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Abstract

Using a low-dimensional parametrization of signals is a generic and powerful way to enhance per-
formance in signal processing and statistical inference. A very popular and widely explored type of
dimensionality reduction is sparsity; another type is generative modelling of signal distributions. Gen-
erative models based on neural networks, such as GANs or variational auto-encoders, are particularly
performant and are gaining on applicability. In this paper we study spiked matrix models, where a low-rank
matrix is observed through a noisy channel. This problem with sparse structure of the spikes has attracted
broad attention in the past literature. Here, we replace the sparsity assumption by generative modelling,
and investigate the consequences on statistical and algorithmic properties. We analyze the Bayes-optimal
performance under specific generative models for the spike. In contrast with the sparsity assumption, we do
not observe regions of parameters where statistical performance is superior to the best known algorithmic
performance. We show that in the analyzed cases the approximate message passing algorithm is able to
reach optimal performance. We also design enhanced spectral algorithms and analyze their performance
and thresholds using random matrix theory, showing their superiority to the classical principal component
analysis. We complement our theoretical results by illustrating the performance of the spectral algorithms
when the spikes come from real datasets.
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1 Introduction

A key idea of modern signal processing is to exploit the structure of the signals under investigation. A
traditional and powerful way of doing so is via sparse representations of the signals. Images are typically
sparse in the wavelet domain, sound in the Fourier domain, and sparse coding [1] is designed to search
automatically for dictionaries in which the signal is sparse. This compressed representation of the signal can be
used to enable efficient signal processing under larger noise or with fewer samples leading to the ideas behind
compressed sensing [2] or sparsity enhancing regularizations. Recent years brought a surge of interest in
another powerful and generic way of representing signals — generative modeling. In particular the generative
adversarial networks (GANSs) [3] provide an impressively powerful way to represent classes of signals. A
recent series of works on compressed sensing and other regression-related problems successfully explored the
idea of replacing the traditionally used sparsity by generative models [4, 5, 6, 7, &, 9, 10]. These results and
performances conceivably suggest that [11]:

Generative models are the new sparsity.

Next to compressed sensing and regression, another technique in statistical analysis that uses sparsity in a
fruitful way is sparse principal component analysis (PCA) [12]. Compared to the standard PCA, in sparse-PCA
the principal components are linear combinations of a few of the input variables, specifically k of them. This
means (for rank-one) that we aim to decompose the observed data matrix Y € R"*P as Y = uvT + ¢ where
the spike v € RP? is a vector with only £ < p non-zero components, and u, £ are commonly modelled as
independent and identically distributed (i.i.d.) Gaussian variables.

The main goal of this paper is to explore the idea of replacing sparsity of the spike v by the assumption
that the spike belongs to the range of a generative model. Sparse-PCA with structured sparsity inducing
priors is well studied, e.g. [13], in this paper we remove the sparsity entirely and in a sense replace it by lower
dimensionality of the latent space of the generative model. For the purpose of comparing generative model
priors and sparsity we focus on the rich range of properties in the noisy high-dimensional regime (denoted
below, borrowing statistical physics jargon, as the thermodynamic limit) where the spike v cannot be estimated
consistently, but can be estimated better than by random guessing. In particular we analyze two spiked-matrix
models as considered in a series of existing works on sparse-PCA, e.g. [14, 15, 16, 17, 18, 19, 20], defined as
follows:

Spiked Wigner model (vvT): Consider an unknown vector (the spike) v* € R? drawn from a distribution
P,; we observe a matrix Y € RP*P with a symmetric noise term £ € RP*P and A > 0:

1
Y = —v'v'T + VA, (1)
VP
where §;j~N (0, 1) i.i.d. The aim is to find back the hidden spike v* from Y (up to a global sign).

Spiked Wishart (or spiked covariance) model (uvT): Consider two unknown vectors u* € R" and
v* € R? drawn from distributions P, and P, and let £ € R"*P with £,,;,~N (0, 1) iid. and A > 0, we observe

Y = \}],)u*v*T +VAE: (2)

the goal is to find back the hidden spikes u* and v* from Y € R"*P.

The noisy high-dimensional limit that we consider in this paper (the thermodynamic limit) is p, n — co
while 5 =n/p=©(1), and the noise £ has a variance A = ©(1). The prior P, is representing the spike v
via a k-dimensional parametrization with « =p/k=0(1). In the sparse case, k is the number of non-zeros
components of v*, while in generative models k is the number of latent variables.



1.1 Considered generative models

The simplest non-separable prior P, that we consider is the Gaussian model with a covariance matrix 3, that is
P,(v) = N(v;0,X). This prior is not compressive, yet it captures some structure and can be simply estimated
from data via the empirical covariance. We use this prior later to produce Fig. 4.

To exploit the practically observed power of generative models, it would be desirable to consider models (e.g.
GAN:Ss, variational auto-encoders, restricted Boltzmann machines, or others) trained on datasets of examples of
possible spikes. Such training, however, leads to correlations between the weights of the underlying neural
networks for which the theoretical part of the present paper does not apply readily. To keep tractability in a
closed form, and subsequent theoretical insights, we focus on multi-layer generative models where all the

weight matrices W (l), l=1,..., L, are fixed, layer-wise independent, i.i.d. Gaussian with zero mean and unit
variance. Let v € R? be the output of such a generative model
1 1
— D) &) 1) < (1) ) ) 3
v W)L Wz, . ).
4 (\/E 4 Vk ®)

with z € R¥ a latent variable drawn from separable distribution P,, with p, = Ep, [22} and (V) element-wise
activation functions that can be either deterministic or stochastic. In the setting considered in this paper the
ground-truth spike v* is generated using a ground-truth value of the latent variable z*. The spike is then
estimated from the knowledge of the data matrix Y, and the known form of the spiked-matrix and of the
generative model. In particular the matrices W () are known, as are the parameters 3, A, P,, P,, P,, p!).
Only the spikes v*, u* and the latent vector z* are unknown, and are to be inferred.

For concreteness and simplicity, the generative model that will be analyzed in most examples given in the
present paper is the single-layer case of (3) with L = 1:

1 1
v=o <\/EWZ> & v~ P <-‘\/EWZ> : (4)
We define the compression ratio &« = p/k. In what follows we will illustrate our results for ¢ being linear, sign
and ReLU functions.

1.2 Summary of main contributions

We analyze how the availability of generative priors, defined in section 1.1, influences the statistical and
algorithmic properties of the spiked-matrix models (1) and (2). Both sparse-PCA and generative priors provide
statistical advantages when the effective dimensionality & is small, k¥ < p. However, we show that from the
algorithmic perspective the two cases are quite different. This is why our main findings are best presented in a
context of the results known for sparse-PCA. We draw two main conclusions from the present work:

(i) No algorithmic gap with generative-model priors: Sharp and detailed results are known in the
thermodynamic limit (as defined above) when the spike v* is sampled from a separable distribution P,. A
detailed account of several examples can be found in [21]. The main finding for sparse priors P, is that when
the sparsity p = k/p = 1/« is large enough then there exist optimal algorithms [15], while for p small enough
there is a striking gap between statistically optimal performance and the one of best known algorithms [16].
The small-p expansion studied in [21] is consistent with the well-known results for exact recovery of the
support of v* [22, 23], which is one of the best-known cases in which gaps between statistical and best-known
algorithmic performance were described.

Our analysis of the spiked-matrix models with generative priors reveals that in this case known algorithms
are able to obtain (asymptotically) optimal performance even when the dimension is greatly reduced, i.e. o > 1.
Analogous conclusion about the lack of algorithmic gaps was reached for the problem of phase retrieval under
a generative prior in [9]. This result suggests that plausibly generative priors are better than sparsity as they
lead to algorithmically easier problems.

(ii) Spectral algorithms reaching statistical threshold: Arguably the most basic algorithm used to
solve the spiked-matrix model is based on the leading singular vectors of the matrix Y. We will refer to this as
PCA. Previous work on spiked-matrix models [17, 21] established that in the thermodynamic limit and for



separable priors of zero mean PCA reaches the best performance of all known efficient algorithms in terms
of the value of noise A below which it is able to provide positive correlation between its estimator and the
ground-truth spike. While for sparse priors positive correlation is statistically reachable even for larger values
of A [17, 21], no efficient algorithm beating the PCA threshold is known'.

In the case of generative priors we find in this paper that other spectral methods improve on the canonical
PCA. We design a spectral method, called LAMP, that (under certain assumptions, e.g. zero mean of the
spikes) reach the statistically optimal threshold, meaning that for larger values of noise variance no other (even
exponential) algorithm is able to reach positive correlation with the spike. Again this is a striking difference
with the sparse separable prior, making the generative priors algorithmically more attractive. We demonstrate
the performance of LAMP on the spiked-matrix model when the spike is taken to be one of the fashion-MNIST
images showing considerable improvement over canonical PCA.

2 Analysis of information-theoretically optimal estimation

We first discuss the information theoretic results on the estimation of the spike, regardless of the computational
cost. A considerable amount of results have been obtained for the spiked-matrix models with separable
priors [14, 15, 25, 26, 19, 18, 27, 28, 29, 30]. Here, we extend these results to the case where the spike v* € RP
is generated from a generic non-separable prior P, on RP.

2.1 Mutual Information and Minimal Mean Squared Error

We consider the mutual information between the ground-truth spike v* and the observation Y, defined as
I(Y;v*) = DkL(P(y+ y)l|[Pox Py). Next, we consider the best possible value of the mean-squared-error on
recovering the splke commonly called the minimum mean-squared-error (MMSE). The MMSE estimator is
computed from marginal-means of the posterior distribution P(v|Y").

Theorem 1. [Mutual information for the spiked Wigner model with structured spike] Informally (see SM section
C for details and proof), assume the spikes v come from a sequence (of growing dimension p) of generic structured
priors P, on RP, then

I(Y;v)

i = T = B s (Ba) ¥
I(vv+ /8¢
. . _ (pv - QU)2 . ( ’ \/qj )
with irs(A,qy) = TIA +p£n;o ’ (6)

and & being a Gaussian vector with zero mean, unit diagonal variance and p, = lim Ep [vTv]/p.
pP—0o0

This theorem connects the asymptotic mutual information of the spiked model with generative prior P, to
the mutual information between v taken from P, and its noisy version, I(v;v + \/A/q,&). Computing this
later mutual information is itself a high-dimensional task, hard in full generality, but it can be done for a range
of models. The simplest tractable case is when the prior P, is separable, then it yields back exactly the formula
known from [26, ]. It can be computed also for the Gaussian generative model, P,(v) = N (v;0,X),
leading to I(v;v + \/A/qvf Tr (log (I, + quX/A)) /2.

More interestingly, the mutual information associated to the generative prior in eq. (6) can also be
asymptotically computed for the multi-layer generative model with random weights, defined in eq. (3). Indeed,
for the single-layer prior (4) the corresponding formula for mutual information has been derived and proven
in [31]. For the multi-layer case the mutual information formula has been derived in [6, 32] and proven for the
case of two layers in [33]. Theorem 1 together with the results from [31, 6, 32, 33] yields the following formula

"This result holds only for sparsity p = ©(1). A line of works shows that when sparsity k scales slower than linearly with p,
algorithms more performant than PCA exist [22, 24]



(see SM sec. C for details) for the spiked Wigner model (1) with single-layer generative prior (4):

CAay P @ L L . Qv
ZRS( 7QU)_E+E+EI%IHI%3X iq;:q,z_qlz(q,z)_aqjout Za(h s (7)

where the functions ¥, U, are defined by

V. (z) = Ee [ZZ (:L‘l/Qﬁ,m) log (ZZ (a:”%,x)ﬂ , (8)
Tout(2,y) = Ee [Zout (x1/2€, z,y"*n, p. — y) log <Zout (arl/zé'} z,y"*n, p. — y))} : 9)

with &, n~N (0,1) iid, and Z, and Z,, are the normalizations of the following denoising scalar distributions:

Pyt (v|x) _§”2+B”e_(m)2

P, (Z) _A 2
v,A A 224vz . nB,Aw,V 10
Qz (Z) = e 2 5 Q Zout(B, A, o, V) 2V, ( )

Zz('%A) out (va) =

Result (7) is remarkable in that it connects the asymptotic mutual information of a high-dimensional model
with a simple scalar formula that can be easily evaluated. In the SM sec. B we show how this formula is
obtained using the heuristic replica method from statistical physics and, once we have the formula in hand, we
prove it using the interpolation method in SM sec. C. In SM sec. B.2 we also give the corresponding formula
for the spiked Wishart model, and in sec. B.3 for the multi-layer case.

Beyond its theoretical interest, the main point of the mutual information formula is that it yields the optimal
value of the mean-squared error (MMSE). It is well-known [34] that the mean-squared error is minimized by
an estimator evaluating the conditional expectation of the signal given the observations. Following generic
theorems on the connection between the mutual information and the MMSE [35], one can prove in particular
that for the spiked-matrix model [27] the MMSE on the spike v* is asymptotically given by:

MMSE, = p, — q, (11)

where ¢} is the optimizer of the function irs (A, ¢y).

2.2 Examples of phase diagrams

Taking the extremization over ¢,, 4., g, in eq. (7), we obtain the following fixed point equations:

Qv = 28qv\Ilout (%7@2) y 4z = 26@,2\:[/2 ((jz) ) Qz = 2048% \I/out (%7 QZ> . (12)
Using (11), analyzing the fixed points of eqs. (12) provides all the informations about the performance of the
Bayes-optimal estimator in the models under consideration.

Phase transition: A first question is whether better estimation than random guessing from the prior is
possible. In terms of fixed points of eqs. (12), this corresponds to the existence of the non-informative fixed
point ¢} = 0 (i.e. zero overlap with the spike, or maximum MSE,, = p,). Evaluating the right-hand side of
eqs. (12) at ¢, = 0, we can see that ¢, = 0 is a fixed point if

Ep, [2] =0 and Eg [v] =0, (13)

where Q0 (v, z) = Q%%+ (v, ) from eq. (10). Note that for a deterministic channel the second condition is
equivalent to ¢ being an odd function.

When the condition (13) holds, (¢v, §»,¢-) = (0,0,0) is a fixed point of eq. (12). The numerical stability
of this fixed point determines a phase transition point A, defined as the noise below which the fixed point
(0,0, 0) becomes unstable. This corresponds to the value of A for which the largest eigenvalue of the Jacobian
of the egs. (12) at (0,0, 0), given by
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Figure 1: Spiked Wigner model: MMSE,, on the spike as a function of noise to signal ratio A /p?, and generative
prior (4) with compression ratio « for linear (left, p, = 1), sign (center, p, = 1), and relu (right, p, = 1/2)
activations. Dashed white lines mark the phase transitions A., matched by both the AMP and LAMP algorithms.
Dotted white line marks the phase transition of canonical PCA.
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Figure 2: Spiked Wigner model: MMSE,, as a function of noise A for a wide range of compression ratios
a =0,1,10,100, 1000, for linear (left), sign (center), and relu (right) activations. Unique stable fixed point of
(12) is found for all these cases.
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becomes greater than one. The details of this calculation can be found in sec. F of the SM.
It is instructive to compute A, in specific cases. We therefore fix P, = N (0, 1) and Poyt(v|z) = d(v—(z))
and discuss two different choices of (odd) activation function .

Linear activation: For p(z) = x the leading eigenvalue of the Jacobian becomes one at A, = « + 1. Note
that in the limit @ = 0 we recover the phase transition A, = 1 known from the case with separable
prior [21]. For « > 0, we have A, > 1 meaning the spike can be estimated more efficiently when its
structure is accounted for.

Sign activation: For ¢(x) = sgn(z) the leading eigenvalue of the Jacobian becomes one at A, = 1 + i—%.
For o = 0, P, = Bern(1/2), and the transition A, = 1 agrees with the one found for a separable prior



distribution [21]. As in the linear case, for o > 0, we can estimate the spike for larger values of noise
than in the separable case.

In Fig. 1 we solve the fixed point equations (12) and plot the MMSE obtained from the fixed point in a heat
map, for the linear, sign and relu activations. The white dashed line marks the above stated threshold A.. The
property that we find the most striking is that in these three evaluated cases, for all values of A and « that we
analyzed, we always found that eq. (12) has a unique stable fixed point. Thus we have not identified any first
order phase transition (in the physics terminology). This is illustrated in Fig. 2 for larger values of o, where
we solved the eq. (12) iteratively from uncorrelated initial condition, and from initial condition corresponding
to the ground truth signal, and found that both lead to the same fixed point.

3 Approximate message passing with generative priors

A straightforward algorithmic evaluation of the Bayes-optimal estimator is exponentially costly. This section
is devoted to the analysis of an approximate message passing (AMP) algorithm that for the analyzed cases
is able to reach the optimal performance (in the thermodynamic limit). For the purpose of presentation, we
focus again on the spiked Wigner model (see SM for the spiked Wishart model). For separable priors, the
AMP for the spiked Wigner model is well known [14, 15, 16]. It can, however, be extended to non-separable
priors [36, 6, 37]. We show in SM sec. D how AMP can be generalized to handle the generative model (4).
It reads: where I and 1, denote respectively the identity matrix and vector of ones of size s. The update

Input: Y € RPXP and W € RP*F:

Initialize to zero: (g, v, By, A,)'=Y.

Initialize with: v'=1 = N(0,02),2'=" = N(0,02), and &/7! = 1, &7! = 1y, t = 1.
repeat

Spiked layer:

]lTAt
B = 3050~ STV and At = LN,
Generative layer:

Vi= g (1ed) I, w'= ZWa' - Vg™ and g’ = fou (B}, AL, W', V),

A'= 1llg'|3T, and 4' = JWTg' + A"
Update of the estimated marginals:
Vit = £, (B, AL Wh V) and & = Opf,(BL, AL, wt V),
A= (/LAY and e =0, £ (v A,
t=t+1.
until Convergence.
Output: v, z.
Algorithm 1: AMP algorithm for the spiked Wigner model with single-layer generative prior.

functions fou and f, are the means of V! (z — w) and v with respect to Qoy¢, eq. (10), while the update
function f, is the mean of z with respect to (), eq. (10).

The algorithm for the spiked Wishart model is very similar and both derivations are given in SM sec. D. We
define the overlap of the AMP estimator with the ground truth spike as (v!)Tv* /p—¢!, as p — co. Perhaps
the most important virtue of AMP-type algorithms is that their asymptotic performance can be tracked exactly
via a set of scalar equations called state evolution. This fact has been proven for a range of models including
the spiked matrix models with separable priors in [3¢], and with non-separable priors in [37]. To help the
reader understand the state evolution equations we provide a heuristic derivation in the SM, section D.4. The
state evolution states that the overlap ¢!, evolves under iterations of the AMP algorithm as:

t t
q N o q
=20V (R A =209 ), =200 (Rek). 09
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Figure 3: Comparison between PCA, LAMP and AMP for (left) the linear, (center) and sign activations, at
compression ratio o = 2. Lines correspond to the theoretical asymptotic performance of PCA (red line), LAMP
(green line) and AMP (blue line). Dots correspond to simulations of PCA (red squares), LAMP (green crosses)
for k = 10* and AMP (blue points) for k = 5.103, 02 = 1. (Right) Illustration of the spectral phase transition
in the matrix I')" eq. (18) at a = 2 with an informative leading eigenvector with eigenvalue equal to 1 out
of the bulk for A < 1 + . We show the bulk spectral density p(«, A). The inset shows the two leading
eigenvalues.

with initialization ¢/~ = ¢, ¢™" = ¢ and a small ¢ > 0. We notice immediately that (15) are the same
equations as the fixed point equations related to the Bayes-optimal estimation (12) with specific time-indices
and initialization, but crucially the same fixed points. Thus the analysis of fixed points in section 2.2 applies
also to the behaviour of AMP. In particular, since in all cases analyzed we found the stable fixed point of (12)
to be unique, it means the AMP algorithm is able to reach asymptotically optimal performance in all these
cases. This is further illustrated in Fig. 3 where we explicitly compare runs of AMP on finite size instances
with the results of the asymptotic state evolution, thus also giving an idea of the amplitude of the finite size
effects. Note that we provide a demonstration notebook in the GitHub repository [39] that compares AMP,
LAMP and PCA numerical performances.

4 Spectral methods for generative priors

Spectral algorithms are the most commonly used ones for the spiked matrix models. For instance, canonical
PCA estimates the spike from the leading eigenvector of the matrix Y. A classical result from Baik, Ben Arous
and Péché (BBP) [40] shows that this eigenvector is correlated with the signal if and only if the signal-to-noise
ratio p2/A > 1. For sparse separable priors (with p2 = ©(1)), Apca = p? is also the threshold for AMP and
it is conjectured that no polynomial algorithm can improve upon it [21]. In the previous section we show that
for the analyzed generative priors AMP has a better threshold than PCA. Here we design a spectral method,
called LAMP, that matches the AMP threshold and is hence superior over the canonical PCA. In order to do so,
we follow the powerful strategy pioneered in [41] and linearize the AMP around its non-informative fixed
point. In the spiked Wigner model with a single-layer prior the linearized AMP leads to the following operator:

w1 WWT 1,0l W Y
Pp = Z ((a — b)Ip + b k} +c k \/E> X (\/I) — a1p> , (16)

where parameters are moments of distributions P, and Q9 according to

p-*Ep, [2%] Eqo [va]Equt [vx] . (17)

N | —

a=p,, b= pz_llEqut vz)?, c=

We denote the spectral algorithm that takes the leading eigenvectors of (16) as LAMP (for linearized-AMP). Its
derivation is presented in SM sec. E together with the one for the spiked Wishart model.


https://github.com/sphinxteam/StructuredPrior_demo

Figure 4: Illustration of canonical PCA (top line) and the LAMP (bottom line) spectral methods (18) on the
spiked Wigner model. The covariance ¥ is estimated empirically from the FashionMNIST database [4”]. The

estimation of the spike is shown for two images from FashionMNIST, with (from left to right), noise variance
A =0.01,0.1,1, 2, 10.

For the specific case of Gaussian z and prior (4) with the sign activation function we obtain (a, b, c) =
(1,2/7,0). For linear activation we get (a,b,c) = (1,1, 0), leading to

Vv 1 Y . [WWT] ~ 1 Qoo
Fp :ZKP |:\/ﬁ_1p:| with Kp: L _Eana:V (V )T, (18)

where the last two equalities come from the fact that for the model (4) with linear activation and Gaussian
separable P,, K, is asymptotically equal to the covariance matrix between samples of spikes, ¥. Interestingly, >
can be estimated empirically from samples of spikes, without the knowledge of the matrix W itself. Analogously
to the state evolution for AMP, the asymptotic performance of both PCA and LAMP can be evaluated in a
closed-form for the spiked Wigner model with single-layer generative prior with linear activation (4). The
corresponding expressions are derived in SM sec. E and plotted in Fig. 3 for the three considered algorithms.

In fact, the spectral method based on the matrix in eq. (18) can also be derived linearizing AMP with a
Gaussian prior with covariance ¥. This means that we can use the above spectral method without extensive
training by simply computing the empirical covariance of n samples of spikes, v¥, « = 1, ..., n. For illustration
purposes, we display the behaviour of this spectral method on the spiked Wigner model with spikes coming
from the Fashion-MNIST dataset in Fig. 4. A demonstration notebook is provided in the GitHub repository,
illustrating PCA and LAMP performances on Fashion-MNIST dataset.

Remarkably, the performance of the spectral method based on matrix (18) can be investigated independently
of AMP using random matrix theory. An analysis of the random matrix (18) shows that a spectral phase
transition for generative prior with linear activations appears at A, = 1 + « (as for AMP). This transition is
analogous to the well-known BBP transition [40], but a non-GOE random matrix (18) needs to be analyzed.
For the spiked Wigner models with linear generative prior we prove two theorems describing the behavior of
the supremum of the bulk spectral density, the transition of the largest eigenvalue and the correlation of the
corresponding eigenvector:

Theorem 2 (Bulk of the spectral density, spiked Wigner, linear activation). Let o, A > 0, then:

(i) The spectral measure of I')" converges almost surely and in the weak sense to a compactly supported
probability measure ji(a, A). We denote Ayax the supremum of the support of u(c, A).

(ii) For any o > 0, as a function of A, Amax has a unique global maximum, reached exactly at the point
A = A.(a) =1+ a. Moreover, Apax(a, Ac(ar)) = 1.

Theorem 3 (Transition of the largest eigenvalue and eigenvector, spiked Wigner, linear activation). Let
a > 0. We denote \1 > )y the first and second eigenvalues of I')". If A > A (), then as p — oo we have a.s.
A= Amax and Aa—Amax. If A < Ac(«), then asp — oo we have a.s. \1—1 and Aa— Aax. Further, denoting
v a normalized (||v)|* = p ) eigenvector of T2V with eigenvalue A1, then |[VTv*|? /p>—€(A) a.s., where e(A) = 0
forall A > A.(a), (A) > 0 forall A < A.(«) andlima_,pe(A) = 1.

Thm. 2 and Thm. 3 are illustrated in Fig. 3. The proof gives the value of ¢(A), which turns out to lead
to the same MSE as in Fig. 3 in the linear case. We state the theorems counterparts for the uvT linear case
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in SM sec. G. The proofs of the theorems and the precise arguments used to derive the eigenvalue density,
the transition of \; and the computation of €(A) are given in SM sec. G, and a Mathematica demonstration
notebook is provided in the GitHub repository is also provided. We also describe in SM the difficulties to
circumvent to generalize the analysis to a non-linear activation function with random matrix theory.

5 Acknowledgements

This work is supported by the ERC under the European Union’s Horizon 2020 Research and Innovation Program
714608-SMiLe, as well as by the French Agence Nationale de la Recherche under grant ANR-17-CE23-0023-01
PAIL.

We gratefully acknowledge the support of NVIDIA Corporation with the donation of the Titan Xp GPU
used for this research. We thank Google Cloud for providing us access to their platform through the Research
Credits Application program.

We would also like to thank the Kavli Institute for Theoretical Physics (KITP) for welcoming us during
part of this research, with the support of the National Science Foundation under Grant No. NSF PHY-1748958.

We thank Ahmed El Alaoui for insightful discussions about the proof of the Bayes optimal performance,
and Remi Monasson for his insightful lecture series that inspired partly this work.

11


https://github.com/sphinxteam/StructuredPrior_demo

Appendix

A Definitions and notations

In this section we recall the models introduced in the main body of the article, and introduce the notations
used throughout the Supplementary Material.

A.1 Models

Spiked Wigner model (vvT): Consider an unknown vector (the spike) v* € RP drawn from a distribution
P,, we observe a matrix Y € RP*P such that:

Y = \jﬁv*v*T +VAE, (19)

with symmetric noise £ € RP*P drawn from §&;; ~ N (0,1) and A > 0. The aim is to find back the hidden

spike v* from the observation of Y.

Spiked Wishart (or spiked covariance) model (uvT): Consider two unknown vectors u* € R" and
v* € RP drawn from distributions P, and P,, we observe Y € R"*P such that

Y = ;ﬁu*v” +VAE, (20)

with noise { € R"*P drawn &;, ~ N (0,1), A > 0, and the goal is to find back the hidden spikes u* and v*

from the observation of Y. We define the ratio between the spike dimensions 5 = n/p.

In either models, we are interested in the case where v* is given by a generative model. In the setting
studied here the generative model is a fully-connected single-layer neural network (a.k.a. generalised linear
model) with Gaussian random weights T € RP**, T/, ~ N(0, 1) and latent variable z* € R* drawn from a

L1d.

given factorised distribution P,

1
* * : *
v = —Wz with 2z ~ P 21
@(\/E ) l iid F2) ( )
where ¢ : R — R is the activation function, a real-valued function acting component-wise on RP that can be
deterministic or stochastic. An equivalent formulation of eq. (21) is

Vi Pou (“\}EWZ*> . (22)

For instance, a deterministic layer with activation ¢ is written in this formulation as P,y (v|z) = d(v — ¢()).
We define the compression rate of the signal as a = p/k.

Although we will mainly focus on the single-layer model, some of our results apply more broadly to any
generative prior with a well-defined free energy density in the thermodynamic limit. In particular, we will
mention the example of a fully-connected multi-layer generative prior, given by

v = o0 <\}gW(L)"'¢(1) (sz)) with = ~ P. (23)
b

where now {¢};<,<;, are a family of real-valued component-wise activation functions and Wlsl mea
L1

N (0, 1) are independently drawn random weights. The equivalent probabilistic formulation of the multi—la}.fér'
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case is

@ (|1 pw <L>> v
~ P J—WWh , eR
o (g '
_ 1
h@ ~ p—1 ‘ pE=DpE-1) ) KD ¢ jF
o VL1
@ . po (| Lo @) ¢ g
h P < ‘\/HW z> , h' e R
z f\:l P, z e RM (24)

where we introduced the hidden variables h(Y) ¢ R¥: for 2 <[ < L and the family of densities {P(l)

out} << :
In this case, we define the compression rate as the ratio between the dimensions of the latent variable liﬁltTlLe
first layer z € R¥' and the signal v € RP, a = p/ky. It is also useful to define the compression at each layer,
oy = ky/ki. The thermodynamic limit for this generative model is defined by taking p — oo while keeping
all o, o ~ O(1),1 <1 < L. As one might expect, the single-layer generative prior is a particular case with

L=1.

A.2 Bayesian inference and posterior distribution

Since the information about the generative model P, of the spike is given, the optimal estimator for v* is the
mean of its posterior distribution, v°?' = E P(v+|Y)Vs Which in general reads

*o 0k 2
1 1 - (w-2E)
PwY)= =P, ] e ° Ve (25)
P(Y) 1<ici<p V 2rA
for the vvT model and by
%\ 2
1 1 (vt
PV Y) = Pv(v*)/ du P,(u) H e’ VP (26)
P(Y) " 1<i<pi<usn V2TA

for the uv™ model. In both cases the evidence P(Y') is fixed as the normalisation of the posterior. In the
specific case of a single-layer generative model from eq. (21), we can be more explicit and write the prior for
v* explicitly

P,(v*) = /R ) dz* P, (z¥) Hpout (U:

=1

1 & )
— Wizl | . (27)
NG ; "

The multi-layer case is written similarly by integrating over the intermediate hidden variables and their
respective distributions. It is important to stress that we assume the structure of the generative model is
known, i.e. (P;, Pout, W) (and P, in the uvT case) are given and the only unknowns of the problem are the
spike v* and the corresponding latent variable z*. This setting, in which the Bayesian estimator is optimal, is
commonly refereed as the Bayes-optimal inference.

In principle eqs. (25) and (26) are of little use, since sampling from these high-dimensional distributions is
a hard problem. Luckily, physicists have been dealing with high-dimensional distributions - such as the Gibbs
measure in statistical physics - for a long time. The replica trick and the approximate message passing (AMP)
algorithm presented in the main body of the paper are two of the statistical physics inspired techniques we
borrow to circumvent the hindrance of dimensionality.
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Summary of the Supplementary Material: A detailed account of the derivation of eq. (7) from the replica
method is given in Section B. Although the replica calculation is not mathematically rigorous, it gives a
constructive method to compute the mutual information. The final expression can be made rigorous using an
interpolation method, which we detail in Section C. The sketch for the derivation of the AMP algorithm 1
and its associated spectral algorithm in eq. (16) are discussed respectively in Section D and E. We detail the
stability analysis of the state evolution equations leading to the transition point for generic activation function
in Section F, and finally we present a rigorous proof for the transition in the case of linear activation in Section
G.

A.3 Notation and conventions

Index convention: Inthe whole paper, we use the convention that indices y, ¢ and [ correspond respectively
to variables u, vand z such that p € [1 : n|,i € [L : p]and [ € [1 : k].
Unless otherwise stated, £, 77 € R denote independent random variables variables distributed according to

N(0,1).

Normalised second moments We define p, as the normalised second moments of the priors P,, P, and
P, respectively,

T T T
py = lim Ep, [Vv} ) py = lim Ep, [uu] , p, = lim Ep, [zz] . (28)
P—00 P n—o00 n Z—00 k
k
In the case we consider P,(z) = [] P.(#), p- is simply the one-dimensional second moment of P,
=1
p. =Ep 2% (29)

In the case P, is the single-layer generative model in eq. (27) with Wy o~ N(0,1) and z ~ P, p, is
self-averaging in the thermodynamic limit and is given by o A

po = Ego v, (30)

where Q0 , is defined below in eq. (34).

Denoising distributions The upshot of the replica calculation is that the high dimensional mutual in-
formation between the spike and the data (Y, v*) is given by a simple one-dimensional expression, c.f. the
right-hand side of the main part eq. (7). This expression can be interpreted as the mutual information of a
one-dimensional denoising problem.

Below we introduce the one-dimensional probability densities appearing in the factorised mutual informa-
tion, from which the free energy and the AMP update equations are derived from:

1

14,2
w(u;B,A) = —— P, (u)e 2w B a1
Qu(u; B, A) Z.(B.A) (u)e™ 2 7 (31)
1 149
Q:(517,A) = = P.(2)e #4507 (32)
F N = 2
1 —
Qou(v.2: B, A w.V) = g V)e_%AUZ+BUPout (v|z) e 3V @) (33)
out 5 41, W,
1 __1 .2
qut(val';pz) = Qout(v,a:;(),(),(),pz) = ZTPOUt (U’-f) e 20z | (34)
out
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Free entropy terms The mutual information density can be written in terms of the partition functions of
the denoising distributions above as:

W, (2) = Be |2, (1/%,2) log (2, (2'/%¢,2))] . (35)
V. () = Ee [Z (xl/Qg,x) log (Zz (ml/Qﬁ,x))} , (36)
Uout (2, y) = Ee {Zout (xl/Qf,x,yl/Qn, Py — y> log <Zout (a:l/zﬁ’,x, y1/2n,pz — y))} . (37)

AMP update functions Similarly, the update functions appearing in AMP are also given in terms of the
moments of the above denoising distributions:

fu(B,A)=0plog (2,) =Eq, [u] , 9pfu(B,A)=Eq, [u?] — (fu)? (38)
f(r,A) =0, log(2.) =Eq. [2] . 9,f:(7,A) =Eq. [2%] — (f.)? (39)

fo(B, A,w,v) = 0plog (Zout) = Eg.., V], Opfo(B, A,w,v) =Eq,,, [v*] — (fu)? (40)
fout(B, A w,v) = 0, log (Zout) = V_IIEQOHt [ —w], Oufout(B,A w,v)= aafglt (41)

B Mutual information from the replica trick

In this section we give a derivation for the mutual information formula in main part eq. (7) from the replica
trick. The derivation is detailed for the symmetric vvT model, since the derivation for the asymmetric uv'
model follows exactly the same steps. In both cases, it closely follows the calculation of the replica free energy
of the spiked matrix model with factorized prior in [21].

Before diving into the derivation, we note that the formula in main part eq. (7) actually holds for any
channel of the form

PY|w)= J[ etuew), (42)
1<i<j<p
where w € RP*P is a matrix with components w;; = ng and g : R? — R is any two-dimensional real

function such that P(Y'|w) is properly normalised. The gaussian noise in eq. (1) is a particular case given by
9(Y,w) = =5 (Y —w)? — Llog 27A.

The first step in the derivation is to note that the mutual information (Y, v*) between the observed data
Y and the spike v* can be writen as

I(Y,v") = Epv [v*T *] —Eylog Z(Y), (43)

4A

where

Z(Y) = /Rp dv PU(V) H 9(Yij,wiz)— (YW,O) (44)

1<i<j<p

Note that since the data is generated from a planted spike v*, we have Y = Y (v*), and therefore the partition
function Z depends on v* implicitly through Y.

B.1 Derivation of the replica free energy for the vv" model

The partition function Z is a p-dimensional integral, and computing the average over Y (a p x p integral) of
log Z seems hopeless. The replica trick is a way to surmount this hindrance. It consists of writing

EylogZ = lim — (EyZT —1). (45)

r—0t T
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Note that Z7 is the partition function of r non-interacting copies (named in the physics literature and hereafter
replicas) of the initial system. The average over the replicated partition function Z" can be conveniently written
as

Ey 2" = / H dy;; e9is0) /

1
1<i<j<p RpX(r+ )

H dVaP H H Yij.wi; ) —9(Yij, ) (46)

a=01<i<j<p

where in the second line we have defined

“ v¥ fora=0
v — (47)
v@ forl<a<r.

Averaging over Y The key observation to simplify the integrals in eq. (46) is to note that w;; is of order
1/,/p, and therefore in the large-p limit of interest, we can keep only terms of order 1/p,

exp <Z [g(}/;jaw%) _g(Ejao ) = 1+Z wg w= sz] +5 Z g w= 0 )2

a=0

T3 Z “’g w= szjwm + O( _3/2) (48)
ab 0

From the normalisation condition of P(Y|w), we can derive the following relations

/ [T avy e =1,

1<i<j<p
[ I avs e @9, =0,
1<i<j<p
/ [] dvieo0a® [829+(3wg)] =0 (49)

1<i<j<p

Further defining

/ [T avi; ™59 (0u9) (50)

1<i<j<p

allows us to evaluate the integral over Y term by term in the expansion in eq. (48),

EyZ" = /RPX(TH) 1;[ dv® P, (v*) H 1 + 54 Z wiwd; + O < 3/2)

1<i<j<p 0<a<b<7
1 a b
> WijWij _
- Hdv P I o= 0 (). (51)
RPX 'r+1) .
1<i<j<p

The upshot of this expansion is that on the large-p limit A is the only relevant parameter we need from the
channel. Therefore, from the perspective of the mutual information density, a channel with parameter A is
completely equivalent to a Gaussian channel with variance A. This property is known as channel universality

[21].

Rewritting as a saddle-point problem Note that we can rewrite

bb_ P b) 2
Yo owheh== ) ViU =5 (qg) : (52)

1<i<y<p



P
where we defined the overlap between two replicas as ¢2° = p~1 3" v%v?. This allows us to write the average

over the replicated partition function as a function of a set of order parameters ¢, and therefore to factorise
all the index ¢ dependence of the exponential,

B (¢2)?
Ey 2" = / Hdv P, (v e S osidie (53)
Rpx(rJrl)

Since the expression above only depends on ¢2° now, we exchange the integral over the spike for an integral
over this order parameter by introducing

p

b b b

1o</ oI e 1 5<§ qif—mff)
ROHXrH) ) L 0<a<b<r \i=1

-» X @tdt+ X A‘“’Zvv

o H dq H qab 0<a<b<r 0<a<b<r  i= (54)
R(r+1)x (r+1) (T+1)><(T+1) v

0<a<b<r 0<a<b<r

Note that we neglected some constants and made a rotation to the complex axis over the Fourier integral.
These will not be important for the argument that follows.
Inserting this identity in eq. (53) yields

~ab q)(r) ab7Aab
EyZT O(/ | | dq / | | qg eP (q q ),
R(r+1)x(r+1) ZR (r+1)x(r+1)

0<a<b<r 0<a<b<r

2 g = o S () X e e, (55)

0<a<b<r 0<a<b<lr

where \Ilq(jr) (G2) contains all the information about the prior P,:

aabb
vq'UZ

>
(r) Aab a
s 10 / — Hdv P, ( Heos <b<p . (56)

=1

p
Note that when the prior factorises, P,(v) = [] Py(v;), o is given by a simple one-dimensional integral.

=1
However in the case of a generative model for v, P, is kept general.
We are interested in the mutual information density in the thermodynamic limit. According to eq. (76),
this is given by

lim (Y, lim 21V, = -5 lim Ep, ||~ lim LBy log 2 (57)
o, (V) = i TV = R B | | i B e
2
Po L Lo
=2 lim = lim -EyZ2"). 58
4A r—l>%1+r<plﬂnolop Y > 8)

where we assumed that p,, the re-scaled second moment of P,, remains finite and that we can commute the
r — 0T and the p — oo limit. Since Ey Z" is given in terms of an integral weighted by eP?" | in the limit
p — oo the integral will be dominated by the configurations of (¢%, G°°) that extremise the potential ¥(").

This extremality condition, known as the Laplace method, yields the following saddle-point equations,

1
~ab __ r) ¢ ~ab
ad, 2Aq“ , qv = hm aqv\IJ( )( ). (59)

r)

where we also assume that P, is such that \IIQ(, remains well defined in the limit p — oo.
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Replica symmetric solution Enforcing the first saddle-point equation allow us to write

lim EyZ = extr S Z (q“) + lim ¢{" qiab (60)
A v

pP—00 2 P—00 A
p 95" 0<a<b<r

Solving this extremisation problem for general matrices is cumbersome. We therefore restrict ourselves to
solutions that are replica symmetric

@ = q, for 0<a<r. (61)

The replica symmetry assumption might seen restrictive, but it is justified in the Bayes-optimal case under
consideration - see [43]. Replica symmetry allow us to factor the  dependence explicitly for each term,

T T

2 rir+1
> (qﬁb) = (2)%%7 D vl =gty o g Y vfol (62)
0<a<b<r 0<a<b<r a=1 a,b=1
the last sum that couples a, b can be decoupled using
L3 oped v 2 (v0)°
o g, | VPEEM) (63)
3
where £ ~ N (0, 1). This transformation factorise o in replica space,
(7,) 1 * * df _152 P ,qivv2+(ﬁhz *+\/7§) "
U (qn) = —log | dv* P, (V") e 2 dv P,(v) | | e 22"
p RP R V2T RP Pty
P
r _ v .2 511; ¥
- 7E * 1 d P —2AYi + +\/>£)/UL O 64
rs0t p ofv ) Og/Rp v 1;1 +0O(r ) (64)
allowing us to take the 7 — 07 limit explicitly, and giving the following partial result
lim i, (Y,v*) = & + extr — ¢ — lim ¥ <q—v) (65)
p=oo " 4A 4A“ proo T\AJ]7
where
q 1 L qu 24 (2w q
W, (2) = tim W) = B¢ p ) log Bp, ) | [[ e80T (BoievEn (66)
A r—0+ p > pale

Interpretations of ¥, as a mutual information: The prior term W, in the free energy has an interesting
interpretation as the mutual information of an effective denoising problem over v. To see this, we complete
the square in the exponential of eq. (66),

1 r 4 - +Z(px — 2
Wy (z) = EE&PU(V*) IOg/ dv P,( He*§ (vi+a=1/2¢) P42 (vr+a—1/2¢) ’
i=1

P 2 1 P -

= —Eg Py(v Z (U +z 1% ) + —E¢ p,(vr) log va He’f (o +a2¢)]" )

p K
=1 =1

vliv 1 1

p
x ozl (ax g —1/2¢)\]2
= 5Ep, [} + =+ =E¢ p, (v log/ dv P, (v o R (67)
5 o | ta T Benelos [ UI[1
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The last integral is a convolution between the prior P, and a un-normalised Gaussian. Up to an aditive constant
it admits a natural representation as the mutual information of a denoising problem,

(68)

p N . B 9 1
*Eg P, (V*) log/R dV P H 675 Vi (Ui tz 1/25)} = —];I(V*;V* + x_l/Q&') _ 5 .
=1

Putting together with eq. (67) and taking the limit,

. Qu\ _ QuPv . 1 x. ox é
plggo\Pv(A>_ oA plirgopf (v,v —i—”qv{). (69)

Together with eq. (65), this representation lead to eq. (6) in the main article.

Interestingly, the signal to noise ratio in the effective denoising problem is proportional to A and inversely
proportional to the overlap ¢,. This is quite intuitive: when A > 1 (or the overlap with the ground truth is
small), denoising is hard. On the other hand, when A = 0 the mutual information reaches its upper bound,
given by the entropy of P,.

B.2 Free energy for the uv’ model

The exact same steps outlined above can be followed for the spiked Wishart model with spikes u* € R™ and
v* € RP drawn from non-factorisable priors P, and P, respectively. In this case, the free energy density
associated with the following partition function

Zw(Y) = / dv P, (v) / HHeg i) 9 0) (70)
RP p=1i=1
is given by
hm ]Ey log Z*¥ = extr p —quqy — lim ¥, (ﬂq—u) — 6 lim ¥, (Q) (71)
0 p Qudv | 2\ p—oo A n—o0 A
with 5 = n/p fixed. The functions ¥,,, ¥,, are given by
qv 1 - L qu. u*+ qu.
\Ifu <BZ) = ;Eﬁ,Pu(u*) log/n H 2A Y \//8 5)
p=1
P
qu ]. u 2 UU* u
v, <Z) = §E5’P’J(V*)10g /Rp dv P,( He skviH(Roi /T o (72)
i=1

B.3 Application to generative priors

Generalised linear model prior The expression we derived for the mutual information density in the vvT
model is valid for any prior P, as long as VU, is well defined in the thermodynamic limit. For the specific case

when
k P 1 k
= /Rk (E dz Pz(zl)) il;[lpout (Uz’ N ;Wilzl) ; (73)

with W;; ~ N(0,1), ¥, is, up to a global 1/« scaling, the Bayes-optimal free energy of a generalised linear
iid.

model with channel given by

qu ,,2 qu
out( |-T §, QU) :Pout(vyx)6 23TV A v’ (74)
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and factorised prior P,. The expression for this free energy is well known - see for example [31] for a derivation
and [31] for a proof - and reads

1 1 q N

lim \I/v = —extr | — QZQZ + aWoyut (ia QZ) + W, (QZ) (75)
p—o0 g | 2 A

where the functions W,,; and ¥, are defined in eq. (A.3). Inserting this expression in our general formula for

the mutual information density eq. (65) give us

P LI (%.q.) - Lo
Jim iy = Xt [ Aqv 5524z = Your 100z ) — ~¥2(G2) (76)
which is precisely the result from eq. (7). The extremisation problem in eq. (76) is solved by looking for the
directions (g, 4z, q-) of zero gradient of the potential ¥,,. These saddle-point equations are known in this
context as state evolution equations, and they can be conveniently written in terms of the auxiliary function we
defined in Section A.3, equations (34-41) as

2
_ Doy G _ Doy o _
= 28qU\I]0ut (A;Qz) - Eg,n Zout < A€7 Aa\/‘]?ﬁaﬂz Qz) fU ( AE? Av\/Q?WPz Qz> ]
2
Qv » Qo Qv . Qv
Zout ( va Zv qun7p2 - qz) fout ( Z§7 Zv qun7p2 - qz> ]

¢: = 20,V (d:) [ (Vat.a:) £ (Vs i) } 77)

= 20&5',12 Vout <A ) Qz> = E{,r]

Multi-layer prior The multi-layer prior can be conveniently written as

o= [TTILaes” (s = z i) T8 (]

llllll

Z WmhL> :

1/—1

(78)

where we define h()) = z € R*1 and P%) = P,. As in the single-layer case, the Bayes-optimal free energy of

out
P, has been computed in [¢], and in our notation it is written as

L L
. 1 1 R q R R
lim ¥, = —  extr [—2 ; aqiqr + o¥out (ZU, QL) + > Wou (G qi1) + (fh)] , (79

p—00 a{g,ah<i<r P

where in this case & = p/k; and we defined oy = k;/k; for 1 <1 < L (note in particular that «; = 1). The
(g1, q1) are the overlaps of the hidden variables h" at each layer, and to be consistent with the shorthand
notation introduced we have (§1,¢1) = (g, q.). Inserting this expression in our general formula for the
mutual information density eq. (65):

1 1 .
lim 7fp = E + extr [4Aqv + — Zalc_ﬂ(ﬂ - Zalqjout 4, qi— 1) Vout <%7QL> - E\Pz (q1)] .

p—0 QAL ai

C Proof of the mutual information for the vvT case

In this section, we present a proof of the theorem 1 in the main part, for the mutual information of Wigner
model eq. (19) with structured prior

1
Y = —vv'T + VAE, (81)
VP
where the spike v* € RP is drawn from P,. The proof is based on Guerra Interpolation [44, 45].
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C.1 Notations, free energies, and Gibbs average

The mutual information being invariant to reparametrization, we shall work instead inside this section with

the following notations:
A * o xT
Y =4/-vVv' 4+¢, (82)
p

where ) is the signal to noise ratio. Up to the reparametrization, it corresponds to our model with A = A=,
Our aim is to compute w.

While the information theoretic notation is convenient in stating the theorem, it is more convinient to use
statistical physics notation and "free energies" for the proof, that relies heavily on concepts from mathematical
physics. Let us first translate one into the other. The mutual information between the observation Y and the
unknown v is defined using the entropy as I(Y;v) = H(Y) — H(Y|v). Using Bayes theorem one obtains
H(Y) =Ey{log Ep, Py(Y|v)} and a straightforward computation shows that the mutual information per
variable is then expressed as

I(Y;v) E[vTv]
4p
where, using again statistical physics terms, f, = —Ey [log Z,(Y)] /p is the so called free energy density and

Z,(Y") the partition function defined by

= fp A= (83)

202 Vo
(—AUZUJJr\f)\Wm”) . (84)

Z,(Y) = /RP dv P,(v) exp Z % p

i<j

Notice that the sum does not includes the diagonal term in (84). Different conventions can be used dependning
on whether or not one suppose the diagonal terms to be measured, but these yields only order 1/p differences in
the free energies, and thus does not affect the limit p — co. Correspondingly, we thus define the Hamiltonian:

A A A A A
—H(v) = E ZYivivg — —viv? = g Z&005 + Svwjuiel — vl
= P 1)t 2p11 — leZ] pZJZJ 2pzj

so that the partition function (84) is associated with the Gibbs-Boltzmann measure e~/ Z,(Y).

Consider now the term I (v; v +z/+/q,)\) that enters the expression to be proven eq. (6). This is the
mutual information for another denoising problem, in which we assume one observes a noisy version of the
vector v*, denoted y such that

.1,
y:;v + z, (85)

where z ~ N (0,,1,) and 0 = 1/1/¢, A, where we shall assume that the limit exists. Again, it is easier to work
with free energies. We thus write the corresponding posterior distribution as

IvI3 VT.Y)
)

1
Py(v) exp <_%c2 + -

" Zo(y,0)

where Z((y) is the normalization factor. For this denoising problem, the averaged free energy per variables
reads

P(vly) (86)

1 -
o) = — By [log Zo(y, o)), (87)
and a short computation shows that
1 1 PuAGy
I(v; = f0
(V’V+qu/\z> 8 (\//\QU> T
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Putting all the pieces together, this means that we need to prove the following statement on the free energy
fp: the free energy f, = —Ey [log Z,(Y')] /p is given, as p — oo by
2

) with ¢Rrs (7”) = pll)r(()lo flg) (7“) + /\ZU . (88)

lim f, = min ¢rs (

1
poo VauA
This statement is equivalent to theorem 1, and we shall present a proof for the case where the prior over
v has a "good" limit: we shall assume that the limiting free energy exists and concentrates over the
disorder, and that the distribution over each v; is bounded. These hypothesis will be explicitly given
when needed.

Finally, it will be useful to consider Gibbs averages, and to work with r copies of the same system. For any
g : (RP)™1 s R, we define the Gibbs average as

@ VO VYO TTE e~ HOO) qp (v
N 10 ASCARR 2w (V
<g(v(1)7_“7v()7v)>:f ( 31_[1 ) V7). (89)
(J e T ap,(vt))
This is the average of g with respect to the posterior distribution of 7 copies v(!), - -, v(") of v*. The variables

{v'};—1. . are called replicas, and are interpreted as random variables independently drawn from the posterior.
When r = 1 we simply write g(v, v*) instead of g(v(!), v*). Finally we shall denote the overlaps between two
replicas as follows: for [,I" = 1...r, we let

’ 1 /
Ry = vi) .y = = ZUZ@U@U ) (90)
P
A simple but useful consequence of Bayes rule is that the (r+1)-tuples (v(1), - - . | v *+D)and (v ... v(") v*)

have the same under under the expectation E(-) (see [26] or proposition 16 in [18]). This bears the name of
the Nishimori property in the spin glass literature [43].

C.2 Guerra Interpolation for the upper bound

We start by using the Guerra interpolation to prove an exact formula for the free energy.
Let ¢ € [0,1] and let g, be a non-negative variable. We now consider an interpolating Hamiltonian

—Hy(v Z 5131)11)] » — VU VU] — %vz v;
z<]

1—14)A
—|—Z\/ (1 = t)Aquzivi + (1 — t)A\guvv} (2>qvvf

The Gibbs states associated with this Hamiltonian — H; correspond to an estimation problem given an aug-

mented set of observations
{Yzj =/ Burvr+&;, 1<i<j<p,

Ui =V =A@y +2z, 1<i<p

Reproducing the argument of [26], we prove using Guerra’s interpolation [44] and the Nishimori property the
following:

Proposition C.1 (Upper bound on the Free energy). : Assume the elements of v are bounded. Then there exists
a constant K > 0 such that for all ¢, € R we have:

L < 201/ A A“’” Ip{. (91)
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The proof is a verbatim reproduction of the argument of [26] for non-factorized prior. We define

_ ! ~H()
o(t) = pElog/e dP,(v). (92)

A simple calculation based on Gaussian integration by parts (in technical terms, Stein’s lemma) applied on the
gaussian variebles & and z shows that (see [26] for details

A by A< 2 oy2
o' (t) :Z]E <(R1,2 — (Jv)2>t — qu - ZE <v£1) 1)52) >t

A )\ )‘ P *2
~ 3B =0}, + Gal + 55 DB (v,

We now use the Nishimori property, and the expressions involving the pairs (v, v*) and (v(!), v(?)) become
equal. We thus obtain

SOl(t) _ _%E <(R1,* _ >t + qv _|_ Z]E <1)12 :‘2> . (93)

Observe that the last term is O (1/p) since the variables v; are bounded. Moreover, the first term is always
non-negative so we obtain

A K
") < Z¢>+ — 94
¢'(t) < 4qv+p (94)

Since (1) = f, and (0) = f(1/1/Aqy). integrating over ¢, we obtain for all ¢, > 0, f, < ¢rs(A, q) + %,
and this concludes the proof of the upper bound of proposition.

C.3 A bound of the Franz-Parisi Potential

To attack the lower bound, we shall adapt the argument of [27], that uses the Franz-Parisi potential [46], and
this will require additional concentration properties on the prior model. For v* € RP? fixed, m € Rand € > 0
we follow [27] and define

1
DL (m,v*) = —pIElog/ 1{Ry. € [m,m + €)}e HMAP,(v). (95)
RP
This is simply the free energy with configurations forced to be at a distance m (to precision €) from the ground
truth. Note that since the measure is limited to a subset of configurations, it is clear that Ey« ®% (m, v*) > f,,.
We are now going to prove an interpolating bound for the Franz-Parisi Potential:

Proposition C.2 (Lower bound on the Franz-Parisi potential). : Assume the elements of v are bounded. Then
there exists K > 0 such that for anym = q, and € > 0 we have

A A K
2 (m = g0, v") = 13 (1/3/Aq, v*) + %—58+;. 9)

The proof proceeds very similarly. Let ¢ € [0, 1] and consider a slightly different interpolating Hamiltonian

[2) 2
—Hy(v Z Zjvw] vivi*vjv — 2—1}2211]2
Z<j p p

1—4)A
+ Z V(1 = t)Agyziv; + (1 — t) Amovrf Mv?,
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Notice the subtle change: in front of the term (1 — t)v;v} we replace the g, from the former section by m. We

define now 1
Vem(t) = —]Elog/ e ML R, , € [m, m + €)}dP,(v). (97)
p RP
Denoting now the Gibbs average with the additional constraint 1{R; . € [m,m + €)} as {);", we find when
we repeat the former computation:

A me A A A me
w;,m(t) :ZE <(R1,2 - q’U)2>t - *(12 + *m2 — =K <(R17* — m)2>

4 v 2 2 t +O(1)

The trick is now to notice that, by construction, the E <(R17* — m)2>zn’E < €2 given the overlap restriction,
and therefore

/ A 2\ M,€ A 2 A 2 )\62
(ps,m(t) EZ]E<(R1,2 - QU) >t - un + §m — 7 + 0(1) R
and
A A Ae?
I > =2+ mP =~ +0(1).
Pmlt) > ~ 30+ Sm? =2 4o (1)
We now denote
1 -
12(0,v) = ~~Ex[log Zo(3 o), 98)

with the previous f; being the expectation f7(c) = Ey+[f7(0,v*)]. Then, since ¢¢n(1) = ®¥(m,v*) and
©em(0) > fg (1/+/Aqy) (again, this is an obvious consequence of the restriction in the sum) integrating over ¢,
we obtain a bound for the Parisi-Franz potential for any ¢, and m. Using, in particular, the value m = q,, this
yields yields the final result.

C.4 From the Potential to a Lower bound on the free energy

It remains to connect the Franz-Parisi potential to the actual free energy. This is done by proving a Laplace-like
result between the free energy and the Franz-Parisi free energy, again following the technics used in the
separable case in [27]:

Proposition C.3. There exists K > 0 such that for all e > 0, we have

fp > Eyp { min  PP(le, v*)] — M. (99)

€2 |I<K]/e NG

Combining this proposition with the bound on the Franz-Parisi potential, we see that

g2 A log(K
fp> EV*[ min fY (1/\/)\qy,v*> + qv} —Ze - M (100)
qu=le P 4 2 \/f)
<K /e
At this point, we need to push the expectation with respect to the spike inside the minimum. This is the only
assumption that we are going to require over the generative model: that its free energy concentrates over the

distribution of spikes. This finally leads to following result:

Proposition C.4 (Laplace principle). Assume that the free energy fg( v*) concentrates such that
1 1

IE[ m,v*) -E [fg(\/m,v*)} H < C/\p (101)

for some constant C' for all q,, in [0, p,,), then:
logp>
+o . (102)
} < VP

fo =z min | £ (1//Aac) +

£

g2
4
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which gives us the needed converse bound. To conclude this section, let us prove these propositions.

Proof of Proposition C.3. This is prooven in [27], and we breifly repeat the arguement here. Let € > 0.
Since the prior P, has bounded support, we can grid the set of the overlap values R; . by 2K /e many
intervals of size € for some K > 0. This allows the following discretisation, where ! runs over the finite range

{=K/e,--- ,K/e}:

~fy= ;Elog; /R 1{Ry. € [le, (1 + D)e)}e "M AP, (v)

1 2K
< 1R10g 22 max / 1{Ry. € [le, (L + 1)) }e PP, (v)
P € l RP
1 log(2K
— ~Emaxlog / 1{Ry., € [le, (1 + D)e) e HMAP, (v) + log(2K/e) (103)
p RP p

Note that in the above, the expectation E is taken with respect to both the noise matrix £ and the spike v*. We
shall now use concentration of measure to push the expectation over ¢ to the other side of the maximum in
order to recover the Franz-Parisi potential as defined in the previous section.

Let

Z = /R 1{ R € [le, (L + 1)e) ke TP, (v). (104)

One can show that each term X; = % log Z; individually concentrates around its expectation with respect to
the random variable &. This follows from the following lemma

Lemma C.1. [from [27]] There exists a constant K > 0 such that for ally > 0 and all [,
X)—Ee[X K7y ko2
Ege’Y( i 5[ 1)) < e Y /p. (105)
VP

that is a direct consequence of the Tsirelson-Ibragimov-Sudakov inequality [47], see [27], Lemma 7.
Given that all X; concentrates, the expectation of the maximum concentrates as well:

1
E¢ mlax(Xl — E¢[Xi]) < —logE¢ exp (7 mlax(Xl - Eg[Xﬂ))
v

= — log Ef max e’Y(Xl_IE/ [Xl])
vy l

v l

1 log <2K7K6v2K/p>
g € /P
log(2K 1 K ~K
_ log@K/e) | 1) K K
Y Y UNVP P

IN

IN

We set v = ,/p and obtain
log(K
E¢ max(X; — E&[Xl]) < M (106)
l \/f)

Therefore, inserting the above estimates into (103), we obtain

log(K/e) | log(K/e) o 9log(/€)
7 + ’ < Ey mlaX<I>€(le,v )+2 7

—fp < Ey- mlaXIEgXl +

so that finally

log(K/e)
\/]—) )

fp > By mlin D (le,v*) —
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for some constant K. ]

Proof of Proposition C.4. Here we need to pay attention to the fact that the prior is not separable, and
thus at this point the proof differs from form [27], We wish to push the expectation with respect to v* inside
the minimum. We start by using again ¢,, = le and defining the following random (in v* variable):

X, =— <f]f,’ (1/@,%) + /\Zg) (107)

and start from Proposition C.3:

~ A log(K
— f, <Ew| max X;| + 22+ M. (108)
p qu=le 2
<K/ VP

We now wish to push the max inside. We proceed as follow:

By [Jmax (% - B(X)) ] < B [ 301 (% - BIX ) | (109)
l
=3 B [| (% - B | (110)
l

K
< Z c_ K (111)
VP VP
Inserting this in eq.(108) we find that

1 A, K log(K
—f, < ma [EV*XZ]~|—762—|— 4 log(K/e) (112)

qu=le

l<K/e 2 evpP VP

and therefore,
K’ log(K/e)

~ A
- <K 2 VP VP

1/4

(113)

so that choosing finally € = p~'/* we reach

oz i 10 (1 vow) « 2 o (M) a1

[lI<K/e

C.5 Main theorem

We can now combine the upper and lower bound to reach the statement of the main theorem, presented in the
main as theorem 1:

Theorem C.1. [Mutual information and MMSE for the spiked Wigner model with structured spike] Assume the
spikes v come from a sequence (of growing dimension) of generic structured prior P, on RP, such that

1. The elements of v are bounded by a constant.
2. The free energy f2(Aqy) = —xEg[log Z0(y, 1/v/Aq)] has a limit fo(Aqy) for all ¢, € [0, py) asp — oo.

3. The free energy f)(v*) concentrates such that E [| f)(1/v/Aqu, v*) — E [ f2(1/v/Aqu, v*)] || < C/\/p for
some constant C for all ¢, € [0, py] as p — oo:

then 1V v)
L V) :
Jm iy = lim, B pé%fzo irs(A, qv), (115)
with
I({v,v+ Az
. - (pv - QU)2 . < ! qo )
ins(8, ) = LT i - (116)

with z being a Gaussian vector with zero mean, unit diagonal variance and p, = lim Ep, [vTv]/p.
p—o0
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C.6 Mean-squared errors

It remains to deduce the optimal mean squared errors from the mutual information. These are actually simple
application of known results which we reproduce here briefly for completeness. It is instructive to distinguish
between the reconstruction of the spike and the reconstruction of the rank-one matrix.

Let us first focus on the denoising problem, where one aim to reconstruct the rank-one matrix X* = v*v*T.
In this case the mean squared error between an estimate X (Y') and the hidden one X* reads

N 1 N
Matrix — mse(X,Y) = < [|v*v*T — X (V) |3 (117)
p

It is well-known [34] that the mean squared error is minimized by using the conditional expectation of the
signal given the observation, that is the posterior mean. The minimal mean square error is thus given by

1
Matrix — MMSE(Y) = — [v*v*T — E[wT|Y]||3 (118)
p

We can now state the result:

Theorem C.2. [Matrix MMSE, from [15, 25, 19]] The matrix-MMSE is asymptotically given by

lim Matrix — MMSE(Y) = p? — (¢)? (119)

p—0o0
where g} is the optimizer of the function irs (A, qy).

Proof. This is a simple application of the -MMSE theorem [35], that has been used in this context multiple-times

(see e.g [15, 25, 19]). Indeed, the I-MMSE theorem states that, denoting A\ = A~
dIl 1

We thus need to compute the derivative of the mutual information:

d . * . * . *
ayrs(@, A =1/4) = Oxirs(ay, A = 1/A) + 04, trs(¢v, A = 1/)]g;07(qy) (121)
= Oxirs(gy, A =1/}) (122)

I{vyv+,/ L,
where we used Jg,irs(¢, A = 1/))|gz = 0. Denoting then Z(\,, ¢,) = li_>m (pm) we find
p—00
. * (po — av)”

a/\st(qv, A= 1/)\) = ? + a)\I()\U,qv)‘q; (123)

We now use the fact that the derivate of the replica mutual information is zero at ¢*. This implies

%(pv —4y) = 93, Z(Av, @)l = %@I(/\v,qv)\q; (124)

so that
ovins(a A = 1/3) = L0 L L e Lz @) (129
which proves the claim. |
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We now consider the problem of reconstruction the spike itself. In this case the mean square error reads

. 1
Vector — mse(X,Y) = =||v —v(Y)|3 (126)
p
1
Vector — MMSE(Y) = 5||v — E[v|Y]|3 (127)
(128)

Taking the square and averaging, we thus find that the asymptotic vector MMSE reads

2 T x T %
L IEMYIE L BVvY] _ ENTVIY] )

Vector — MMSE(Y') = p,
p p p

where we have use the Nishimori identity. In order to show that the MMSE is given by p, — ¢, we thus needs
to show that ¢ is indeed equal to EpTviy],

Fortunately, this is easy done by using Theorem 7 in [28], which apply in our case since it only depends
on the free energy and the Franz-Parisi bound, that we have reproduced in the coupled cases in the present

section. This proposition states the convergence in probability of the overlaps:

Theorem C.3 (Convergence in probability of the overlap, from [28]). Informally, for the Wigner-Spikel model:

lim E(L(|R1] —¢5| = €)) =0 (130)
p—o0
Note that the absolute value is necessary here, because if the prior is symmetric, is it impossible to distinguish
between v* and —v*. If the prior is not symmetric, then the absolute value can be removed.

D Heuristic derivation of AMP from the two simples AMP algorithms

In this section we present the derivation of the AMP algorithm described in sec. 3 of the main part. The idea is
to simplify the Belief Propagation (BP) equations by expanding them in the large n, p, k limits. Together with
a Gaussian ansatz for the distribution of BP messages, this yields a set of O (kz) simplified equations known
as relaxed BP (rBP) equations. The last step to get the AMP algorithm is to remove the target dependency of
the messages that further reduces the number of iterative equations to O (k).

Our derivation is closely related to the derivation of AMP for a series of statistical inference problems with
factorised priors, see for example [ 1] and references therein. In the interest of the reader, instead of repeating
these steps in detail here we describe how two AMP algorithms derived for independent inference problems
can be composed into a single AMP for a structured inference problem. In particular, this is illustrated for
the case of interest in this manuscript, namely a spiked-matrix estimation with single-layer generative model
prior. In this case, the underlying inference problems are the rank-one matrix factorization (MF) [21] and the
generalized linear model (GLM)[31]. We focus the derivation on the more general Wishart model (uvT) as the
result for the Wigner model (vvT) flows directly from it.

Factor graph: In order to compose AMP algorithms, the idea is to replace the separable prior P, of the
variable v in the low-rank MF model by a non-separable prior coming from a GLM model with channel Py
(see definition in eq. (22)), while keeping separable distributions P, and P, for the variables u € R" and
z € RF.? Hence to obtain the factor graph of the uvT model, we connect the factor graphs of the MF (in green)
and GLM (in red) models together by means of P, (in black) (See Fig. 5).

D.1 Heuristic Derivation

We recall the AMP equations for the two modules and we will explain how to plug them together.

*Note that differently from the replica calculation in sec. B, to write down the factor graph and derive the associated AMP algorithm
we need to fix beforehand the structure of the prior distribution.
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Figure 5: Factor graph corresponding to a low-rank matrix factorization layer (green) with a prior coming from
a GLM (red). We stress that in the classical low-rank layer, red part does not exist and black nodes Pyt (v;].)
are replaced by separable prior P, (v;).

AMP equations for the MF layer (variables v and u): Consider the low-rank matrix factorization model
eq. (20) with separable priors P, and P, for the variables u and v. The corresponding non-Bayes-optimal AMP
equations, given in [21], read:

(Gt = f,(BL ALY, B, = ST - G ICAN L
! = 0 fu(BL, AL) A = [Lespr@? - LR (e + @)1,
V= f,(BY, AL), R P 15v - 1%Lt (50
¢t = opf.(BL, AL), Al = [;5%%2 ~ LR (& + (frt)2)} I,
with matrices S and R defined as
Sui = % and R, = —% + 5%, (132)

and the operation ()2 is taken component-wise. The update function f,, is the mean of ), defined in sec. A.3,

1
and f, is the mean of the distribution Q,(v; B, A) = mPv(v)eféA”%rB”.

AMP equations for the GLM layer (variable z): On the other hand, the non-Bayes-optimal AMP equations
for the GLM model in eq. (21), given in [31], read

it+1 — fz(’yt7At)

éi+1 = 8,yfz(,7t’At) and -
Vi=1(W?el, and = ﬁWit _yighl

g' = four (vV,w!, V)

where f, is the mean of Q. defined in sec. A.3 and foyu; is the mean of V~1(z — w) with respect to

Lk _ Pous(vt|z)  —ly—l(p—w)?
Qout (x,v ,W,V) = Zo:):(v*,w,\/)e 2 ( ) .

Plug and play: In principle composing the AMP equations for the inference problems above is complicated,
and require analyzing the BP equations on the composed factor graph in Fig. 5. However, the upshot of
this cumbersome computation is rather simple: the AMP equations for the composed model are equivalent
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to coupling the MF eqs. (131) and the GLM eqs. (133) by replacing Q,,(v; B, A) and Qout(z;w, V') with the
following joint distribution:

1
Zout(37 Aawa V)

Qout(v,x; B, A,w, V) = e_%AUQJrB”Pout (v]z) «9_%‘/71(:”_“’)2 ) (134)

The associated update functions f, fout are thus replaced by the mean of v and V ~!(z — w) with respect to

this new joint distribution ()oys. Replacing this distribution in both AMP algorithms eq. (131)-(133), we obtain
the AMP algorithm of the structured model, summarized in the next section.

D.2 Summary of the AMP algorithms - vvT and uv”

Replacing the separable distributions Q,, and Qoyt, by the joint distribution eq. (134) and corresponding update
functions as described above, we obtain the following AMP algorithm for the Wishart model:

Wishart model (uvT):
Input: vector Y € R"*? and matrix W € RP**:
Initialize to zero: (g, 0, Vv, By, Ay, By, Ay)=°
Initialize with: a'=! = N(0, 02), ¥'=! = N(0, 02), 2=! = N(0, 02),
&l =1, =1, =1t =1
repeat
Spiked layer:
Bl = Lsv' — 1S% 1! and Al = [1$2(+)2 — LR (¢} + (+)%)| T
B, = LsTal - L($2)TelL,¢'"! and Al = [%(SQ)T(ﬁt)Q ~LRT (&, + (ﬁt)Q)} I,

Generative layer:

Vi=i(W?El, and w'= ZWi' —V'g"™! and g' = fou (B}, AL, &', V')

A= —p(W?)T0,g'T; and ~' = =WTg' + A7’

Update of the estimated marginals:
o't = f,(BY,AY)  and &t =0pf.(BL, AL)

itJrl — fz(’Yt,At) and éi-i-l — 87fz(’)/t,At)

t=t+1
until Convergence
Output: u, v,z

Wigner model (vvT): The AMP algorithm for the Wigner model can be easily obtained from the one above
by simply taking taking u’ = v!, and removing redundant equations:

Input: vector Y € RP*P and matrix W € RP**:

Initialize to zero: (g,v,B,, A,)!=°

Initialize with: v\=1 = N'(0,02), 2= = N(0, 02),

=l =1, =1t =1

repeat

Spiked layer:

B, = Lsv' — 1%L, and Al = [182(5)2 - LR (& + (+)2)]1,

Generative layer:
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Vi=1W?)ell, and w'= ﬁwzt — Vigh! and gl = fou (B!, AL, w!, V?)
At = —%(W2)T8wgt1k and ! = ﬁWTgt + At

Update of the estimated marginals:
Vit = f,(BL AL Wl VY and &t = 0pf,(BL, AL, Wt V1)

itJrl — fz(’)’t,At) and éi—i-l — 87fz(’)’t,/\t)

t=t+1
until Convergence
Output: 0, v,z

D.3 Simplified algorithms in the Bayes-optimal setting

In the Bayes-optimal setting, it can be shown using Nishimori property (see sec. C or [21]) that:

1
(R)=0 <= (%) =, (0.8") = —((g")?) (135)
where (-) denotes the average with respect to the posterior distribution in eq. (26).
Note that the AMP algorithm derived above is also valid for arbitrary weight matrix W € RP**, In the
case of interest where W, ~ N(0,1), we can further simplify E [Wﬁ] = 1. Together, these simplifications
L1d.

give:

Wishart model (vvT) - Bayes-optimal
Input: vector Y € R™ P and matrix W € RP*F:
Initialize to zero: (g, 4, v, B,, A,, By, A,)=°
Initialize with: @'=! = N'(0, 02), ¥'=1 = N (0, 02), 2=! = N(0,6?),

gl =1, =1, =1t =1
repeat
Spiked layer:
t 1Y ot 11%ehr 41 ¢ 1 913
Bu—ZﬁV A p na and AU_Z p

T A 17et ¢ ~1— a
Biz%%ut—% ’;C“Ipvt 1 and At =Ll

Generative layer:

Vi=g (&)L, and w'= -W2' —Vig"™" and g' = fou (B}, A}, w', V")
A= {llg'3 and ' = ZWTgh+ A2

Update of the estimated marginals:

o't = fu(B, A,)  and éf:rl = Op fu(By, A})

Vil = fv(Bf),Af],wt,Vt) and éf)+1 = 6BfU(B§)7AfJ>wt7Vt)

T = f.(v,AY) and & =0, f.(4f AY)

t=t+1
until Convergence
Output: u, v,z

Wigner model (vvT) - Bayes-optimal
Input: vector Y € RP*P and matrix W € RP**:

Initialize to zero: (g, v,B,, A,)'=°
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Initialize with: v'=! = N'(0,02), 2'=" = N(0,0?),
=1

éZZI :]lp, éé —]lkt—l
repeat
Spiked layer:
t 1Y ot 1158 g t— 193
Bv—A\/ﬁv AV and A, = 321

Generative layer:

Vi=g (13e0) ], and w'= W2' — Vg™ and g' = fou (B, A}, W', V")

A= LIg' I3l and 4! = L WTg! 4 A%

Update of the estimated marginals:
Vit = fv(Bf)vAfjawtvvt) and éf)+1 = 6BfU(B1t)vAfj>wt7Vt)

it—H = fz(7t7At) and étz—i_l = 67fz(7taAt)

t=t+1
until Convergence
Output: v,z

D.4 Derivation of the state evolution equations

The AMP algorithms above are valid for any large but finite sizes k, n, p. A central object of interest are the
state evolution equations (SE) that predict the algorithm’s behaviour in the infinite size limit k& — oco. We
show in this section the derivation of these equations, directly from the algorithm to explicitly show that it
provides the same set of equations as the saddle point equations obtained from the replica free entropy eq. (77).
As before, we focus on the derivation of the more general Wishart model uvT, and quote the result for the
symmetric vvT. We first derive the SE equations without loss of generality in the non-Bayes-optimal case, and
we will state them in their simplified formulation in the Bayes-optimal case.

The idea is to compute the average distributions of the messages involved in the AMP algorithm updates
in sec. (D.2), namely B,,, A, By, Ay, w, V. and V. The usual derivation starts with rBP equations that we
did not present here, see [21]. However this equations are roughly equivalent to AMP messages if we remove
the Onsager terms containing messages with delayed time indices (-)!~!.

Definition of the overlap parameters: We first define the order parameters, called overlaps in the physics
literature, that will measure the correlation of the Bayesian estimator with the ground truth signals

STk S E\Tal TAut
u)u . u’)Ta N Y
mt, =By« lim (&) , ¢, =Ey lim Q , Y =Ey lim - ,
SN Tk SENT ol Tav,t
v)Tv . v)Tv . 1,c
m! = Ey lim ) , ¢\ =Ey lim ) , Y =FEy lim 22— (136)
p—00 p p—00 p p—oo P
5ENT % 50\THt ]]-TAZ,t
z z")7z . c
m! =E, lim () t =FE, lim (2) Y =FE, lim —&
z Y z bl z

As the algorithm performance, such as the mean squared error or the generalization error, can be computed
directly from these overlap parameters, our goal is to derive the their average distribution in the infinite size
limit.

Messages distributions: As stressed above, we compute the average distribution of the messages, taking
the average over variables W, &, the planted solutions v*, u*, z* and taking the limit & — co. Note that we
use the BP independence assumption over the messages and keep only dominant terms in the 1/p expansion.
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e B,, A,: Starting with the AMP update equations for the uvT model in sec. (D.2), we obtain

1 . 1 (v)T A -
B [B] = B [Y¥] - —xE K“ (J; n V&) vt} — D, (137)
E [B,(B.)T] = p;E YV (E)TYT] = i;]E [€V'(¥)TET] + 0 (1/p) wd ﬁ’ln, (138)
E[A] =E [;SQ(W)Q _ ;R (e + (et)z)} L — (Zt)ln ~ RYT,. (139)

where we defined, see [21],

R = Ep(y|w) [aig + (8“9)2L:o = / H dYi ¢9" Yui0) [339 + (8w9)2}

. Y,w=0
1<i<p1<p<n

with P (Y|w), g defined in eq. (42) and g* the ground truth channel function. Note that in the Bayes-optimal
case, g* = g that yields R = 0 as mentioned in eq. (49).

e By, Ay:  Similarly,

E[B!] = \/;AE [yTal] = \/;AE K“T}?T + \/&)Tﬁt] = 5’25‘/*, (140)
E [B!(B.)T] = piQE [YTa'(a")TY] farwd ﬁqiblp, (141)
E[4}] =E ;(ST)Q(ﬁt)Q - ;R (e + (ﬁt)2)] L =2 8 (qAZ - RZZ) I, (142)
°ow,V:
E[w'] =E \}szt} =0,, (143)
E [w'(w")T] =E -;Wit(it)TWT} — ‘1, (144)
E[V]=E :;(Wz)éilp] v Y. (145)

Conclusion: Finally we conclude that to leading order:

mt qt qt _
B, ~ —‘u* v Al ~ 2T, — RYIT, 146
A u + A€u7 U A R v ) ( )
mt qt qt _
B, ~ f—Yv* u Al ~ B2 —RYE )T 14
BAV+ ﬁAsva v B(A Ru> P> ( 7)
w~\/qin, Vo~ 3L, (148)

with &, ~ N (0,,1,,),&, ~ N (0,,,1,) ., m ~ N (0p,1).

State evolution - Non Bayes-optimal case With the averaged limiting distributions of all the messages,
we can now compute the state evolution of the overlaps. Using the definition of the overlaps eq. (136) and
distributions in eq. (148), we obtain:

33



Variable u:

Variable v:

t+1 _
4y

t+1 _
my

t+1
Ev

Variable z:

N . o1
qZ+1 = Eu* nl;r& g(ut—i_l)Tutﬁ-l = Eu* nh—{glo ﬁfu(Bfw AZ)Tfu (BZ, AZ) (149)
mt & 4 - 2
=Eyre | fu X”u*—}— va,i—RZU
t+1 — : 1 At1INT : 1 t t\Tyr*
m,, = = Ey nh—>Holo ﬁ(u )Tu* = Ey» nh—>nolo ﬁfu(Bu,AU) u (150)
[ mt ¢ ¢ -
= Eu* I3 fu (A’UU* + ng, Zv — szj U*
1 1
t+1 N TAutJrl E - t t\T
S =Ey nlbrlgonﬂ =E, nlgglo nanu(Bu,Au) 1, (151)
- mt qt qt . 2
=Eu ¢ |OBfu KUU* + ZU& Zv — RY,
. 1
V* pli{go];(v“‘l)T t+1 1EV* pllgolo ];fv(B?U’AZawtaVt)va(Bf;vAfnwtvvt) (152)
2
pm, B4,
=Euvgn | fo ( oy [Pl g (B Rt ) /ol s
1t+1Tt+1 .1 toAt b T ANT*
V* pllfgo];(v ) 1EV* pligolo ];fv(BmAvvw aV ) v (153)
- "
=Eyr ey fo (ﬁAuU* IBqu‘f B ( th) ) QE77722> U*]
1
— . TAthrl . t t t T
E, pl;rglopﬂ =E, phﬁm p@ L fu(By, Ay, w', V)L (154)
i 2
pm, B,
= Ev*,&,r] 'yfv ( L™ u€ 6 th ) qznvzi

We define intermediate hat overlap parameters® that will be useful in the following. The hat

overlaps don’t have as much physical meaning as the standard overlaps that quantify the reconstruction
performances. Though we might notice anyway that all the overlap parameters are built similarly as function
of the update functions f,, fy, f» and fou (see eq. (41)

B 2

= aEv*éﬂ? fout (BA v* Bqug B < REZ) > QE?% ZZ) (155)
d t

= aEv*fW 6ﬂﬁfout (ﬁZLu U* Bquf /8 < th) ) qgnazi> ’U*] (156)
. t

= aEv*fW 78wfout (BZU’U* 5qu€ ﬁ < REZ) 3 qgn» EZ) (157)

*These variables appear as well in the replica computation through Dirac delta Fourier representation.
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Variable z: Averages are explicitly expressed as a function of the hat overlaps introduced just above:

E [’yt] ~ hlz* (158)
E[Y' ()] ~ ¢k (159)
E [AT] ~ 5L, (160)
And we conclude that at the leading order:
v ~mlz + /gL, AP~ T (161)
with & ~ N(Ok, Ik).
From these later equations, we obtain
1 1
¢t =K, Jim —(ZTHTZ = By lim — f.(4h, ADT (A, A (162)
N2
= Ez*,£ |:fz (ﬁliz* + 4 /qgg, Etz) :|
1 1
mit =B lim = (27728 = B lim — f, (4%, AD)Tz* (163)
= Ez* |:fz (mt Z* + VaLE, ii) Z*]
. 1
Yl = E,. hm k]lT At = E,. klggo Eﬂ;a7 (4, AY) (164)

_E.. [awfz (L= + Ve, 5t )|

Equations (149- 157, 162-164) constitute the closed set of AMP state evolution equations in the non-Bayes-
optimal case.

State evolution - Bayes-optimal case In the Bayes-optimal case, the Nishimori property (See sec. 19)
implies my = qu, Mz = @z, My = ¢y and M, = ¢, R = 0 and we also note that Et = p, — qZ, Zt = cjz
The set of twelve state evolution equations reduce to only four, and they can be rewritten using a change of

variable.
Wishart model
i 2
i+ _ &, B &, @
=20, () |
2
o =B | 2. (Vaie. @) 1. (Vs i) } (166)
= 28@z v, ((ﬁ;) 5

2
. Bq,, qu Bai, qu
C]i = aEf,n [ZOUt ( 6 /8 (IE?% Pz — qz fout 5 5 QZTI, Pz — Q,i (167)
Bq;,
= 2048(] \I/out < A 7qi ’

2
u u /8 u u
g5t =Eey | Zout ( b, —=&, Bq qin, p- —fé) fo ( P e 5(] atn, p. — q. (168)

= 20y, Uou (BKU, g) .
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Wigner model The state evolution for the Wigner model (vvT) is a particular case of the state evolution of
the Wishart model discussed above, obtained by simply restricting ¢, = ¢, and 8 = 1. It finally reads

¢ = e [zz (Ve &) 1. (@é,qiﬂ (169)

— 20,0 ()

: ¢ . ¢ ¢ ¢ . d ¢ i
qu = OAE{J] Zout nga Zva qgna Pz — 4, fout nga Zva QZ% Pz — 4, (170)
— 208, U,y % ¢
qz A? z )
2
g+ = 4. a4 7 ¢ ¢, @ 7 ¢
=E¢p | Zous Zf’ A VED Pz Jo Zf, N VEN Pz~ (171)

- 28qvl:[jout <?Av ) qZ> )

which are precisely the state evolution equations derived from the replica trick in sec. B, eq. (77), except that
the algorithm provides the correct time indices in which the iterations should be taken.

E Heuristic derivation of LAMP

We present in this section the derivation of the linearized-AMP (LAMP) spectral algorithm. This method,
pioneered in [41], relies on the existence of the non-informative fixed point of the SE equations eq. (12), ¢, = 0
that translates to v = 0 in the AMP equations. Linearizing the Bayes-optimal AMP equations for the Wigner
and Wishart models sec. D.3 around this trivial fixed point will lead to the LAMP spectral method. First,
we detail the calculation for the simpler Wigner model, and then generalize the spectral algorithm in the
Wishart case. Finally, we derive the state evolution associated to spectral method in the case of linear activation
function.

E.1 Wigner model: vvT

We start deriving the existence conditions of the trivial non-informative fixed point in the Wigner model
eq. (19), that refers to eq. (13) in the main part. These conditions can be alternatively derived from the SE
egs. (230)-(231) - see sec. F.

Existence of the uninformative fixed point: Consider v = 0. We obtain easily from the algorithm D.3,
(By, Ay) = (0,0), leading to g = fout (0,0,w,V) = Ego [(x — w)] = 0, and (v,A) = (0,0). Finally,
inserting these values in the update functions f,, and f,, defined in eq. (41), we obtain sufficient conditions
to get the trivial fixed point in the Wigner model:

(¥,2) = (0,0) ifC= { Ego [0]=0 and Ep, [2] = 0} . (172)

Linearization: To lighten notation, we denote with |, quantities that are evaluated at (B,,, A,,w, V,v,A) =
(0,0,0,p.1,,0,0), and we linearize the equations of the AMP algorithm D.3 around the fixed point

(‘A'?év) ( y P Ip)? (ia éz) = (07p21k)7 (173)
(BTHAU) ( )7 (77A> - (070)7 (wa Mg) = <0a szpvo) . (174)
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In a scalar formulation, the linearization yields
SV = Op £ «OBY + Oafol«0AY" + O fol 0wl + Dy fol OV (175)
0T = 0F pful 0B + 0% pfulu0AY + 02 p fol 0wt + 0 p ful OV} (176)
02" = 0y F:1x0] + Onfo10AT, (177)
(178)
(179)

3¢ = 02 F.|0~f + O 4 F2 |0 178
5g§ = anout|*5Bg7t + 8Afout’*5Ag’t + 8wf0ut‘*5w§ + anout|*5Vit ; 179
with
D Avt P AUt
Y | 1 5
OB = =) oV - R L v, (180)
a5 (2 (25
2 P ‘A,t| 5 t
Y D 1=0, (181)
A = P
k
Z Widz) — 6Vigi . — V.ot (182)
1 ~2z,t
=% Z o¢™, (183)
=1
t 2 L t t
A=a > gllog =0, (184)
=1
o) = L Zp: Widgh + 0AjZ) |, + Ab|.07) (185)
vk =

These equations can be simplified and closed over three vectorial variables v € R?, z € R¥ and w € RP, where
we used the existence condition C that leads to 0, fout|+ = Ov fout|« = 0. Finally, injecting eq. (180)-(185) in
(175), (177), (182) we obtain

N 1 Y ~ f— anv|*62 fz’*]l ]lT ~
Sottl :7anv‘* <\f5vt — Op fol+Ipov" 1) + O folxLpdw" + aﬁf:": p k5t (186)
R wiily .. p
02 =0 L0 fout h—m N [fgvt_aB FoluIp69" 1} 7 (187)
1 WW X i
St =% ( L f2 0B fout |y ——— [\fa — O fol 00" 1]) - (188)

a’YfZ’*anout‘* [\/ﬁéf’t_l — 8va‘*lp5{,t—2:| .

Conclusion: This set of equations involves partial derivatives of f,, f, and fo,; that can be simplified using
the condition C, and rewritten as moments of the distributions P, and Qyt:

8’7le* = EPZ [22] = Pz, 8va‘* = EQout[ 2] = Pov,
a?y;yf?«”* = _28Af2’* =Ep, [23] y and awfv|* = anout|* = P;lEqut ['Um] ) (189)
awfout|* = 8Vfout’* =0, 8va’* = %P;ZEqut [Ul'Q] .
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Injecting eq. (188)-(187) in (186), we finally obtain a closed equation over v. Forgetting time indices, it
leads the definition of the LAMP operator as

w1 WWwT 1,1 Wt Y
FP = Z ((a — b)Ip + b k +c k \/E) X <\/ﬁ — CLIp) s (190)

with

a=Eqo (V2] = p,, b= pz_lEQo [vz]?, c=

1
out out ipz EPZ [23} Equt [U$2]Equt [’Ux] * (191)

Note that in most of the cases we studied, the parameter ¢, taking into account the skewness of the variable
z, is zero, simplifying considerably the structured matrix as discussed in the main part. Taking the leading
eigenvector of the operator I')" leads to the LAMP algorithm.

Applications:  Consider a gaussian P, = N (0, 1) or binary P, = % (6(z — 1)+ (2 + 1)) prior, for which
p» = 1. Taking a noiseless channel Py, (v|z) = ¢ (v — ¢(x)), condition C is verified, and we obtain simple
and explicit coefficients

« Linear activation (¢(z) = z): (a,b,¢) = (1,1,0).

« Sign activation (p(z) = sgn(x)): (a,b,c) = (1,2/m,0).

E.2 Wishart model: uv’

In this section, we generalize the previous derivation of the LAMP spectral algorithm for the Wishart model in
eq. (20). The strategy is exactly the same: it follows from linearizing the AMP algorithm D.3 in its Bayes-optimal
version around the trivial fixed point. Except that in this case there are more equations to deal with.

Existence of the uninformative fixed point: Consider (@,v) = (0, 0). Injecting this condition in the
algorithm’s equations, we simply obtain (B,,, A,,B,, A,) = (0,0, 0,0). However, we now need Ep, [u] =0
for this to be consistent with the update equation for a’™!. Besides, this also implies g§ = fou; (0,0, w, V) =
Eqo [(x —w)] = 0,and (v,A) = (0,0). Finally, putting all conditions together in the update equations
involving f,, f, and fou, defined in eq. (41), we arrive at the following sufficient conditions for the existence
of the uninformative fixed point in the Wishart model:

(9,2) = (0,0) ifC E{ Ege [v]=0, Ep,[2]=0 and Ep, [u] = o} . (192)

Linearization: As previously, to lighten notations we denote |, quantities that are evaluated at
(Bu, Ay, By, Ay, w, V,v,A) = (0,0,0,0,0, p.1,,0,0).
We linearize AMP equations algorithm D.3 around the fixed point

(@, 8,) = (0, puln),  (v,8) = (0, p01p),  (2,€.) = (0, p:1y), (193)
(Bu, Au) = (0,0), (By, 4y) = (0,0), (v,A) =(0,0), (w,V,g)=(0,p:1,,0). (194)

In a scalar formulation, linearization yields four additional equations over the u variable:
00 = O ful 0By + Oaful O AL (195)
5e T = Of pful«0Bt + 04 pful ALY, (196)
0% = Op [l OB + Oafol DAY + O ful 0w + Ov ful OV, (197)
08" = Of ol 0B + 04 p Lol SAY! + 02 pfolubwl + 0% g ful OV (198)
027! = Oy flu07] + OnflLOA] (199)
0&; ! = 05 £.1u07] + 0 4 f:148A] (200)
gl = anout|*5Bf’t + 8Afout’*5A;)7t + O fout xOWE + Oy fout |« OV (201)
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and

5Bu,t_izp:ﬁ5n€_i zp:é;},t’* éwt—l_l Zéwt At—1| (202)
u_Az‘:1\/5Vi A p Y A\ Ty )T

i=1 i=1
2 G VE OV
AW = 2 L — ), (203)
A Z: p
1 <Yy 1 [ et 1 [ ot
SBU = — N st _ - CHLEY I L — ), 204
1 A Z \/i) M A uzl D ? A ,uzl P i * ( )
\*
SAVE — Z H — (205)
\F Z VVzl(SZz - 5Vt 1|* Vz‘t‘*églfl ) (206)
_ 1 Z st (207)
(G
kl 1
92 p
=% Zgz |«dg; =0, (208)
i = - S Wadgh + OMall + ALl (209)
i=1

These equations can be closed over four vectorial variables o € R™", v € RP, z € R* and w € R?, where we
used the existence condition C leading again to 0, fout|+ = Ov fout|» = 0. Finally, injecting eq. (202)-(209) in
(195), (197), (199), (206) we obtain:

. 1 Y
5ut+1 :Zan“’* <

N anv\*InaﬁH) , (210)

YT OV fol«02 o foli 1,07
ovitt 7an1}|* <\[5ﬁt—ﬁ83fu]*1p5\7tl) + O folxLpdw" + vl f7|7f‘ k’fat (211)
—y Z|x
51 =0 O ot e [Waﬁf B fl] 5@“] (212)
'y z ou *\/E \/ﬁ U [*4p )
1 WT YT | L
Switt N (a’vfz|*anout|*\/E [féut - Banu‘*Ip(svt 1}) - (213)

O~ f2|%0B fout |« L/ﬁéut 1 /Banu|*Ip5\7t2] .

Conclusion: This set of equations involves partial derivatives of f,, fy, fout that can be simplified using
the condition C and rewritten as moments of distributions P, P, and Quyut:

;

a"/fz|* == EPZ [22] = Pz,
agy,*yfz’* - _28Afz|* == ]EPZ [Z3j| ,
awfout|* = 8Vfout|* = (]’

OB fulx =Ep, [uz] = Pu,

8va‘* - EQ
and 4 Oufols = OB foutl = p> Ego_ [va], (214)

O folx = %p;QEqut [U$2] :
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Injecting eq. (213),(212)-(210) in (211), we finally obtain a self-consistent equation over Vv that, forgetting
time indices, leads to define the following LAMP structured matrix, from which we need to compute the top
eigenvector:

1 WWwT 1, ]lT wrT 1 Y'Y
re=— <(a —-b)I,+0b +c > (A —dpl ) (215)
PA k E Vk 2 p
with
1 —
a=py, C=5p; p- Ep, E ] Eqo [va? [Eqo [va], b= p; IEqut wz]?, d=p,. (216)
Applications: Consider a gaussian P,, P, = N (0, 1) or binary P,, P, = % (0(z—=1)+ (2 + 1)) prior,

for which p, = p, = 1. For a noiseless channel P,,;(v|z) = § (v — ¢(x)), we obtain the following simple
and explicit coefficients:

« Linear, ¢(z) = x: (a,b,c,d) = (1,1,0,1)

E.3 State evolution equations of LAMP and PCA - linear case

In this section we describe how to obtain the limiting behaviour of the LAMP spectral method for the Wigner
model in the large size limit p — co. We will show that in the linear case, mean squared errors of LAMP and
PCA are directly obtained from the optimal overlap performed by AMP or its state evolution. Recall that the
numerical simulations of LAMP and PCA are compared with their state evolution in Fig. 3, with green and red
lines respectively.

LAMP: For the noiseless linear channel Py, (v|z) = § (v — z), the set of egs. (186-188) are already linear,
and do not require linearizing as above. Hence the LAMP spectral method flows directly from the AMP
egs. (D.3). As a consequence, this means that the state evolution equations associated to the spectral method
are simply dictated by the set of AMP state evolution equations from sec. 169. However, it is worth stressing
that the LAMP MSE is not given by the AMP mean squared error, as LAMP returns a normalized estimator.
We now compute the overlaps and mean squared error performed by this spectral algorithm.

Recall that m,, and g,, are the parameters defined in eq. (136), that respectively measure the overlap between
the ground truth v* and the estimator v, and the norm of the estimator. In eq. (129), the MSE is given by:

1 1

MSE, = p, + Ey+ lim =|[¥]3 — 2By~ lim ~¥Tv* (217)
p—0 P p—oo p

= pu+aqy = 2my, (218)

However the LAMP spectral method computes the normalized top eigenvector of the structured matrix I').
Hence the norm of the LAMP estimator is ||‘7||% Amp = Qv,Lamp = 1, while the Bayes-optimal AMP estimator is
not normalized with [[V]|3yp = ¢5 avp = ™5 amp 7 1, solutions of eq. (169). As the non-normalized LAMP
estimator follows AMP state evolutions in the linear case, the overlap with the ground truth is thus given by:

1 1/ vamp \'
m,LAMPEE* hm T ov = Eo lim < - v (219)
’ ' op LAMP v p—=oo p \ ||V|lamp
v,AMP 1/2
- N2 ( Z,AMP) (220)
*
(qv,AMP)

Finally the mean squared error performed by the LAMP method is easily obtained from the optimal overlap
reached by the AMP algorithm and yields

1/2
MSEU,LAMP =py+ 1-2 (q:,AMP) / . (221)
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PCA: Similarly, in the noiseless linear channel case, we note that at & = 0, LAMP reduces exactly to PCA,
i.e. it consists in finding the top eigenvector of Y, instead I',,. As LAMP follows AMP in this case, we can
simply state that the mean squared error performed by PCA is computed using the optimal overlap reached by
AMP at o = O:

1/2
MSE, pca = pv + 1 — 2 (45 ampla=0) 2 (222)

F Transition from state evolution - stability

In this section we derive sufficient conditions for the existence of the uninformative fixed point (¢, G-, q.) =
(0,0,0) from the state evolution egs. (15). In the case (0, 0,0) is a fixed point, we derive its stability, obtaining
the Jacobian in eq. (14). Its eigenvalues determine the regions for which (0, 0, 0) is stable and unstable, and
therefore the critical point A, where the transition occurs.

For the purpose of our analysis we define the following shorthand notation for the update functions,

fl (Ta S)
f(r,t,s)= f2 (r,s) (223)

f3(1)

where (f1, fa, f3) are explicitly given by

— L4 /roe —%(’”_“_EZP ?
[dve s J 7\/ﬁ6 == Pout(v|z)v
(p>—s
J1(r,8) = 20, Wou(r, s) = Eg¢ py v 3
dv e BV2HVIrve -3 b f:) P
f ve 2 f bz out (V])

w/27r(pz s)
2
1 (a—/5m)?
(avemztevme pte b0 p Gl e - van))

27 (pz—s)

fa(r,8) = 2005 Wou(r, 5) = alfe :
7 (z—+/sm)
de e—§v2+\[vff\/ﬁeiépzifgpout(v|x)

(f dx Pz(z)e_%zz+ﬁzfz>
[ dx PZ(Z)e*%Zz“/'%Z

f3(t) =20,V () = Ee¢ (224)

In terms of these, the right-hand side of the state evolution equations is given by evaluating (r,t,s) =
Qv ~
(z» 9z, qZ)-

F.1 Conditions for fixed point

Note that the denominator in the first two state evolution equations is actually constant at r = 0,
dr _ 1 .2 dz _ 1 2 de _ 1 2
dv e 20:" Pyy(vlz) = e 20z /vau vm:/ e 2:" ) =1.
o] wnteie) = [ oome 5 ([ o Pl = [ 50

And in particular, this means that

£2(0,5) = Ee,, (/ dv/ \/%eziﬂzPout(v!x) (z — \/577)>2

de _ 1 2 2
=FE 20z * — dv Py,
&n < me e (w \/577) / v t(v|x)>
d 1 2
i (z — \/577)> =0 (226)
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for any value of s € R. In terms of the overlaps, this means that if ¢, is a fixed point, we necessarily have
G, = 0. What is the implication for ¢.? We need to look at f3(G, = 0), which is simply given by

2
f3(0) = E¢ ( / da Pzz> . (227)

This means that if ¢, = 0 and P, has zero mean, then ¢, = 0. It remains to check what is a sufficient condition
for ¢, = 0 to be a fixed point. This is the case if

2
70,0 = Be, [ a0 [ 2 pustulaye) Lo (228)

implying

d _
/dv/ me 2flizx2P0ut(v\x)v = \/2:?6 7 </ dv Pout(’u]ac)v> =0 (229)

Therefore a set of sufficient conditions for (qy, ¢.,q.) = (0,0,0) to be a fixed point of the state evolution
equations are

Ep z = /d:r P.,(2)z=0 (230)

/dv/ @ Pyt (v|z)v =0 (231)
out 27rpz

note that the last condition is equivalent to requiring the function m(x) = Ep, v to be odd.

F.2 Stability analysis

We now study the stability of the fixed point (r,¢,s) = (0,0, 0), which is determined by the linearisation of
the state evolution equations. But before, to help in the analysis we introduce notation.

Some notation It will be useful to introduce the following notation for the denoising functions in eq. (34)
evaluated at the overlaps:

1 r.o2 1 1 (@—En)?
QU (v, 2, 6,m) = e T 77 s Poy(v]a) (232)
t ) V2r(p- —5)
1
t(.. _ — 124/ttt
Q(=:8) = e VER() (233)

where 2" and Z, are the normalisation of the distributions, given explicitly by

out
,;(z—ﬁ )2
zhien) = /d’U €2U2+‘ﬁ’5/ Ty 2 5ms Po(v]z)
. —

24(¢) = / dr QL(z: ) = / dx P ()¢ 57 TViEs (234)

Note that Qoyt is a family of joint distributions over (v, x), indexed by r, s € [0, 1]. It will be useful to have in
mind the following particular cases,

s 1 1 (z—v3n)?
QU (v, ai) = ——— 7T s Pyy(v]) (235)
27 (p — 5)
1 r..2 ]. _ 1 2
QS (v, x56) = —ro ¢ % VI om0 (236)
t 29 ¢, m) V2
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where we have used that Zéﬂf) (n,€) = 1 (as shown above). It is also useful to define short hands to the
associated distributions when we evaluate both (r, s) = (0,0),

2

__1
0(v,2) = QU0 (v, 2;6,m) = e %" Py (vlz) (237)

1
V2Tp,

while QY(z; ¢) = P.(z). Note that they are indeed independent of the noises, and that in particular we have
206 = 1
In this notation the condition in eq. (231) simply reads that v has mean zero with respect to the Q2 ,,

Ego v =0 (238)

out

Expansion around the fixed point

We now suppose (7, t,s) = (0,0,0) is a fixed point of the state evolution equations, i.e. that the conditions in
eqs. (230) and (231) hold. We are interested in the leading order expansion of the update functions ( f1, f2, f3)
around this point.

Expansion of fi: Since (f1, f2) are functions of (7, s) only, we look them separately first. Instead of
expanding around (r, s) = (0, 0) together, we first expand around r = 0 keeping s fixed. This allow us to take
the average over ¢ explicitly simplifying the expansion considerably,

2 4 o\ 2 2 ) 3/2
fi(r,s) <21E (EQ(OES)U) + (EQ(Ot,s)’U> +<EQ(O£S)U) _Q(EQ(O{S)U) EQ((){S)U 7“+O<T )

(239)
We can now focus on the leading order expansion around s = 0. Note we have,
,; (z—+/sm)?
QU = /dv/ 2= Pyy(v|z) v
Qout 27(p, — s)
Vsn s’ —1 2 3/2
= Epev + ?Equtvx — 57 (pZEqutv — Equtx v) + 0 (s / ) (240)
-1
= \/gnEQo vx + sh 57— Eqgo 20+ 0 <s3/2) (241)
,OZ out 2 pz out

where we used the consistency condition in eq. (238) that ensures (r,s) = (0,0) is indeed a fixed point.

2
© s)v> ~ O(s) and

Moreover, the leading order term in the expansion of E QY is O(s/ 2), therefore (E o
out

out

(EQm,S)U) ~ 0 (s ) Expanding now eq. (239) to leading order in y gives

r,sK1

Rls) | = By | S (Bg,en) 47 (Be?)? + 0 (192,097)|
= % (EQBMW)Q +7 (Egv?)’ +0 (7”3/2, 53/2) (242)

From this expansion we read the first two entries of the Jacobian,

Or f1l(0,0) = (EngUQ)Z Os fil(0,0) = 2 (EQO U95>2 (243)

out
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Expansion of fy: For fs, we start by expanding with respect to s, allowing us to take the average with
respect to n explicitly,

2 s 4 2 2
hlrs) =, aBe{ (Bgna) + 55 |2 (Bgna) ' =4 (Bggoe) Eqgoa® +2 (Bggoa® ~ p:)’ |}

z

(244)
We can now focus on the leading order expansion around r = 0. Note that
3/2
EQgCto)x = Eqo z+ fﬁ]EQo v+ = (5 — 1)IEQ0 T —}—O( / ) (245)
= f{EQo v+ = (f — Ego zv +O< 3/2) (246)

since

S W d _L
Eag, o= / d”/ Nozr o Pout(v]z)z = / \/% "= 0. (247)
z z

2 4
Therefore the leading order term is of order O(r'/2), and (Equtx> ~ O(s), (Equtx> ~ O(s?). Expanding
now eq. (244) inr < 1,

2

) 2 o8 o () 5 (o) 0 ()
2

= ra (Equuw) + o (Bgp,* = ps) +0 (r/2,5°7) (249

From this expansion we can read the second two entries of the Jacobian,

Or f2l(0,0) = @ (EQQMUJ:)Q 0sf2(0,0) = <EQ0 z? — Pz)2 (250)

out

Expansion of f3: Note that f3 is independent of (7, s), so it can be treated separately. Expanding in ¢ < 1
gives

1 .20 fes 2 2)2 3/2
f3(t) = E¢ 7 (/dx P,(z)e" 2 Vi 57;) ] = (Ep.2°) t+ O(t /2) (251)
where we have used the consistency condition in eq. (230). Therefore
2
Ouf3li—0 = (Ep.2°) (252)
Bringing the overlaps back
In our problem, we have
_ Qu oA _
- Z = qz §=qz (253)

and therefore the partial derivatives have to be re-scaled,

0r = Ady, Oy = 05, 0s = 0y, (254)
And therefore the Jacobian of the problem is
L (IE )2 0 = (E 0 ’UiL')2
A\ P p2 \"Qau
df(0,0,0) = a (EQE}MW>2 0 (EQO N _pz>2 (255)
0 (Ep,2%)? 0



Jacobian for the uv’ model

The main difference in the Wishart model is that the state evolution is given in terms of four variables
(p,r,t,s) = (%”, L. q., q}), with the update functions given by

fo(r) 0¥, (T)
— f (pv 5) . 8 ‘ljout(pa S)
f(pa r,t, 8) - f; (p7 3) - Oégs\llout(pv 8) o
f3(t) e (1)

Note that (f1, fa, f3) are exactly as before, with the only difference that (f1, f2) are now evaluated at p instead
of r. The only new function is fy, which depends only on r. This means that the new column in the Jacobian
is orthogonal to all the other columns, with a single non-zero entry given by 9, fo|,—o. An easy expansion of
fo to first order together with the definitions of (p,r,t, s) yield

0 L(Epu?)® 0 0
2 2
g (]EQO U2) 0 0 . (EQO vx)
df(0,0,0,0) = e, Pz out 5 |- (257)
% (Equtvx> 0 0 % EqutI2 - Pz)
0 0 (Ep,22)° 0

Transition points for specific activations

The transition point A, is defined as the point in which the uninformative point goes from being stable to
unstable. The stability is determined in terms of the eigenvalues of the Jacobian: a fixed point is stable when
the eigenvalues are smaller than one, and is unstable when the leading eigenvalue becomes greater than one.

It is instructive to look at A, in specific cases. We let P, = P, = N(0, 1) together with P,y (v|z) =
0 (v — ¢(x)) and look at different (odd) activation functions (.

Linear activation: Let p(z) = x. In this case the transition is A, = a + 1 in the Wigner model (vvT) and

A. = /B(a+ 1) in the Wishart model (uvT)

Sign activation: Let ¢(z) = sgn(z). In this case the transition is A. = 1+ “5 in the Wigner model (vvT)

and A, = /0 (1 + %a) in the Wishart model (avT).

G Random matrix analysis of the transition

In this section, we describe how we can derive the value A, at which a transition appears in the recovery for a
linear activation function, for both the symmetric vvT and non-symmetric uvT case, purely from a random
matrix theory analysis. This transition is in essence similar to the celebrated Baik-Ben Arous-Péché (BBP)
transition of the largest eigenvalue of a spiked Wishart (or Wigner) matrix [40].

G.1 A reminder on the Stieltjes transform

Let C; = {z € C, Im z > 0}. For any probability measure v on R, and any z € C\supp v, we can define the
Stieltjes transform of v as:

1
X -2

g(2)=E

Note that g, (z) is a one-to-one mapping of C; on itself. The Stieltjes transform has proven to be a very
useful tool from random matrix theory. One of its important features, that we will use to compute the bulk
density (see Fig. (3) of the main material) is the Stieltjes-Perron inversion formula, that we state here (see
Theorem X.6.1 of [48]):
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Theorem G.1 (Stieltjes-Perron). Assume that v has a continuous density on R with respect to the Lebesgue
measure. Then:
dv 1
VreR, — = lim —I j€).
TR =i Imaetio
Informally, one has to think that the knowledge of the Stieltjes transform above the real line uniquely
determines the measure v. The Stieltjes transform is particulaly useful in random matrix theory. Consider a

(random) symmetric matrix M of size n, with real eigenvalues {\; }. Then the empirical spectral measure of
M is defined as:

1 n
n = — Oy . 258
v n; Ai (258)

For some random matrix ensembles, the (random) probability measure v, will converge almost surely and in
the weak sense to a deterministic probability measure v as n — oo. In this case, we will call v the asymptotic
spectral measure of M.

G.2 RMT analysis of the LAMP operator
G.2.1 The symmetric vvT linear case

In this setting, the stationary AMP equations can be reduced on the vector v as:

. 1 1 Twl 1 .
vV = |:kWWT:| [mﬁ + Z? - AIp:| V. (259)

We assume in the following that p,, = 1 to simplify the analysis (in this linear problem, it does not imply
any loss of generality). Here {/,/p is a matrix from the Gaussian Orthogonal Ensemble, i.e. £ is a real
symmetric matrix with entries drawn independently from a Gaussian distribution with zero mean and variance
E & = (1 + di5). We denote:

oo |1 1 1wt 1
Iy = [kWWT] [\/TP‘E + Ay AIP} . (260)

From the state evolution analysis we expect that the eigenvector of I'}" associated to its largest eigenvalue
has a non-zero overlap with v in the large p limit as soon as A < A.(a) = 1 + «. In this section, we show
this fact using only random matrix theory.

Informally, we first demonstrate that the supremum of the support of the asymptotic spectral measure of
I[')? touches 1 exactly for A = A.(a). Then, for A < A.(«), the largest eigenvalue of I')" will converge to 1,
which is separated from the bulk of the asymptotic spectral density. The corresponding eigenvector is also
positively correlated with v. This gives more detail to the mechanisms of the transition. We show first the
following characterization of the asymptotic spectral density of I';":

Theorem G.2. Forany a, A > 0, asp — +00, the spectral measure of T')" converges almost surely and in the
weak sense to a well-defined and compactly supported probability measure p(c, A), and we denote supp p its
support. We separate two cases:

(i) FA <L thensuppp CR_.

(i1) Assume now A > % and denote z1(A) = —A~! + 2A~Y2 > 0. Let pa be the probability measure on R
with density

EHANA

2 1 2
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Note that the supremum of the support of pa is z1(A). The following equation admits a unique solution for

5 € (—z1(A)710):
a / pa(dt) (1 fst)z —1. (262)

We denote this solution as Seqge (v, A) (or simply Sedge ). The supremum of the support of 1(ce, A) is denoted
Amax (@, A) (or simply Apmax ). It is given by:

t
+a/pAdt ifa <1,
. Sedge ( )1 + Sedget f (263)

>\max -
t
max (0,— —i—a/pA(dt)) ifao > 1.

1+ Sedget
Before proving Theorem G.2, we state a very interesting corollary:

Sedge

Corollary G.1. Let o > 0. As a function of A, Ayax (see Theorem G.2) has a unique global maximum, reached
exactly at the point A = A.(a) = 1 + o. Moreover, Apax(a, Ac(ar)) = 1.

We can then state the transition result. Its method of proof is very much inspired by [49] *.
Theorem G.3. Let v, A > 0. Let us denote Ay > A the first and second eigenvalues of I')". Then we have:

e IfA > A.(«), then asp — 00 we have A\i — Apmax and A2 — Amax-
e IfA < A (), then asp — o0 we have A1 — 1 and Ay — Apax.

Moreover, let us denote v an eigenvector of I',” with eigenvalue \1, normalized such that || V|2 = p. Then:
1 ~T 2
—[VV]" = €(A). (264)
p a.s.

The function €(A) satisfies the following properties: €(A) = 0 for all A > A (), e(A) > 0 forall A < A ()
and lima 0 €(A) = 1.

Our method of proof for Theorem G.3 allows us to compute numerically the squared correlation e(A). It is
given, for all A < A («), as

1 [s®(1))”

(8 =3 sty

The S(12) and S®) functions are defined in Lemma G.2, and formulas are also given that allow to compute
them numerically. A non-trivial consistency check is to verify that €(A) coincides with the variable ¢, given
by the mutual information analysis of Theorem 1 of the main material. We show numerically that they indeed
coincide in Fig. 6.

Remark (The nature of the transition). As was already noticed in some previous works (see for instance a
related remark in [49]), the existence of a transition in the largest eigenvalue and the corresponding eigenvector
for a large matrix of the type M + 6P (with P of finite rank and 6 > 0) depends on the decay of the asymptotic
spectral density of M at the right edge of its bulk. For a power-law decay, there can be either no transition, a
transition in the largest eigenvalue and the corresponding eigenvector, or a transition in the largest eigenvalue
but not in the corresponding eigenvector. The situation in our setting is somewhat more involved, as both
the bulk and the spike depend on the parameter A, and they are not independent (they are correlated via the
matrix W). However, this intuition remains true: if we do not show and use it explicitely, the decay of the
density of /1(cr, A) at the right edge is of the type (Amax — A)'/2, which is the hidden feature that is responsible
for a transition both in the largest eigenvalue and the corresponding eigenvector, which is what we show in
Theorem G.2.

“Note that while all the calculations are justified, refinements would be needed in order to be completely rigorous. These refinements
would follow exactly some proofs of [50] and [49], so we will refer to them when necessary.
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— Information theory analysis
-- Random matrix analysis

A

Figure 6: The function €¢(A) computed in the linear case by Theorem 1 of the main material (information
theoretic analysis) and Theorem G.3 (random matrix analysis) (« = 2).

G.2.2 The non-symmetric uv' linear case

The analysis is very similar to the one of the symmetric case of Section G.2.1. The counterpart to the matrix of
eq. (260) is here:

1 WWT 1 yTy
rew=_ 22 31 RP*P, 265
N (1 2, 7 ”) < (265)

Recall that we have here o = 2 and 8 = %. W € RP*F is an i.i.d. standard Gaussian matrix, and the matrix

y € R™*P is constructed as:

y = VAL + 'i;’;. (266)

Here, ¢ € R™*? is also an i.i.d. standard Gaussian matrix, independent of . As it will be useful for stating
the theorem, we recall the Marchenko-Pastur probability measure with ratio 3, denoted pyvp g [51]:

.

2
A (B) = (1 " \/13> , (2672)

A (B) = (1 _ \/15>2’ (267b)

d A At — M
% =(A-po@+ % VR 0) t} | ) Lie(r_(8).0+(8))- (267¢)

We can now state the couterpart to Theorem G.2 in the uvT setting:

Theorem G.4. For any «, 8, A > 0, the spectral measure of ') converges almost surely and in the weak sense
to a well-defined and compactly supported measure (A, v, 3). We denote supp  its support. We introduce a
function z1 and a probability measure pg A as follows:

_ —B+A+2AB
Zl(ﬁv A) = A(l —|—A) )
dpﬁA 1+AdpMp5 1+ A 1+ A
— = ’ t . 268
at 3 a 5 'TTA (268)
Note that z1 (3, A) is the supremum of the support of pg a. Let finally
Bpe(8) = 2. (269)
P 1+2VB

We separate two cases:
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(i) If A < Apos(B), then z1(B,A) <0 andsuppp C R_.

(17) Assume now A > Apos(B). Then z1(8,A) > 0. The following equation admits a unique solution for

ERS (_Z1(67A)7170)"
2
a / ps.a(dt) <1fst> =1L (270)

We denote this solution as sedge(cv, B, A) (or simply Sedge). We denote Amax(cr, 3, A) (or only Amax) the
supremum of the support of (A, v, 3). Then we have:

1

t
+a / ps.a(dt) ———— ifa <1,

Sedge 1+ Sedget

Amax 1 "
max | 0, — —I—a/p Adt) ifa > 1.
< Sedge & ( ) 1+ Sedget f

We can state the corresponding corollary to this theorem:

(271)

Corollary G.2. Let v, 3 > 0. Seen as a function of A, Anax (see Theorem G.2) has a unique global maximum,
attained exactly at the point A (o, ) = /B(1 + «). Moreover,

)\max(av /67 Ac(a7 ﬁ)) =1

We can then describe the complete transition. Proving this transition would follow the same main lines as
the proof of the transition in the vvT case (Theorem G.3), but would be significantly heavier. This is left for
future work, so we state the transition in this setting as a conjecture:

Conjecture G.1. Let v, 3, A > 0. Let us denote \; > A the first and second eigenvalues of I')". Then we have:

o IfA > A, ), then as p — 00 we have \| — Apax and A2 — Amax-
o IfA < A/, 3), then asp — 00 we have Ay — 1 and Ay — Apax-

Let us denote v an eigenvector of I'y" with eigenvalue \1, normalized such that |9]|* = p. Then:
ST () @2)
e LR s VAV

It satisfies (A) = 0 forall A > A(«, 8), e(A) > 0 forall A < A.(a, B) and lima g €(A) = 1.

G.3 Proofs
G.3.1 Proof of Theorem G.2 and Corollary G.1
Proof of Theorem G.2

Proof of Theorem G.2 (ii). We begin by treating the more involved case (i), that is we assume A > 1. Note
first that by basic linear algebra, the spectrum of I')" is, up to 0 eigenvalues, the same as the spectrum of the
following matrix I'}":
1 1 1 wvT 1
MW=_"WT | ——+ —— — —L| W e RF*F, 273
More precisely, if p > k (so o > 1) we have Sp (I',”) = Sp (I'}") U {0}P=F, and conversely if k > p. These
additional zero eigenvalues in the case o > 1 explain the max(0, -) term in the conclusion of Theorem G.2.
For the remainder of the proof we can thus consider I'}” instead of I';" given the remark above. Moreover,
for simplicity we will drop the vv exponent in those matrices, and just denote them I',, I';,. The bulk of I'j, can
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be studied using standard random matrix theory results. Such matrices were first studied by Marchenko and
Pastur in a seminal work [51], which was generalized (and made rigorous) later in [50]. Note finally that by
the celebrated results of Wigner [52], the spectral distribution of the matrix £/\/Ap — I,/ A converges in law
(and almost surely) as p — co to pa, given by eq. (261). We can then use Theorem 1.1 of [50], that we recall
here for our setting:

Theorem G.5 (Silverstein-Bai). Let p, k — oo withp/k — a > 0. Let W € RP** be an i.i.d. Gaussian matrix,
whose elements come from the standard Gaussian distribution N'(0, 1). Let T}, € RP*P be a random symmetric
matrix, independent of W, such that the empirical spectral distribution of T, converges (almost surely) in law to a
measure pr. Then, almost surely, the empirical spectral distribution of By, = %WTTPW converges in law to a
(nonrandom) measure p g, whose Stieltjes transform satisfies, for every z € C_.:

" -1

1+ 19,5 (2) 74

Gup(2) = — [z - a/l/T(dt)
Moreover, for every z € C, there is a unique solution to eq. (274) such that g,,,(2) € C.. This equation thus
characterizes unambiguously the measure j13.

Applying Theorem G.5 to our setting shows that we can define v(a, A) as the limit eigenvalue distribution
of T'x, and we denote g, (z) its Stieltjes transform. From the remarks above, u(a, A) and v(«, A) only differ
by the addition of a delta distribution. For instance, if & > 1:

wla, A) = av(a, A) 4+ (1 — a)dp. (275)

The main quantity of interest to us is Zedge, defined as the supremum of the support of v(cv, A). If zeqge > 0,
then it will also be the supremum of the support of 1i(a, A), and thus equal to Apax. Theorem G.5 shows that
for every z € C4 U (R\suppv), g, () is the only solution in C; U R to the following equation:

1
w@w:—k—a/kuwg+éwa | @76)

The validity of the equation for R\supp v (and not only on C_) follows from the continuity of g,(z) on
C+ U (R\suppv), a generic property of the Stieltjes transform. It is easy to see that g, induces a strictly

increasing diffeomorphism g, : (zedge; +00) — (lim, _+ g,(2),0), so that we can define its inverse gt
edge

and from eq. (276), it satisfies for every s € (lim, 5 9u(2),0):
—“edge

t
1+ st

(277)

0 (s) =~ +a [ pa(dn)

Remark Note that this can be written in terms of the R-transform of v (an useful tool of free probability):

_ t
RV(S) =9, 1(—5) — g = O[/pA(dt)l_St
In order to compute zeqge from eq. (276), we use a result of Section 4 of [50], also stated for instance in
[53], that describes the form of the support of (a, A). It can be stated in the following way. Recall that since
A > % 2 (A) > 0 is the maximum of the support of pa. Let Seqge be the unique solution in (—21(A)~1, 0) of
the equation (g, !)'(s) = 0, that is by eq. (277):

2
a/pA(dt) <1_8:’St> ~1. (278)

Indeed, it is straighforward to show that the left-hand side of eq. (278) tends to 0 as s — 07, tends to +o0 as
s — —z1(A)71, and is a strictly decreasing and continuous function of s. Then (see for instance eq. (2.13) and
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eq. (2.14) of [55]) zedge is given by

Zedge = IHE g;l(s)’
5= 4g0
1 t
= — + oz/pA(dt). (279)
Sedge 1+ Sedget
This ends the proof of (ii). n

Let us make a final remark that will be useful in our future analysis. Note that z;(A) > 1 forall A > 1.
Moreover, for all A > 1, we have by an explicit computation:

Oé/PA(dt) (175—t>2: Acil-

By the argument above, this yields the following result, that we state as a lemma:

Lemma G.1. Assume A > 1. Then:
(i) IfA < Ac(a), then seqge > —1.
(i1) IfA = Ac(w), then Seqge = —1.

(1ii) IfA > Ac(), then seqge < —1.

Proof of Theorem G.2, (i). Assume now A < i. Then the support of p is a subset of R_. Since 0 € R_, we
can use again the remark we made in the proof of (ii) to study Iy, instead of I',,. Moreover, Theorem G.5 still
applies here so that we have the Silverstein equation (277) for every s € C:

1 t
-1

=4 dt)——.
9, (s) s Oé/PA( )1 st

By the Stieltjes-Perron inversion Theorem G.1, it is enough to check that for every z > 0, there exists a unique
s < 0 such that g, !(s) = z. Indeed, this will yield s = g,(z) € R. In particular, lim,_,o+ Im g, (z + i€) = 0
for every z > 0, which will imply supp(v) C R_ and thus supp(u) C R_.
Therefore, let z > 0. From eq. (277) and the fact that supp(pa) C R_, we easily obtain:
. -1 o
SEI—noo v (S) =0,
lim g, '(s) = +oc.
s—0~

Moreover, g, !(s) is a strictly increasing continuous function of s, so that the existence and unicity of s =
gv(2) < 0 is immediate, which ends the proof. |

Proof of Corollary G.1
Proof. Let us make a few remarks:

« By Theorem G.2, we know that if A < %, then A\pax < 0.
« It is trivial by the form of I, that, as A — 400, Amax — 0.

1 ¢ .
Let Zedge = — ot +a [ pa(dt) Tsend” Then we know that Apax = Zedge if @ < 1and Apax = max(0, zedge)
if o« > 1. In particular, by the remark above, zeqge < 0 for A = % and zedqge — 07 as A — oo. It is easy to see
that zc4ge is a continuous and differentiable function of A, so that if we show the two following facts for any

1,
AL

d
ffgge —0sA=A)=14+a, (280)
Zedge(Ac(a)) =1, (281)
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this would end the proof as zeqg. Would necessarily have a unique global maximum, located in A = A.(«), in
which we have A .x = 1. We thus prove eq. (280) and eq. (281) in the following.
Proof of eq. (280) By the chain rule:

dzedge aZedge aSedge aZedge

dA ~ oA A Dsedge’
. aZedge
T OA

using the very definition of Scqge, €q. (278), as Zedge = G, 1(sedge). Given the explicit form of pa, one can
compute easily:

aZedge Sedge T QSgdge - A+ \/Sgdge - QSnge(l + 2Sedge)A + A?
—= = —« .
oA 2SZ’dge \/Sgdge - 23edge(1 + 2Sedge)A + A2
It is then simple analysis to see that since seqge < 0, 8?2“ = 0 is equivalent to seqge = —1 and A > 1. Recall

that seqge is originally defined as a solution to eq. (278):

2
Sedget
dt) { ————— | =1.
a/pA( ) (1 +sedget>

Inserting seqge = —1 into this equation and using the explicit form of pa given by eq. (261), and using moreover
that A > 1, this reduces to:

which is equivalent to A = A (o) = 1+ «.
Proof of eq. (281) By Lemma G.1, we know that for A = A.(a) we have s¢q5c = —1. Given eq. (261),
it is then straightforward to compute:

t
Zedge(Ac(a)) =-1+ a/pAc(a) (dt)ﬁv

= 1.

G.3.2 Proof of Theorem G.3

Transition of the largest eigenvalue This part is a detailed outline of the proof. Some parts of the
calculation are not fully rigorous, however they can be justified more precisely by following exactly the lines
of [49] and [54]. We will emphasize when such refinements have to be made. Recall that we have by eq. (260)
the following decomposition of I')” (that we denote I, for simplicity):

1 1 1 1 WWTvvT
N (282)
F}(yo) rank 1 perturbation

Theorem G.2 and Corollary. G.1, along with their respective proofs, already describe in great detail the limit
(0) (0)

eigenvalue distribution of I', . We first note that for any A € R that is not an eigenvalue of I',” one can write:

-1 1 T T
R (AR )
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In particular, this implies immediately that ) is an eigenvalue of I',, and not an eigenvalue of Féo) if and only if

1 WWT yvT
k

—1
1 is an eigenvalue of ( AL, — I‘;O)) 1 5~ Since this is a rank-one matrix, its only non-zero eigenvalue

is equal to its trace, so it is equivalent to:

-1 1 WWTwyvyT
1="Tr [(Mp - rg))) < p] . (283)

Recall that by definition, v is constructed as v = Wz/ V'k, with z a standard Gaussian i.i.d. vector in R¥,
independent of W. For any matrix A, we have the classical concentration %ZT Az = %TrA with high probability
as k — o0. In eq. (283), this yields at leading order as p — oc:

3 2
(/\Ip _ rg))) ! <WZVT) ] , (284)

We will prefer to use k x k matrices. We use the simple linear algebra identity, for any p X p symmetric matrix

A, and any integer ¢ > 1:
-1 T q
(et ()]

1
A=-Tr
p

Tr =Tr

T\ ! T\ ¢
(u-5) ()

This can be derived for instance by expanding both sides in powers of A~! and using the cyclicity of the trace.
(0)

Finally, we can state that the eigenvalues of I',, that are outside of the spectrum of I’ must satisfy, as k — oo:

1 o\ 1 [ WTW 2
ol = Tr [(Mk — 1l ) <k> ] : (285)

with

o_1lo. (1 1
T kw{mg <L| W

We will now make use of two important lemmas, at the core of our analysis. They will also prove to be
useful in the eigenvector correlation analysis.

Lemma G.2. Recall that v is the limit eigenvalue distribution ofI‘,(io), that the supremum of its support is Amax,
and its Stieltjes transform is g,,. For every integer r > 0, we define:

S 1 LW
S0 = T [(r,(j’)—nk) ( - >]

Forr € {0,1,2,3}° and every A\ > Apax, as k — 0o S,(f)()\) converges almost surely to a well defined limit
S (N). This limit is given by:

SOWN) =g,
SWA) =g\ fa = (1+ Ag(M)],
SOM) =g, [a(l+ @) = (1+2a)(1+ Mg (V) + (1 4+ Agu (V)] (286)
SO = g,(\) [(a+3a2 +a®) — (1+ 50+ 302)(1+ Agy(\)
+(2+ 3a)(1+ Agy (V)2 — (1 + Agy (V)] -

We define similarly for every integerr,q > 0:

, 1 —L W LW\
SUU0) = T [(r}f’-xl,f) ( - ) (r? = ) < - )}

°The almost sure convergence could probably be extended to all r € N* but we will only use these values of r in the following.

53



Note that SIST’Q) = S,(gq’T) and that S,gT’O)(A) = GZS’IST)()\). For every A > Amax; S,(Cl’l)(/\) and S,(gl’Q)()\) converge
almost surely (as k — o0) to well-defined limits, that satisfy the following equations:

STV = gy (NSPN) = [1+ gy (V)] 1S ()

ran () [0+ SO [ A [t 28I — )]

SI2D(A) = 6, (NSP(A) = [1+ Agy(A {s (14 a)aSD )}
)

P 0,50(8) - ()]

+ag,(V) [(1+)g,(N) + SO Q) + S ()] / (1+tg, (V)

Lemma G.3. Let a, A > 0. We focus mainly on S©)()\). We have:
(i) Foreveryr, S (X) is a strictly increasing function of \, and lim_,, S (X) = 0.
(i3) For every A > Amax, S (\) = —aA ifand only if A < A (a) and X = 1.
(iii) For every A > A(a), limy_,y,.. SP(N) € (—aA,0) (it is well defined by monotonicity of S ())).

Let us see how item (7i) of Lemma G.3 and eq. (285) end the proof of the eigenvalue transition. First, note
that by the celebrated Weyl’s interlacing inequalities [55], we have:

liminf A1 > Amax,
p—0o0

limsup A9 < Apax-

p—00

This implies that because the perturbation of the matrix is of rank one, at most one outlier eigenvalue will
exist in the limit p — oco. By eq. (285), this outlier \; exists if and only if it satisfies, in the large p — oo limit,
the equation S (\;) = —aA. By item (i) of Lemma G.3, this is the case only for \; = 1 and A < A.(a),
which ends the proof. A completely rigorous treatement of these arguments requires to state more precisely
concentration results. Such a treatment has been made in [49] in a very close case (from which all the arguments
transpose), and we refer to it for more details. We finally describe the proofs of the lemmas in the following.

Proof of Lemma. G.2. The essence of the computation originates from the derivation of Theorem G.5 in [50].

Note that S,io)()\) converges a.s. to the Stieljtes transform g, (\) as & — oo by Theorem G.5. For every
1 <1 < p, w; denotes the i-th row of W. We denote y = ﬁf — %Ip. Since W is independent of y, we can

denote y1, - - - , y, the eigenvalues of y, and their empirical distribution converges a.s. to pa as we know. We
have in distribution:

P
o _1 4N
I —kWTyW—p;ylwlw

For every i, we denote:

== —Zy]wj

#4)

Note that I‘,(cog is independent of w;. We start from the (trivial) decomposition, for every A:

= () )
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We will make use of the Sherman-Morrison formula that gives the inverse of a matrix perturbed by a rank-one
change:

1
-1l _ p-1_ -1, Tp-1
(B+71ww')” =B T TwTB—le ww'B™7, (288)
1
T 1 _ T -1
wl (B + twwT)™ =TT " B~ (289)
Using it in eq. (287) yields:
L_(r® “_aly w; ©0) -
== (10— )\Ik) ~ 22Ny, w! (r,” — )\Ik> . (290)
A e L el () = M)ty -
Taking the trace of eq. (290), using the independence of w; and F,(COZ? , and the concentration %wZT Aw; = ]lfTrA
with high probability for large k, we obtain the following equation:
1 o t
—C =g () — g dt)——— . 291
§ e =aW] @) 291)

This is exactly the identity in Theorem G.5 ! In the following, we will use very similar identities. A completely
rigorous derivation of these would, however, require many technicalities to ensure in particular the concentra-
tion of all the involved quantities. It would exactly follow the proof of [50], and thus we do not repeat all the

technicalities here. We can multiply eq. (290) by WTW , and take the trace:
(© - w,
11 [WWT} S Z \f ( )\Ik) (% D (i) Wiw] + %wiwg) NG
" = .
Ak k 1+ Y] (D)) — ALy) "

In the large p, k limit, this implies that S ]il) (\) converges to a well-defined limit S (), and this limit satisfies:

_X =S5O - " [/ pa(dt )H—ttg,,()\)] (gu()‘) + 5(1)()\))

Using finally eq. (291), it is equivalent to:

SW) = g\ [ — (14 g (V)]

)2 or (W,;W)3 yields, by the same analysis:

SAN) = g,(N) [a(l +a) = (1+2a)(1+ Ag,(N) + (1 + Agu(V)?] ,
g (A) [(a +30% 4 03) — (14 5a+3a) (1 + Mg, (V)
+(243a)(1+ g, (V)* = (14 Agu(V)?] .

The convergence of S ,(gl’l)()\) and Slil’Q)(A) follows from the same analysis, as well as the equations they
satisfy. We detail the derivation of the equation on S(-1) (\) and leave the derivation of the second equation
for the reader. We multiply eq. (290) WTW . To simplify the calculations, we make use of concentrations,
and denote F; = W,:;W — %wzw which is 1ndependent of w;. We obtain at leading order as p — oo:

WTW ) “1WTW  al Y; © ~1
- = ('Y — I — 2N B T (T - F,
[3) ( 'f ’“) k. Ap z; T+ g () ( i k)
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We multiply this equation by (I‘g)) — M)~ ! and we use Sherman-Morrison formula eq. (288):

0 -1 1 0 -1 yiwiw] 0 -1
(r? =aw) = (T —am) = (1) —an) o pir oY (r = ane)
Using again the concentration of %wTAw on %Tr[A], this yields the cumbersome expression:
WIW (1) ' (ro FWITW ) -
o ( _ I ) - (rk )\Ik> - ( )\Ik> (202)
_oal f: Vit (r@ - )\Ik> R (F(O? - )\Ik)_l
Y P P 1+ yzgy(/\) L ki g ki

6,\5(1)()\) (6% P y-2 T (0) -1
22 MUVIENT S ] (T — AT
A e D D ek (i - n)

al g Yigu () 1 (1(0) -1
Ap; T+ gige(N))2 (it - o)

We finally multiply this equation by W;W and take its trace. Using again the concentrations, we reach:

5(2)()\) gt a
R A (A ~ 3 Z:

N [ (1)) +8AS(1)(>\)]

+yzgu )
M) a
aAS Z 1+yzgu (\)? {g”(AHS(l)(”\)}

z:l

calge wig(N) )
AP ; (1 + yige (V)2 9,00 + 5D ()]

We now take the limit p — oo in the sum over 7 and use Theorem G.5 in the form:

« 1

t
A/ ATy T T Ay

Inserting this into eq. (292) along with some trivial algebra yields:

SEU) = gy (NSP(A) = [1+ Mgy (V)] 15D (A

)
Fan) a0+ SOW] [ TR [10,500) -0 0)]

which is what we aimed to show. Performing the same analysis for S(1:?)()) ends the proof. |

Proof of Lemma G.3. Point (i) is trivial by definition of S,(;) (A) and the almost sure convergence proven in
Lemma G.2. We turn to points (iz) and (7i7). Let us denote the following function:

T®(s) = s [a(l +a)— (1+2a) (1+sg;(s)) + (1 + sg,jl(s))ﬂ .

By Lemma G.2, we have T?)(s) = S@) (g, (s)) so T®)(s) < 0 for s € (Sedge, 0) by negativity of S@ (1)) (as
the trace of a negative matrix). Therefore, point (i7) is equivalent to:

Vs € (Sedges 0), T (s) = —aA & s =g,(1) and A < A (e), (293)
while point (i7i) means that for every A > A.(«),

Vs € (Sedge; 0), TP (s) > —aA. (294)
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The condition s > scqgc arises naturally as the counterpart of 2 > Ay ax. Recall that by Corollary G.1, we have
Amax < 1 forall A. As g, () is here completely explicit by eq. (277), and recalling the form of pa in eq. (261),
it is easy to show by an explicit computation the following identity:

s — A —2sA+ /52 —25(1 + 5)A + A2

Vs# —1, TO(s) = —aA+ag, (s) - 1]

2(1+s) ’
—aA(1+ ad) if A <1.
It is then easy to see that the only possible solution to T'(s) = —a/A with s € (Sedge,0) is s = g, (1), if

gv(1) # —1. However, by Lemma G.1, for any A > A.(«) we have scgge < —1. Moreover, in this case, one
computes very easily (all expressions are explicit) g, ! (—1) = 1. Given the identity above, there is therefore no
solution to () (s) = —aA in (Sedge, 0). By continuity of T?)(s), and since lims_,0 7 (s) = 0, this implies
T®@)(s) > —aA for s € (Sedge, 0), which proves point (7).

Assume now A < A.(a). Note that the case A = A.(«) is easy, as Sedqge = —1 is the unique solution to
T®?(s) = —a(1+a). For A < A.(a), by Lemma G.1 we obtain —1 < Seqge. In particular, g, (1) > Sedge > —1,
and we thus have that s = g, (1) is a solution (and the only one) to T?)(s) = —aA by the identity shown
above. This shows (i7) and ends the proof of Lemma G.3. [ |

Correlation of the leading eigenvector We now turn to the study of the leading eigenvector. Let v be an
eigenvector associated with the largest eigenvalue A;, normalized such that ||¥]|* = p. Then we have:

1 WWTvlv
— —V.

Ak p (295)

(ML, —T)v =

By normalization of v, we obtain:

(1, - FI(P))*1 Wy

o (g, = (00)7) (1) ey

V= p

and therefore:

Lo 1 [VT (utp-1)™ WZVTVF
P‘V vl :]; WwT NS O\t wwr (29)
v (L, (187)7) (L - T) By

Using v = W7 and the concentration of %ZTAZ on %Tr A, we reach that as p, k — 0o, we have:

VR
1 O\ ' (wwry2 ?
L I (g - 1) ()
— [vTv]" ~

P LTy {(Allp — () (g, ) (WZVT)S} |

The numerator is equal to [a~1S ,(f) (A1), using the S() functions that we introduced in Lemma G.2. Let

(297)

us compute the denominator. Recall that we can write FZ(,O) = WWTM/k, with a symmetric matrix M that is
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independent of I¥. For any z large enough, we can expand:
3
~(rOY 7 (o, @) (T
o { (e (1)) () ()
[elNe ] T\ @ T b T 3
Sy ey {(MWZV ) (WZV M)) <WZV > }

a=0 b=0
oo a b 2

(a) b WIMWN\® WTW (WTMW\? /WTW
= ZZz Tr {( B A B A )

a=0 b=0

-1 WTW ~1 /WTW \ 2

(N G
= kS (2),

where in (a) we used the cyclicity of the trace. Given Corollary G.1, we know liminf, o A1 > Amax, so we
can use the above calculation to write:

€(A) = lim lim 1 [51(42)()\)}2

Ao k—oo Qv Slgl,Q)(A) . (298)

As in the eigenvalue transition proof, to make this fully rigorous one would need to use more precisely the
concentration results, and follow exactly the lines of [49]. We now use the transition of the leading eigenvalue
(Corollary G.1), that gives us the value of A;.

« For A < A.(a), we know that \; converges almost surely to 1. Consequently, we have in this case:

1 [S®(1)]
o §12) (1)

2

e(A) =

By Lemma G.3, we know that () (1) = —aA. Moreover, by Corollary G.1 Apjax < 1. This implies that
S(12)(1) € (0,400). Indeed, 1 is out of the bulk of v(a, A), so0 g, (1) € (—o0,0) and by the relations
shown in Lemma G.2, all the transforms S(") (1) and S~ (1) will be finite. Note that S(1:2)(1) > 0 by
positivity of the matrices involved. This implies that for every A < A.(«), e(A) > 0.

« For A = A.(a), we have Apax = 1 and limy_,; S@(\) = —aA as we have shown. For every 7, ¢,
let us define the functions 7") and 79 by S (\) = T()[g,(\)] and ST9(\) = T("9[g,(\)]. By

Lemma G.2 and the chain rule, we have:

Vs € (Sedges 0), (299)
(1.2)(g) — sTB) (g) — sa~ (s 1) (4 o 8ST(1)(5)
T02(s) =sTO) = [+ 59, (9] | V() + (L4 @) oy 5
s s+ T @) (4 pa(d)t | 9, TW(s) .
tos|ra)s+THE +T ()}/(1“5)2 "o (s) '

Recall that g, ! (s) is explicit by eq. (277) and Sedge = limy— .. gv()). It moreover satisfies (cf The-
orem G.2) 059, (Sedge) = 0. For A = A, (), by Lemma G.1 we have g, (1) = —1 = Seqge. It is then only
trivial algebra to verify from eq. (299) and the remaining relations of Lemma G.2 that 7(12) (—1) = 400,
which implies ¢(A.(a)) = 0.

« We investigate here the A — 0 limit. In this limit, we know from eq. (298) and the analysis in the case
A < A.(a) above that

. . al?
fim e(A) = Am Sim 0y
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It is again heavy but straightforward algebra to verify from eq. (299) and the remaining relations of
Lemma G.2 that as A — 0 and for any s € (Sedge, 0):

T2 (s) = aA? + O(AY).
This yields lima 0 €(A) = 1.

Finally, we consider A > A.(«). By eq. (298) and item (4i7) of Lemma G.3, to obtain €(A) = 0 we only
need to prove that limy_,y_.S™?)(\) = +o0. Equivalently, we must show limg s q,. TU2)(s5) = +00.
Recall that 95g,, ! (Scage) = 0 and that since seqge is finite, all () (Sedge) for r =0, 1,2, 3 are finite as
well by Lemma G.2. It thus only remains to check that lims_,s,,. T(12) (5)d, g, *(s) > 0. This would
imply that limg__, 7(1:2) (s) = +o00. We put this statement as a lemma, actually stronger than what

we need:

Lemma G.4. For every o > 0 and A > 1, we have

lim inf 702 (5)d,95 1 (s) > 0.

S—)Sedge

We prove this for every A > 1, while only the case A > 1 + « is needed in our analysis. As already
argued, this lemma ends the proof.

Proof of Lemma G.4. The idea is to lower bound S(12)(\) by g, (\), for every A > Apax. We separate
three cases:

— First, assume o > 1. Then WTW/k is full rank. In particular, by the classical results of [51],
its lowest eigenvalue, denoted (i, converges almost surely to (1 — a~1/2)2 the left edge of
the Marchenko-Pastur distribution. Moreover, for any two symmetric positive square matrices
A and B, we know that Tr [AB] > 0. Indeed, there exists a positive square root of A, and
Tr [AB] = Tr[AY2BA'/?] > 0. This implies immediately that if ag is the smallest eigenvalue of
A, then Tr [AB] > aoTr [B], as A — aol is positive. We can use this to write, for any A > Apax:

(r - )\Ik)_l <WTkW> (ri - )\Ik>_l <W;W>2] :
> G Tr [(F,io) L) (WTkW> (r - Mk)l] ,

> Cim%Tr [(Fﬁf’) - Alk)z] .

S0 = T

Taking the limit £k — oo in this last inequality, we obtain:
6
SED0) > (1-a12) g, (V). (300)

Taking the limit A — Apax (or equivalently s — Scqqe) yields

6
lim inf 712 ()0, (s) > (1 — ofl/2) > 0. (301)

S—)Sedge

- Now assume o < 1. We do the same reasoning, as WWT/k is now full rank, and it smallest
eigenvalue, also denoted iy, converges a.s. as k — oo to (1 — /a)2. We know (see the beginning

of the current proof of the eigenvector correlation) that we can rewrite S 1(61’2) (M) as the trace of a
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p X p matrix:

S0 = L1y

<<rsf>f ) () (Y],

k
> cimrTr [ Toa) (- Mk)l] ,
> Cmmk [ — Al 1 ,

in which the last inequality comes from Tr [AAT] > Tr[A?] for any positive square matrix A.
Once again, taking the limit £k — oo, and then the limit A — Apax, this yields

6
liminf 712 ()0, 1 (s) > (1 - a1/2> > 0. (302)
S5—Sedge

— Finally, we treat the @ = 1 case. In this case, we can not use easy bounds as in the two previous cases
as the support of the Marchenko-Pastur distribution touches 0. However, recall that everything is
explicit here : pa is given by eq. (261), g, 1(s) is given by eq. (277) and Lemma G.2 gives all the
T and T in terms of g, ! and pa. We can moreover use what we proved in Theorem G.2:

2

1
85 ot edge) — T — dt =0
o {sedee) = 5 O‘/”A( T+ tseae?

This can be used to simplify the term 9,7 (s) and the term [ pa (dt) (1+t )
straightforward algebra yields from these relations that the following limit is finite, and is given by:

~—-—=z. Some heavy but

lim T(1’2) (8) 859;1(5) = h(scdgc)v

S—>Sed ge
with

. h1($)2 X hg(S)
h(S) - 486 )
hi(s) = —A + /A2 + 52 —2A(2s + 1)s + s,

ha(s) = 3A — 3/A2 + 52 —2A(2s + 1)s + s(4s — 3),

It is then very simple algebra (solving quadratic equations and using A > 1) to see that there is
no real negative solution to i(s) = 0, and that h(s) > 0 for all s € (—o0,0). This implies that
h(Sedge) > 0, which ends the proof.

All together, this ends the proof of Theorem G.3.

G.3.3 Proof of Theorem G.4 and Corollary G.2
Proof of Theorem G.4

Proof. The proof is very similar to the proof of Theorem G.2, and we will only point out the main differences.
The proof of (i) is exactly the same as the proof of the point (i) of Theorem G.2, once one notices that for
A < Apos(B), the support of pg A is a subset of R_. We thus turn to the proof of (ii). Again, the spectrum of
I')Y, given by eq. (265) is, up to 0 eigenvalues, the same as the spectrum of I';", defined as follows:

11 1
Iy =_——WwT I, ) W e R,
i - (1 A, P ) € (303)

60



We drop for simplicity the uv exponents in these matrices. Once again, we can apply the Silverstein equation
of Theorem G.5 and the same arguments that we used in the proof of Theorem G.2 completely transpose here.
One notices that, by the classical Marchenko-Pastur results [51], the spectral distribution of yTy/(pA(1 +
A)) — (8/A) 1, converges almost surely and in law to pg a, before repeating the exact arguments of the proof
of Theorem G.2. This ends the proof of Thm. G.4. |

Proof of Corollary G.2
Proof. Let o, 5 > 0. We note:

« By Theorem G.4, we know that if A = Aos(/5), then Ayax < 0.

« Itis trivial by the form of I'), see eq. (265), that as A — 400, Apax — 0.

1
Sedge

max(0, Zeqge) if @ > 1. In particular, by the remark above, zeqge < 0 for A < A5(8) and zeqge — 07

as A — 00. It is easy to see that z¢qg. is a continuous and derivable function of A, so that if we show the two

following facts for any A > Apos(5):

Let Zedge = + afp@A(dt)#dget. Then we know that Apax = Zedge if @ < 1 and Apax =

% =0 A=A(a,8) =B+ ) (304)
Zedge(Ac(a>ﬁ)) =1, (305)

this would end the proof as zeqgs. Would necessarily have a unique local maximum, located in A.(a, ), in
which we have Ajax = 1. We thus prove eq. (304) and eq. (305) in the following.

Proof of eq. (304): By the chain rule,

dzedge aZedge aSedge aZedge

dA ~ 9A A Dsedge’
o aZedge
T OA

by the very definition of scgge, ¢.f. Theorem G.4, since zeqge = g, 1 (Sedge)- Given the explicit form of pg a, cf.
eq. (268), one can compute zeqge as a function of seqge. Its expression is cumbersome, but nevertheless explicit
(we write s instead of seqge to avoid too heavy expressions):

 —aAA+ 1)+ ay/A2(A+1)2 + 5% (B2 — 2BA2A + 1) + A?) —2A(A +1)s(B — A)
Fedge = 2s2(fs — A)
2(a — 1)Bs? + as(B — A) + 2As
2s2(Bs — A) '

+

From this expression, it is simple analysis to verify that the only seqge € (—21(8, A)7,0) that satisfies
% = 01is Seqge = —1, and only if A > V/B. Recall that Sedge is defined as the solution to:

2
Sedeel

Oé/ﬂﬁ,A(dt) (1_:ngt> =1
edge

Inserting Sedqge = —1 into this equation and using the explicit form of pg A of eq. (268) and that A > +/J3, this
reduces to:

of
AZ—3

which is equivalent to A = A (o, 8) = /S(1 + «).
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Proof of eq. (305): Given the computation above, we know that for A = A.(«a, §) we have scgge = —1.
Given eq. (268), it is straightforward to compute:

t

=1.

Zedge(Ac(av /8))

G.4 A note on non-linear activation functions

We consider here a non-linear activation function, in the spiked Wigner model or the spiked Wishart model.
In these models, the spectral method with a non-linear activation function consists in taking the largest
eigenvalue and the corresponding eigenvector of the matrix I'; (for the spiked Wigner model) or I')” (for the
spiked Wishart model). These matrices are given by:

1 WwT 1,17 WT Y
[ — A Pk " ~ _al
» 2<(a D)L +b— Jr(:k\/E>><<\/]3 aM>,

w1 WWT 1,1 WT 1 YTy
re :A<(a—b)1p+b R Ik ——— —dpl,

a—+ a4 p
In these equations, a, b, c are coeflicients that depend on the non-linearity. In the linear case, ¢ = 0 and
a = b = 1. Let us now assume for instance a non-linearity such that a,b # 0 and ¢ = 0. Both I')" and I'}
can be represented as

r,— [(a )L, + bwkvq M, (306)

in which M is a symmetric (non necessarily positive or negative) matrix, independent of W. In order to
perform the same analysis we made in the case of a linear activation function, we need in particular to be
able to characterize the bulk of such matrices. Although this might be doable with more refined techniques,
this does not seem to come as a direct consequence of the analysis of Silverstein and Bai [51, 54]. Indeed, one
cannot write that the eigenvalues of I';, are identical, up to 0 eigenvalues, to the ones of a matrix of the type

1
SWTMW,

which are the types of matrices covered by the analysis of Bai and Silverstein. Moreover, it is not immediate
to use results of free probability [5¢] in this context. Indeed, I',, in eq. (306) is the product of two matrices
that are asymptotically free, but M is not positive, which prevents a priori the use of the classical results on
the S-transform of a product of two asymptotically free matrices. Writing I';, as the sum of (a — b) M and
b(WWT)M /k does not yield any obvious results either, as these two matrices are not asymptotically free. For
this reason, and although there might exist techniques to study the bulk of the matrix of eq. (306) and the
transition in its largest eigenvalue, this is left for future work.

H Phase diagrams of the Wishart model

Despite we illustrated the main part mostly with the Wigner model, in this section we present phase diagrams
for the Wishart model. We show in particular a heat map of MMSE,, as a function of the noise to signal
ratio A/p? for linear, sign and relu activation functions in Fig. 7. The white dashed line marks the critical
threshold A, given in the Wishart model by eq. (F.2), while the the dotted line shows the critical threshold
of reconstruction for PCA. Besides we show also the mean squared error as a function of the noise variance
for larger values of « in Fig. 8. The MMSE,, has been obtained solving the state evolution equations eq. (165),
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that show as well an unique stable fixed point for the large range of values that we studied, initializing with
either informative or random conditions. Finally we illustrate the LAMP algorithm for the linear activation
in the Wishart model with o = 8 = 1, and compare it to classical PCA and AMP algorithms. We show the
comparison in Fig. 9 and we added their corresponding state evolutions.
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Figure 7: Spiked Wishart model: MMSE, on the spike as a function of noise to signal ratio A/p?, and
generative prior (4) with compression ratio « for linear (left), sign (center), and relu (right) activations at 5 = 1.
Dashed white lines mark the phase transitions A, matched by both the AMP and LAMP algorithms. Dotted
white line marks the phase transition of canonical PCA.
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Figure 8: Spiked Wishart model: MMSE, as a function of noise A for a wide range of compression ratios
a =0,1,10,100, 1000, for linear (left), sign (center), and relu (right) activations, at § = 1.
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Figure 9: Spiked Wishart model: Comparison between PCA, LAMP and AMP for the linear activation at 5 = 1
and compression ratio & = 1. Lines correspond to the theoretical asymptotic performance of PCA (red line),
LAMP (green line) and AMP (blue line). Dots correspond to simulations of PCA (red squares), LAMP (green
crosses) and AMP (blue points) for k = 104, 02 = 1.
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