of the parameters @ for our model
we would ideally like to compute:

0" = argmin Ex. p, {(y(x) - fg(X))ﬂ . (53)
6cRP
The quantity on the right-hand side of eq. (53) is called the population risk (or population
loss):

R(0) = Exep, |(y(x) — fo(x))’]. (54)

Unfortunately, in general we can not compute the population risk (nor its minimizer
0*), because we do not have access to the data distribution P4 or to the ideal estimator
y(x) (this is precisely what we want to approximate).

Empirical risk — This is where our data samples can help us. If we have enough
data points (x;, ;)i ;, we can hope that their empirical distribution approximates well

9This depends on what we mean by “best”. In particular one can consider other performance measure-
ments than the square loss (y — fo)?.
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enough the true data distribution. In mathematical terms, we can consider the empirical
risk .

N 1

Rp(0) = =" (yi — fo(x:))? (55)

N

as an approximation of the population risk of eq. (54). This is an example of more
general M-estimators, which are functions of the type:

A

(D) = argmin ) _[6; (x;, yi)]- (56)
0
=1

In this more general context, the population loss minimizer would read

0" = arg;nin Exp,£[0; (x,y(x))]. (57)

While the estimator of eq. (56) now only depends on the data samples we observed, and
so we can in theory compute it, there remains several very important questions.

(Q1) Does fg+(x) provide a good approximation of y(x)? In other words, is R(6%)
small?

(Q2) Is the estimator 9(1)) a good approximation of 8*? More generally, when does the
empirical risk approximate well the population risk?

(Q3) Can the estimator of eq. (56) be computed efficiently?

(Q1) is solely a question about our choice of learning model: it amounts to understand
if our parametric model is “expressive enough” to learn a good approximation to y(x).
On the other hand (Q2) depends on the data samples we receive (in particular on the
number n of data samples, as we expect the empirical risk to approach the population
risk when the number of data samples gets large enough), its study is a rich mathematical
field. When d = O(1) and n — oo this is one of main topics of classical statistics, and
(Q3) is related to low-dimensional optimization.

Motivated by recent progress in learning algorithms, we consider here a high-dimensional
regime where both d,n — co. (QQ2) has been studied as well in this case provided n grows
sufficiently fast with respect to d, see for instance [MBM18]. In this lecture we will put
our focus on understanding (Q3) in this high-dimensional regime. Notice that in general
the empirical risk is a non-convex function of 6 (even if the population risk is convex!?):

A

computing 8(D) is thus a non-trivial optimization problem.

8.2 A (very) simplified model: Gaussian processes on the sphere

For the reasons we described above, local optimization of empirical risk functions is one
of the workhorses of modern machine learning. As we have discussed above however,
these functions are in general non-convex, so characterizing the performance of these
procedures is a daunting task. Here we will simplify the model to make this amenable
to a mathematical treatment. The empirical risk function of eq. (55) or eq. (56) has two
crucial properties:

(i) It is a random function, because the data samples (x;,y;) are drawn randomly.

(73) In the context of modern machine learning and large neural networks, it is a high-
dimensional function, since these models have a very large number of parameters.

'ONote that if the population risk is convex, then an answer to (Q2) can sometimes inform us on (Q3).

49



(a) A “rough” optimization landscape, (b) A smooth landscape, intuitively
with a great number of local minima easier to optimize via local algorithms.
and critical points.

Figure 8: “Naive” representation of a rough (left) and smooth (right) optimization land-
scape. Note that these naive pictures do not take into account the high-dimensionality
of the problem, and should be taken with caution! Pictures taken from [Li+18].

We now define one of the simplest models that retains these two key properties. We
consider a unit-norm vector € S?! for some d > 1 (and we will analyze the limit
d — o0), and a function f(€) that is a centered Gaussian field: essentially this is
a random function such that all (f(6))gcsi—1 are jointly Gaussian with zero mean.
The distribution of such functions is thus uniquely characterized by their covariance
structure, which we assume is given by

E[f(6)f(6")] = £((6,0")), (58)

for some real and continuous function £. Notice that this is equivalent to saying that
the covariance is a function of the Euclidean distance between 0 and 0’. The following
theorem allows us to express all functions satisfying eq. (58) in the monomial basis.

Theorem 8.1 (Schoenberg [Schj2])

Any centered Gaussian field that satisfies eq. (58) for a continuous function £ can be
written as

f(8) = Z ar Z Jiy iy Oiy - i (6 € Sdil)

k=1 1<ip,,ix<d

where (ay)r>1 are real coefficients, and for each k > 2, J;,...;, Y N(0,1). Moreover

() =" ait".

k>1

Simplifying further, we will consider the case in which ay, = dy, for some p > 3 (and we
change notations from 6 to x):

L) = > Jheimicem,  (x€8TY, (59)
1<i, - ip<d
in which J;,..;, RN (0,1). The function of eq. (59) is sometimes called the pure

spherical p-spin model, as it originated under this name in the statistical physics litera-
ture [CS92].

Our goal — We will try to characterize the optimization landscape of f,(x), to under-
stand if it is easy to optimize or not. One way to do this is to count the number of critical
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points, and of local minima, in different regions of the landscape, see Fig. 8. As one
can easily be convinced by a picture, f having many such critical points is generically
a sign of a complex topology of its sublevel sets {f(x) < u}, (see also Fig. 9 which is
introduced later), which we can expect will make optimization algorithms struggle. This
intuition can be made mathematically precise, and here we will focus on understanding
the number of critical points (especially local minima) of f,. As we will see in the end,
this will allow us to very precisely probe the topology of the optimization landscape,
and the performance of local optimization algorithms.

Challenge 8.1. Consider the function of eq. (59) for p € {1,2}. What do the global
minima of f, correspond to? What can you say about the critical points of f,? How
many are there? (Be careful, you are looking at critical points on the sphere!)

8.3 The Kac-Rice formula

We introduce here the Kac-Rice formula, which will be our main tool to compute the
number of critical points of a random function. As critical points are zeros of the
gradient, we consider equivalently:

Given a random smooth function ¢ : R — R%, can we count the number of zeros of g?
Keep in mind that this number of zeros it itself random: more precisely we will focus
here on computing its expected value.

8.3.1 Intuition and formula in the case d =1

Let g : [a,b] — R be a real and smooth function (so far we do not consider its random-
ness). We define Z,; as the number of zeros of g. Since [a,b] is uncountable, we can not
write a formula of the type:

Zy= Y 1{g(x) =0}

z€[a,b]

On the other hand, since g is smooth we can compute Z; as

3 Y« (g1)

Applying naively the formula for the line integral along the path parametrized by t €
[a,b] = (t,9(t)), we get

7= [ sl wat. (60

This derivation was quite heuristic, since we applied the line integral formula with an
argument which is a distribution rather than a smooth function. This intuition can
however be made rigorous, as you are encouraged to show!
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Challenge 8.2 (Kac’s counting formula). Let g : [a,b] — R be a C' function with
g(a) - g(b) # 0, and such that for all z € [a,b], g(x) = 0= ¢'(x) #0. Then

N /
Z,=tim o [ 1@ < e}y @)de.

e Notice that, in the sense of distributions, 1{|z| < €}/(2e) =<0 6(x), so we essen-
tially recover eq. (60) from Kac’s counting formula.

e The condition g(z) = 0 = ¢'(z) # 0 ensures that the zeros of ¢ are isolated, and
therefore that there is only a finite number of them, see Challenge 8.3. In a sense,
this condition is essential already to make sense of the quantity Z,!

Challenge 8.3. Let d > 1. Show that if K C R? is compact, and g : R* — R? 4s C!
and such that g(z) = 0 = det[Dg(x)] # 0 for all x € K (where Dg(zx) is the Jacobian
of g at x), then Z, = #{x € K : g(z) =0} < 0.

(Hint: what can you say about the set g~ '({0})?)

So far we have not considered the randomness of g. Imagine that g is now a random
function, which almost surely satisfies the hypotheses of Challenge 8.2. Then we can
write eq. (60) in expectation, again heuristically:

b
EZ,) = | Eb(o(0)lg'()]dt

Q[ ([ e sl @l = ol ) a,

In (a) we conditioned on g(t) = y, and used the law of the conditional expectation. Here,
©g(1)(y) is the density of the random variable g(t), evaluated in y. While this derivation
is heuristic, its result is mathematically correct and is called the Kac-Rice formula. We
state it in what follows, keeping some technicalities under the rug.

Theorem 8.2 (Kac-Rice, 1D, informal)

Let g : [a,b] — R be a random function. Assume that (almost surely) for all z € [a, b],
g(x) = 0= ¢'(x) #0, and that g is “regular enough”: Then

b
EZ,) = [ o (OEllg (0)]lg(0) = olat.

Remark — The rigorous derivation of the Kac-Rice formula is quite involved, as one
must take the limit ¢ — 0 in Kac’s counting formula, after taking expectations. Some
regularity conditions are needed there, such as e.g. the existence and continuity of the
density @) (u) close to u = 0. These conditions are not detailed here, but they can
be found (alongside a proof of the Kac-Rice formula and of its generalization to the
multidimensional setting) in the textbooks [AT09; AW09]. In practice, for our choice of
Gaussian random functions these regularity conditions will be verified, and we will take
them for granted.
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8.3.2 The Kac-Rice formula for zeros of random functions in arbitrary di-
mension

The Kac-Rice formula can be generalized to arbitrary dimensions in a very natural
fashion. One still needs to assume that the function g has almost surely isolated zeros,
see the remark below Theorem 8.2, as well as similar technical regularity assumptions.
It can also be generalized to the case of a function on a smooth manifold: as we will
consider in what follows the unit sphere S?~1, it is useful to state this generalization.
Again, a detailed proof can be found in [AT09; AW09]'!.

Theorem 8.3 (Kac-Rice formula for zeros, informal)

Let M be a smooth compact Riemannian manifold of dimension p, with volume
measure pr. Let g : M — RP a random function such that (almost surely) for all
x € M, g(x) =0 = det[Dg(z)] # 0, where Dg(z) is the Riemannian derivative of g
in x. Assume further that g satisfies some technical regularity conditions. Then

E[Z] = /M dpp () g () (0)E[ det Dg(x)[|g(x) = 0].

8.3.3 The Kac-Rice formula for critical points of random functions

Let us come back to our original motivation: counting the critical points of a random
function f : M — R, defined on a smooth compact manifold M. We denote grad
and Hess the Riemannian gradient and Hessian on M. Recall that gradf(z) € T, M
lives in the tangent space, and Hessf(z) is a linear map on this tangent space. If M has
dimension p, then one can identify T, M

p— A-1
with RP. In all our applications we will TR I M ®
f x

take M = 8?1, and we will detail below
how to compute the Riemannian deriva-
tives in this case.

Denote ¢, (0) the density of grad f(x) with
respect to the Lebesgue measure on RP,
taken at 0. One can apply the Kac-Rice
formula (Theorem 8.3) to the gradient of
the function, and obtain the following.

st

E[Crity] = /M dppm () (0)E[| det Hess f(x)||grad f(x) = 0]. (61)

Here Crity is the number of critical points of f, i.e. of points such that gradf(z) = 0.
Importantly, in order to apply the Kac-Rice formula to gradf, we had to assume that
gradf(x) = 0 = det[Hessf(x)] # 0, i.e. that the critical points of f are non-degenerate.

We can further generalize the formula to counting only certain types of critical points:
(1) We can impose that f(x) € B, for a fixed set B C R.

(1) We can impose that i(Hessf(z)) = k, where the index i(M) of a symmetric matrix
M is the number of negative eigenvalues of M. This characterizes the “saddleness”
of the critical point. For instance, local minima have index ¢(Hessf(z)) = 0.

171t is now based on a generalization of Kac’s counting formula in higher dimensions, which is called the
area formula.
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Figure 9: We count only critical points which are “low enough” in the landscape (i.e.
f(z) <wu), and we separate between local minima (green) and saddle points (purple).

If we impose these constraints when counting critical points we are led to define (this
discrete sum is well-defined since f having non-degenerate critical points implies that
there is a finite number of them, see Remark (R1) below)

Crit¢(k, B) == Z 1{f(x) € B and i(Hessf(x)) = k}. (62)
grad f(z)=0
We then obtain the following natural generalization of the Kac-Rice formula.

Corollary 8.4 (Kac-Rice formula for critical points, informal)

Let M be a smooth compact Riemannian manifold of dimension p, with volume
measure pr. Let f: M — R be a random function such that (almost surely) all
the critical points of f are non-degenerate. Assume further that f satisfies some
technical regularity conditions. Denote ¢, (0) the density of grad f(z) with respect to
the Lebesgue measure on RP, taken at 0. Then:

E[Crits(k, B)] = /M dpm () (0)E[| det Hess f(x)|1{f(x) € B; i(Hessf(x)) = k}|gradf(x) = 0].

8.3.4 Remarks and generalizations

(R1) Smooth functions whose critical points are non-degenerate (i.e. for any x, grad f (z) =
0 = det[Hessf(z)] # 0) are called Morse functions. Since M is compact, one can
deduce that the number of critical points of a Morse function is finite, see Chal-
lenge 8.3. Moreover, the numbers of critical points of different Hessian indices
i(HessH(z)) of a Morse function are constrained by the topology of M by the
Morse inequalities [Mil63].

(R2) In general, conditional expectations of non-Gaussian random variables are in-
tractable, making the Kac-Rice formula effectively useless since one has to know
the law of the Hessian conditioned on the gradient being zero. Beyond the techni-
cal conditions mentioned above, this is a second reason why the Kac-Rice formula
has been mostly applied to Gaussian random functions.

(R3) The Kac-Rice formula transforms a random differential geometry problem into a
random matriz theory problem, since the Hessian of f is a random matrix. The
main difficulty in evaluating the Kac-Rice formula comes from the distribution of
the Hessian conditioned by the gradient being zero: even for Gaussian random
fields, this is in general a heavily correlated Gaussian random matrix, for which
very few results exist.
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(R4) The Kac-Rice formula can be generalized to compute higher moments of E[Crit s (k, B)?]
as well. Via Morse’s theory, it can even be used to compute the average Euler char-
acteristic of the level sets of f, see [AB13] for an example.

8.4 Application to our model

We now see how to apply Corollary 8.4 for the spherical pure p-spin model, i.e. the
function of eq. (59).

Precisely, for any B C R, we wish to compute the large-d limit of the expectation of the
number of critical points and of local minima of f,, such that'? f,(x) € VdB.

Crity,(B) = Y.  1{f,(x) € VdB},
grad fp(x)=0

Crit(}p(B) = Z 1{f,(x) € VdB and Hessf,(x) = 0}.
grad fp(x)=0

In what follows we focus on the study of Crity, (B). We will discuss later (see Sec-
tion 8.5.1) the generalization of our calculation to the study of Crit?cp(B). We now
apply the Kac-Rice formula'® of Corollary 8.4:

E Crity, (B) = /Sd_1 dpu(x)px(0) E[| det Hess f,, (x)|1{ f,(x) € VdB}|gradf,(x) = 0],
(63)

in which g is the usual surface measure on S~ !. Keep well in mind that grad and Hess
stand for the Riemannian gradient and Hessian on the sphere, while we will denote V,
V2 the Fuclidean gradient and Hessian.

8.4.1 The joint distribution of (f,(x),grad f,(x), Hess f,(x))

Deriving the joint law of (f,(x), grad f,(x), Hess f,(x)) is a necessary first step in the
Kac-Rice method, as these three random variables appear in the conditional expectation.

Gradient and Hessian on the sphere — The Riemannian gradient of a function
g : 8% 1 — R is simply the projection of the Euclidean gradient on the tangent plane to
the sphere at x, i.e. the hyperplane orthogonal to x:

grad g(x) = Py Vg(x), (64)

where Py = (I — xx ') is the rank-(d — 1) projection on TxS%~!. We now informally
“guess” the correct expression of the Hessian Hess g(x). We consider x = (1,0,---,0)
and y = (0,1,0,---,0), and we compute the perturbative expansion as ¢ — 0 of
g(ve(x,y)), where (v¢(x,y))o<t<1 is the circular arc between x and y.

X

Sd—l
Vi (X, Y)

2While E[f,(x)?] = 1 for a fixed x, we will see that the minimal value of f, scales as O(+/d).
!3The proof that f, is a.s. a Morse function can be found in [ABC13].
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Given the simple structure of the sphere we have

2
vi(x,y) = (\/1—t2,t,0,--- ,0) = (1—t,t,0,-~- ,0) +O(th.

2

Therefore (with V¥ := 9% /0zF the Euclidean derivatives)
e2_, g2 4
9(ve(x,¥)) = g(x) + eVag(x) + 5 Vag(x) — 5 Vig(x) + O(e),

= 460 + £ly. Tg(x)) + Sy [V20(x) — (x, Tox)La)ly + O,
= g(x) +ely, Py Vg(x)) + in [PeV2g(x)Pe — (x,Vg(x)) Pcly + O(e").
The final result is that the Riemannian Hessian on the sphere is:
Hess g(x) = Py V?g(x) Py — (x, Vg(x)) Py (65)
Challenge 8.4. Using tools of differential geometry, prove eqs. (64) and (65).

Remark — Notice that the “correction” —(x, Vg(x))PgZ is necessary: for instance if
g(x) := [|x||3 — 1, then g(x) = 0 on the sphere, but V?g(x) = 2I. This corrective term
is due to the curvature of the sphere.

Computation in our case — For the function of eq. (59), we can prove:
Proposition 8.5 (Joint law of the function, gradient, and Hessian)

For any x € S9!, identifying T::S%1 ~ R4~!, the joint law of (f,(x), grad f,(x), Hess f,(x))
is given by:

fp(x) 4 Z,
grad fup(x) < /P8,
Hess fup(x) < /pp — D)(d — W —pZ 141,

where (Z,g, W) are independent random variables, with Z ~ N(0,1), g ~ N(0,15_1),
and* W ~ GOE(d — 1).

Proof of Proposition 8.5 — Recall

) = > Jiegrm,  (xe8TH), (66)
1<iy, ip<d

with Jj,..q, i N(0,1). f, has the following rotation-invariance property: for any
orthogonal matrix O € O(d) and any x,y € S4 1,

(%), o(¥)) 2 (f,(0%), £,(Oy)).

This implies that, to prove Proposition 8.5, we can assume without loss of generality
that x = (1,---,0).

Clearly (fy(x),Vfp(x),V2fy(x)) are jointly Gaussian random variables (as sums of
Gaussian random variables), and therefore so are (fy(x),grad f,(x), Hess fp(x)). It is

'Recall that we defined the GOE(d) distribution in eq. (21).
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thus enough to compute their means and covariance to fully characterize their law. From
eq. (66) we have for any y:

p

fp(Y) = Z lelp H yila

1<iy, ip<d =1

p
vzfp(y) = Z Z Wi, = 4] Ji, ip H Yirs

k=11<i1,ip<d 1(£k)

p

Vilhy) =Y > Ai=d4i=4]Jiywi, [] V-

ke =11<i1 - ip<d a=1

k#l ag{k,l}

Specializing to y = x = (1,0,---,0), we get, for any 4,j > 1:

Ip(x) =Ji..1,
P
Vifp(x) => > Aig=1d [] Llia=1]Ji,-sp
k=11<iy, ip<d a(#k)
= Jit.1 +Jritea + o+ Jie, (67)
:Z Z 1[ix = 1] 1[i; = j] H 1[i iy oy
ke l=11<iy,+ ip<d ag{k,1}
kel
= Jijt..1 + Jirjea + o+ J1agi,

For any 4,j > 2 we find from eq. (67) (denoting V;f for V; f,(x) to lighten notations):

E[f] = E[ f1=ElVfl=

[/ = .
]E[( zf)( )] péija

E[f(Vif)] =

Similar computations give the covariance of the second derivative, for 2 < ¢ < j and
2<k<l:

E (V2 )(szf)] p(p — 1)dirdji,
E[(VEH (Vi) =
(VEN(Vief)] =2 ( — 1)k, (69)

E[f(V )]= E[f(VEf)] =0
E (ka)( 5N =E[(Vi)(VE)] =0.

Since x = (1,0,---,0), PZ is simply the projection to the last d — 1 coordinates. So
eq. (68) and eq. (69) imply that:

[
[
E[
[
[

f 12z,
PV f < Vpe. (70)
Piv2iPE L plp—1)(d - 1)W,

where Z ~ N(0,1), g ~ N(0,14_1), W ~ GOE(d — 1), and all of them are indepen-
dent. Further, (Vf,x) = V1 f(x) = pfp(x): applying egs. (64) and (65) end the proof. O]
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8.4.2 Plugging the distribution in the Kac-Rice formula

Let us make the following important remarks regarding what we proved in Proposi-
tion 8.5.

e The joint distribution of (f,(x),grad f,(x), Hess f,(x)) does not depend on the
value of x.

e The variables (f,(x), Hess f,(x)) are independent from grad f,(x).

e From the gradient distribution, one easily obtains its density evaluated in 0:
ox(0) = e~ 7 log(2mp) (71)

Using these properties, and the fact that the distribution of Proposition 8.5 is indepen-
dent of the value of x, we can simplify eq. (63) using x = (1,0,---,0):

E Crity, (B) = V(S ") ¢x(0) E[| det Hessf, (x)|1{ f,(x) € VdB}], (72)

where V(8% 1) = 27%2/T'(d/2) is the volume of the unit sphere. In the end we get,
with the same notations as in Proposition 8.5:

22 41 (@D
E Crity, (B) = —— ‘T 8“2/ |

T(d/2) -

p
det (W — (d_l)(p_l)ZId_1> ’ 1{Z ¢ \/ﬁB}] .

(73)

In this last equation, the expectation is over Z ~ N(0,1) and W ~ GOE(d — 1). It
is now completely explicit that we reduced our original random differential geometry
problem (counting the number of critical points of a random function) to a random
matrix theory problem.

8.4.3 The large-d limit, and determinants of GOE matrices

Our goal is to understand the large-d behavior of eq. (73). To simplify, we take B = [a, b]
to be a real interval. We can then rewrite eq. (73) making explicit the expectation over
Z, and changing variables Z = z\/d:

E Crit s, (B) (74)

212 41 @y [d [P dz? pd
_ Ghiog == [ C [ S B |ldet (W= | — P2 1 )]
r@;2)° " ’ 2w/a ze 2 Ewde d-1p-1 4"

From eq. (74) we can get a precise intuition of the large-d behavior of E Crity,(B). In
what follows we sketch this informally: a rigorous proof is quite technical, and was done
first in [ABC13]. The first term of eq. (74) can be tackled easily using Stirling’s formula
for the I' function.

Challenge 8.5. Show that

lim - log e 5 (75)

L[ 2n? ey eoeen [d | 14 log(p—1)
d—oo d F(d/Q) 27 a '

We must now handle the integral in eq. (74). Its form is very reminiscent of the Laplace
method: indeed, the first term is clearly exponentially large in d, and the main difficulty
is in controlling the second term, which is of the type E[| det(W —tI;_1)|], for some ¢t € R.
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What is a proper guess for the large-d behavior of such a term? Letting r := (d — 1), if
we denote (\;)i_; the eigenvalues of W, and fiw = (1/r) ), 0y, its empirical spectral
distribution, we have

E[| det(W —tL,.)|]] = Eexp [Z log |\ — t]] E exp [ /MW dz)log |z —t||. (76)
i=1

We have seen the classical result (cf. Section 5, specifically eq. (22)) that fiw converges
(in the weak topology) a.s. to the semicircle distribution

pee (@) = e <),

This observation can lead to the “wild” conjecture:

E[| det(W — tL,.)|] & exp [d/us.c,(dw) log |z — t| 4+ o(d)| . (77)

This is a very wild guess for two reasons:

(i) The function x — log |x — t| is not a bounded Lipschitz function, so weak conver-
gence is a priori not enough to deduce convergence of the average of this function.

(74) Much more importantly, there is an expectation outside the exponential in eq. (76)!
And if X is a random variable, even if X; — z as d — oo (for = a real value), we
might have

1
lim —log Elexp(dXy)] # =. (78)
d—oo d

Challenge 8.6. Find an example for eq. (78). Then, assuming | Xy4| < M is bounded:
(a) Is there a clear bound between the left and right-hand sides of eq. (78)¢

(b) Show that a sufficient condition for eq. (78) to be an equality is that for all t > 0:

1
lim —logP[| Xy — z| > t] = —o0. (79)
d—oo d

Eq. (79) is called a large deviations upper bound: informally it is a very strong form
of concentration, as events where X differ from = by a O(1) quantity have probability

exp(—w(d)).

Despite our wild guess, it turns out that eq. (77) is correct! The mathematical rea-
son behind this result is the fact that the empirical spectral distribution fiw actually
concentrates to pugsc. even faster than what is required by eq. (79): it satisfies a large
deviation principle in the scale d?, meaning that typically

lim —logIP’ H/,uw (dx)e /Ms.c.(d$)90($)

d—oo d

zﬂz—@@, (80)

for some finite I,(¢t) > 0. This was proven in [BG97], and I invite you to have a
look at the ICM notes of A. Guionnet [Gui22] if you want to learn more about the
(beautiful) theory of large deviations in random matrices. We finally note that the fact
that the right-hand side of eq. (77) is an upper bound to the left-hand side can be proven
using only the Hoffman-Wielandt inequality and Lipschitz concentration, see [Sel24a]
(Lectures 6 and 7) if you want to see this proof!
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Coming back to eq. (74), using eq. (75) and the result of eq. (77), one can apply the

Laplace method to obtain:
x—FE, / H .

It turns out that the integral over the semicircular density can be tackled with the
residue theorem: we essentially computed its derivative already in Challenge 5.5!

li)rglo 7 logECrltfp([a b)) = Erél(z(il 3

1+1 -1 E?
log(p) 7+ phs.c.(dz) log

2

Challenge 8.7. Prove that for any t € R:

2

=1 tVEZ — 4 T4t
/“S~C-(d$)10g|$—t|=2—5+]1{yt|22} _‘\/THOg\/jH

— 9(t)

-

2 2 V/ 2 p t

1

8.4.4 Discussion

Combining everything, we can very reasonably conjecture the following result, which is
a theorem due to [ABC13]:

Theorem 8.6 (“Annealed” complexity of the pure spherical p-spin model [ABC13])

For any p > 2, and any —oco < a < b < +o0:

lggo dlogE Crity, ([a, b]) = Enelﬁsz]l »(E),

L(E) = ”l"g;p_l) - E; 4 <E\/p’j) . (83)

Note that, from our calculation, the variable E actually represents the value f,(x)/v/d
(the “energy” value) at critical points of the function. We can already make some
remarks concerning Theorem 8.6.

The case p = 2 — For p = 2, we have fo(x)/vVd = x' Wx/v/2, where W ~ GOE(d). We
have seen (cf. Challenge 8.1) that the critical points of fy correspond to the eigenvectors
of W. On the other hand, we can show that I5(E) = 0 for all |E| < Ey(2) == /2, and
I)(F) < 0for all |E| > Ep(2). Note that Ey(2) corresponds well to the largest eigenvalue
of the matrix W/4/2! Further, for all |E| < /2 there are eigenvalues of W /v/2 that
approach F as d — oo: this explains why I»(E) = 0 for these values.

where
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Figure 10: The function I,(E) from Theorem 8.6 for different values of p. We show the
value —Ejy(p) such that I,,(—Ep) = 0.

The ground state energy — It is particularly interesting to consider the range of £
for which I,(E) < 0. Indeed, if we define Ey(p) > 0 by I,(—Ep) = 0, then for any € > 0:

1 .
dlggo p log E Crit, ((—o00, —FEp — €]) < 0.
Since the expected number of critical points is exponentially small, by Markov’s inequal-
ity:

lim P[Crity, ((—o0, —Ep — ¢]) > 0] = 0.

d—o0

Because f, is a smooth function on the compact set S9! this implies that for any
€ > 0, with high probability:

min  f,(x) > —Bo(p) —¢.

1
ﬁ xe8d-1

8.5 Generalizations and open directions
8.5.1 Counting local minima

Theorem 8.6 gives a very detailed understanding of the average number of critical points
of fp. However, for local optimization procedures, the most important type of critical
points are local minima, as the algorithms might get stuck in these points.

The Kac-Rice formula (Corollary 8.4) can handle counting only local minima: we reach
then directly the equivalent to eq. (74):

E Crit} (B) = D) o (84)
b 42 pd pd
x | dze” T Ew [det (W— (d_l)(p_l)ZId—1> H{Amin(W) “Na-)p-1n~

Therefore, in order to count local minima, we need to control (with r := d—1) quantities
of the type

(1) = Jim % log E[| det (W) — ¢, |T{ Amin(W) > £}], (85)

for t € R. We argued above that the determinant term concentrates extremely quickly
(the large deviations are in the scale exp(—©(d?))) on its limit, given by the semicircle
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distribution. The same argument can be applied here, and a natural conjecture is thus
1

B(t) = / ise.(dz) log |2 — ] + lim = log P{Amin (W) > ). (86)
d—oo d

We see appearing in eq. (86) the large deviations of the smallest eigenvalue of a GOE
matrix, i.e. regimes in which it can be very atypical: we illustrate it in Fig. 11. The fact
that these large deviations appear in our computation is not such a surprise: we wrote
the Kac-Rice formula for the number of local minima of the function f,, i.e. critical
points with positive Hessian matrix, and in order to condition on this positivity we have
to understand the law of the smallest eigenvalue of the Hessian.

04 :
/< N
T AnO@) | And?
s | —
5 s
= 0.2 :
g Aunin(W)
g mm A Semicircle “bulk”
2 —
g I :
.o0 F
= 0.0 , ,
4 -3 ) 0 2

A

Figure 11: Ilustration of a large deviations event in which the smallest eigenvalue of a
random matrix W ~ GOE(d) is macroscopically far from its expected value —2. A is
the shift of \,ax from its expected value, at the left edge of the bulk. Note that the
smallest eigenvalue typically fluctuates in the scale d~2/3, as shown in the grey area
(these fluctuations are connected to the Tracy-Widom law [TW94]), but large
deviations instead correspond to macroscopic fluctuations, which are exponentially
rare in d (cyan area).

The large deviations of A\pin (W) have been studied and are well understood [BDGO1].
Lemma 8.7 (Large deviations of Amin(W))
Let W ~ GOE(d). Then, for any a < b:

.1 -
dli{{olo g 10g IP){>\mln(‘R]’) € [aa b]} - ten[(llf,‘b] ‘—‘(t)7

where the so-called rate function =(t) is given by:

1t —tV12 — 4 —t— V12— 4
— | devV2—d4=—""" — flog——— ift < -2

=(t) = 2/2 Ve P 2 BEETS (s
+00 ift > —2.

In particular, it is clear that
1 0 ift< -2,

lim —= log P{Amin(W) >t} = J(t) = - 88
A8, g 108 F i (W) = 1) = J(1) {+oo it > —2. (88)

Using eq. (88), eq. (86), and the Laplace method in eq. (84), we reach that

! .0 B 1+log(p—1) E? ( p) ( p)
dl;rgo lOgEcrltfp([a’b])_EHela},{b} 5 5 + E’/p—l J E”p—l .
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We reach the following theorem, again proven in [ABC13].

Theorem 8.8 (“Annealed” complexity of local minima [ABC13])
For any p > 2, and any —oco < a < b < +o00:

1 10 0
dlggo p log E Crity ([a,b]) = Enelﬁz),%} I, (E),

where (with ¢ defined in eq. (82)):

1
—0 it B> -2, /2=
I%E

p(E) = (89)

_ 2 _
HbgM_EW(E /p> g < o /P L
2 2 p—1 P

The calculation we sketched for local minima can be generalized to critical points of any
fixed index k € N, and if we define:

iS]

Critl}p(B) = Z 1{f,(x) € VdB and i(Hessf,(x)) = k},
grad fp (x)=0

and
| Lk
Or(u) = dl;rgoglogECrltfp((—m,u]),
1 .
Ou) = dlggoglogECrltfp((—oo,u]),

there exists analytic expressions for the Oy (u) functions, given in [ABC13]. We plot
these functions for p = 3,4 in Fig. 12. In particular, all the functions ©y(u) agree for

p=4

0.02 4

0.014

0.00 7

O(u)

—0.01

—0.02

—0.03 T T T T T T T T T T T
-1.68 —-167 -166 —1.65 —164 —1.63 —1.62 —1.80 -1.78 —1.76 —1.74 -1.72 -1.70

u u

—_— k=0 k=1 =—— k=2 =—— k=10 =—— k=100 =—-= —E, - O(u)
Figure 12: The functions O for k € 0,1, 2,10, 100, for two values of p.
u > —F, which is often referred to as the threshold energy

o P—1
Buolp) i= 20/ = (90)

We also denote —FE}, the energy value at which the function ©(u) becomes positive:
Or(—FEx) = 0, cf Fig. 12. Note that the local minima always dominate the average
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complexity of critical points for all energies below —FE. For u > —F, we instead
have ©(u) > ©y(u): one can show that there the complexity is dominated instead by
critical points of index diverging with d, and that there is no longer any local minimum
with these energy values (in fact this last point follows from Theorem 8.8 and Markov’s
inequality).

Connection to local optimization — Coming back to local optimization algorithms
(think of a variant of a gradient descent algorithm: physicists often study so-called
Langevin dynamics where one adds some amount of noise to the iterates), this picture
has led physicists to conjecture for a long time that these algorithms are able to find x
with f,(x) =~ —VdE(p), but that any f,(x) ~ v/du for u < —E(p) is not reachable
in polynomial time [CK93]. Indeed, while for u > —FE(p) all critical points have a
number ©(d) of “descent” directions, for u < —FE(p) such critical points have essentially
disappeared, and on the other hand there is an exponential number of local minima
which can trap the local optimization dynamics! This conjecture about the threshold
energy —Eo(p) being a barrier for the Langevin dynamics algorithm was recently proven
in [Sel24b].

8.5.2 Concentration and the second moment method

Let us come back to the ground state energy. We have seen that the averaged complexity
becoming negative allows (via Markov’s inequality) to give the high-probability bound,
for any € > 0:

1

—— min x)> —F — €. 91
7 i, f,(00) 2 ~Eofp) o)
Instead, for u > —Ey(p), there is on average an exponentially large number of critical
points with fg(x) ~ v/du: this seems to suggest that the bound on eq. (91) might
actually be an equality as d gets large.

How to get this matching lower bound? A natural way is to prove concentration of
the number of critical points, by using the second moment method we introduced in
Section 7. As we mentioned as a remark, the Kac-Rice formula can be generalized to
moments, and in particular we have a formula of the type

E(Crity, (B)?] = -+, (92)

where the right-hand side of eq. (92) involves now an integral over x and y, and —
for instance — the averaged value of | det Hess f,,(x)|| det Hess f,,(y)|, conditioned on the
gradients at x and y both being 0. The same ideas we sketched for the average can be
generalized to the second moment, and being very careful with constants, the following
result was shown in [Sub17].

Theorem 8.9 ([Sub17])
For any p > 3, and any u € (—Fo(p), —Foo(p)):

E[Critfp((—oo,u])Z]

455 E[Crity, (—oo, )2 -

A direct corollary of Theorem 8.9 and Theorem 8.6 is that indeed —Ey(p) is the minimum
(or ground state) of fp(x).
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Corollary 8.10 (Ground state of the spherical p-spin model)

For any p > 3,

1 ) p
N Fp(x) ——— —Eo(p)-

Recall that we characterized —FEy(p) as the unique zero of the averaged complexity
function, and the latter has a completely analytical form, see Theorem 8.6 and Fig. 10.

Proof of Corollary 8.10 — Let X := (1/v/d) minycga—1 f,(x). We know that P[X >
—Ey—e¢] = 1—04(1), so it only remains to prove the corresponding upper bound. Notice
that X < w is equivalent to Crit((—oo,u]) > 0, since the global minimum must be a
critical point. On the other hand, by the Paley-Zygmund inequality (Lemma 7.3), we
have

E[Crit((—o0, u])?
E[Crit((—o0,u])]?"

The result then follows directly from Theorem 8.9. U

P[Crit((—o0,u]) > 0] >

As a remark, an even weaker statement than Theorem 8.10, just showing that

E[Crity, (—o0,u))’] _ o)
E[Crit ;, ((—oo, u])]? ’

is already enough to deduce Corollary 8.10 if one uses classical concentration inequalities,
see Appendix D of [Sub17] or the notes [Sel24a].

8.5.3 Towards more complex and realistic models

To conclude our discussion, let us mention a few generalizations and extensions of the
Kac-Rice calculation that we described.

e There are simple models (for instance f(x) := f3(x) + fs4(x)), where it is known that
the second moment method fails, and Theorem 8.9 does not hold. In this case, one can
use the Kac-Rice formulas to compute E[(Crit)!] for all | > 1, and try to characterize
the typical value of the number of critical points

1 .
Tqu = dlirgo EIElog Crity.

Indeed, if Crity in the scale exp{©(d)}, (1/d)log Crit; will often concentrate on its
average, so Mqu. — which is called the quenched complexity in the physics language —
really describes the typical number of critical points of the function. On the other
hand, here we computed the so-called annealed complexity

1
Yan lim p log E Crit ,

- d—o0

which might be different from the quenched one if Crit; does not concentrate around
its average. As we saw, in the pure p-spin model f,(x), annealed and quenched
complexities are identical thanks to Theorem 8.9.

While computing the quenched complexity from all the moments E[(Crit f)l] is tech-
nically possible (since the moments characterize fully the distribution), it has not yet
been done in a rigorous manner, even in Gaussian models. On the other hand, theo-
retical physicists have used a non-rigorous method (called the “replica method”) that
allows to easily obtain the quenched complexity from the integer moments: this was
performed in [Ros+19] for generalizations of the p-spin model.
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e Going beyond Gaussian models, there have been applications of the Kac-Rice method
to empirical risk models that we introduced in Section 8.1. In [MAB20] the annealed
and quenched complexity are computed for an empirical risk of the form:

n

R() = 5 D 160 %) — bl "),

=1

where z, RN (0,1I5). R can be seen as the empirical risk of a generalized linear
model, where the statistician is given {y; = ¢(z, - x*)}j~;, and must infer x* from
these observations. The essentials of how to perform the Kac-Rice method in this
setting are described in the introduction of [MAB20|, and a summary can also be
found in Lecture 13 of [Kun23].

Bibliographic notes

The main mathematical references for the Kac-Rice calculation in the spherical p-spin
model are [AB13; ABC13], but these calculations appeared before in the theoretical
physics literature [Fyo04]. If you are interested in knowing more after this chapter, you
can take a look at the recent review [RF23] (disclaimer: it is written in a theoretical
physics language), or at the lecture notes of [Kun23] and [Sel24a] related to the Kac-Rice
formula.

Solution to (some) challenges

Challenge 8.2

The set g~ 1({0}) is closed (because g is continuous), and made of isolated points since
g(x) = 0 = ¢'(z) # 0, so there exists e, > 0 such that g(z + h) # 0 for any |h| <
g,. Closed sets of isolated points in a compact set must be finite (prove it, see also
Challenge 8.3), and so g~ !({0}) is finite.

We order the zeros of g as a < z1 < --- < x, < b. Because g is C!, the set C' =
(¢")71({0}) of critical points of g is compact, and disjoint from g=1({0}). We let

= mi > 0.

€0 = min |g(z)|

Let € € (g,&0). Because I'. = {|g(x)| < €} is open, it can be expressed as of countable
union of disjoint intervals I'c = U;>1(¥i, 2i). Moreover, we have:

(i) T.NC =0, since € < gy. Since ¢’ is continuous, it therefore has constant sign on
any (yi, 2i)-

(1) 19(y:)| = |g(zi)| = €, by continuity of g.

(797) g(vi)g(zi) < 0. Indeed, otherwise by (ii) we have g(y;) = g(z) # 0, and Rolle’s
theorem would imply that there is a zero of ¢’ in (y;, 2;), which contradicts ().
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By points (i) and (7i7), g has exactly one zero in each interval (y;, z;). So in the end we
have

I'. =

-

(yi,zi), with y; < z; < z;.

=1

Finally, we have:

where we used in (a) that ¢’ has constant sign on (y;, z;), and we used (i7) in (b). [

Challenge 8.6

Clearly an example would need to be a random variable X  that possesses low-probability
events where it is far from its average. An example is the following:

{0 with probability 1 — e,
Xg =

2 with probability e~

Then X4 — 0 as d — oo (in probability). However
E[edXd] = (1 — ™) + €,
and so

m dXa)
dlglgodlog]E[e |]=1#0.

Point (a) — Jensen’s inequality implies that for any random variable Y > 0:

logEY > ElogV.
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In particular

1 1
~log E[ed¥d] > ~E log[e®Xd] = E[X,].

So we have the general bound (E[X ] — x since |X4| < M and X; — = in probability):

1
lim inf = log E[e®X¢] > . (93)
d—oo d

Point (b) — We assume here that eq. (79) holds. Let € > 0. Notice that | X4 — x| < 2M.
Thus'®:

E[ed(Xd—z)]

A

e2Md—w(d) | | [ed(Xd_m)]l{‘Xd —z| < s}} )

< eQMd—w(d) + eds]P)HXd _ QS‘| < E]
2Md—w(d) | de.

IN

Thus we have

1
lim sup = log E[e4(Xe=2)] < ¢
d—o0 d

Since this is true for any € > 0, we have

lim sup é log E[e?Xa—7)] < 0.

d—o0

Combining this with eq. (93) we get

1
lim p log E[edXa=)] = 0. O

d—o0

5 The notation ag = w(bq) means that aq/bg — o0 as d — co.
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