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Abstract
Given a sequence of d × d symmetric matrices {Wi}n

i=1, and a margin ∆ > 0, we in-
vestigate whether it is possible to find signs (ε1, . . . , εn) ∈ {±1}n such that the operator
norm of the signed sum satisfies ∥

∑n
i=1 εiWi∥op ≤ ∆. Kunisky and Zhang (2023) recently

introduced a random version of this problem, where the matrices {Wi}n
i=1 are drawn from

the Gaussian orthogonal ensemble. This model can be seen as a random variant of the cel-
ebrated Matrix Spencer conjecture, and as a matrix-valued analog of the symmetric binary
perceptron in statistical physics. In this work, we establish a satisfiability transition in this
problem as n, d → ∞ with n/d2 → τ > 0. Our contributions are twofold. First, we prove
that the expected number of solutions with margin ∆ = κ

√
n has a sharp threshold at a

critical τ1(κ): for τ < τ1(κ) the problem is typically unsatisfiable, while for τ > τ1(κ) the av-
erage number of solutions becomes exponentially large. Second, combining a second-moment
method with recent results from Altschuler (2023) on margin concentration in perceptron-
type problems, we identify a second threshold τ2(κ), such that for τ > τ2(κ) the problem
admits solutions with high probability. In particular, we establish for the first time that a
system of n = Θ(d2) Gaussian random matrices can be balanced so that the spectrum of
the resulting matrix macroscopically shrinks compared to the typical semicircle law. Our
proofs rely on deriving concentration inequalities and large deviation properties for the law
of correlated Gaussian matrices under spectral norm constraints, extending results in the
literature and offering insights of independent interest.
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1 Introduction and main results
1.1 Setting and related literature

We start by introducing in Sections 1.1.1 and 1.1.2 two sets of independent definitions and
models, both being important motivations behind the problem we study, which is discussed in
Section 1.1.3.

1.1.1 Discrepancy theory

Computing the discrepancy (i.e. the best possible balancing) of a collection of sets or vectors
is a classical question in mathematics and theoretical computer science. It has wide-ranging
applications in combinatorics, computational geometry, experimental design, and the theory of
approximation algorithms, to name a few. The reader will find in Spencer (1994), Matousek
(2009), and Chen, Srivastav, and Travaglini (2014) a detailed account of the history and appli-
cations of discrepancy theory. Arguably one of the most celebrated results in this area is the
following theorem, known as Spencer’s “six deviations suffice” (Spencer, 1985).

Theorem 1.1 (Spencer (1985)). There exists C > 0 such that for all n, d ≥ 1, and all
u1, · · · , un ∈ Rd with ∥ui∥∞ ≤ 1 for all i ∈ [n]:

disc(u1, · · · , un) := min
ε∈{±1}n

∥∥∥∥∥
n∑
i=1

εiui

∥∥∥∥∥
∞

≤ C

√
n max

(
1, log d

n

)
.

Interestingly, Spencer’s theorem shows that one can drastically improve over a naive pick of
random signings ε1, · · · , εn

i.i.d.∼ Unif({±1}). Indeed, it is not hard to show that (in the worst case
over (ui)ni=1), such random signings achieve ∥

∑n
i=1 εiui∥∞ = Θ(

√
n log d), with high probability

as n, d → ∞. Spencer’s theorem implies the existence of a signing ε ∈ {±1}n, which depends
on the value of the ui’s, and whose discrepancy improves over the one of random signs by a
logarithmic factor. While the original proof of Spencer (1985) is not constructive, there has been
recently a great number of results regarding efficient algorithmic constructions of these signings.
We will discuss this point further in Section 1.3.

Matrix discrepancy – In the present work we consider the problem of matrix discrepancy.
Given a set of n symmetric d × d matrices A1, · · · , An, we aim to characterize the following
discrepancy objective (∥ · ∥op is the spectral, or operator, norm):

disc(A1, · · · , An) := min
ε∈{±1}n

∥∥∥∥∥
n∑
i=1

εiAi

∥∥∥∥∥
op

. (1)

As already mentioned, a foundational question in discrepancy is whether the objective can be
made significantly smaller than the result given by a random choice of the signings εi

i.i.d.∼
Unif({±1}). As such, matrix discrepancy is intimately connected to the study of large random
matrices (Bandeira, Boedihardjo, and Handel, 2023). Since many problems related to the spectra
of large matrices can be viewed as questions on matrix discrepancy, it has also been shown
to have implications in the theory of quantum random access codes (Hopkins, Raghavendra,
and Shetty, 2022; Bansal, Jiang, and Meka, 2023), in generalizations of the Kadison-Singer
problem (Marcus, Spielman, and Srivastava, 2015; Kyng, Luh, and Song, 2020), as well as
graph sparsification (Batson, Spielman, and Srivastava, 2014) to name a few.

The celebrated “Matrix Spencer” conjecture (Zouzias, 2012; Meka, 2014) is likely the most
important open problem in matrix discrepancy. It asserts that Spencer’s Theorem 1.1 can be
generalized to the matrix setting, as follows.
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Conjecture 1.2 (Matrix Spencer (Zouzias, 2012; Meka, 2014)). There exists C > 0 such that
for all n, d ≥ 1, and all A1, · · · , An symmetric d × d matrices with ∥Ai∥op ≤ 1 for all i ∈ [n]:

disc(A1, · · · , An) ≤ C

√
n max

(
1, log d

n

)
.

We stress that Spencer’s theorem can be seen as the special case of Conjecture 1.2 in which all Ai

commute with each other (and are thus diagonalizable in the same basis). Moreover, a weaker
form of Conjecture 1.2, with a bound O(

√
n log d) on the right-hand side, can easily be shown

to be achievable using a random choice of signs εi
i.i.d.∼ Unif({±1}), using the non-commutative

Khintchine inequality of Lust-Piquard and Pisier (1991). Despite a recent surge in efforts (Hop-
kins, Raghavendra, and Shetty, 2022; Dadush, Jiang, and Reis, 2022), Conjecture 1.2 remains
open at the time of this writing. The best-known result is a proof of Matrix Spencer when
rk(Ai) ≲ n/ log3 n (Bansal, Jiang, and Meka, 2023), and is based on the recent improvements
over the non-commutative Khintchine inequality of Bandeira, Boedihardjo, and Handel (2023).
In this work, we consider an average-case version of Conjecture 1.2, introduced in Section 1.1.3.

1.1.2 The symmetric binary perceptron

The symmetric binary perceptron (SBP) is a random constraint satisfaction problem introduced
by Aubin, Perkins, and Zdeborová (2019). It emerged as a variant to the classical asymmetric
binary perceptron, a simple model of a neural network storing random patterns, which has a long
history of study in computer science, statistical physics, and probability theory (Cover, 1965;
Gardner, 1988; Gardner and Derrida, 1988; Krauth and Mézard, 1989; Sompolinsky, Tishby,
and Seung, 1990; Talagrand, 1999a; Talagrand, 2010). Given a margin K > 0, the question of
satisfiability in the SBP can be laid out as follows:

Given g1, · · · , gd
i.i.d.∼ N (0, In), can we find ε ∈ {±1}n such that maxi∈[d] |⟨gi, ε⟩| ≤ K

√
n?

The SBP has received significant attention in the recent literature: its relative simplicity allows
studying in detail the relation between its structural properties and the performance of solving
algorithms, which can then guide the theory of more complex statistical models, see e.g. Aubin,
Perkins, and Zdeborová (2019), Perkins and Xu (2021), Abbe, Li, and Sly (2022), Gamarnik et
al. (2022), Kizildag and Wakhare (2023), Barbier et al. (2024), El Alaoui and Gamarnik (2024),
and Barbier (2024). Letting (ui)k := (gk)i so that (ui)ni=1

i.i.d.∼ N (0, Id), the question above can
be reformulated as whether the set

SK :=
{

ε ∈ {±1}n :
∥∥∥∥∥
n∑
i=1

εiui

∥∥∥∥∥
∞

≤ K
√

n

}
(2)

is non-empty. In this form, it is clear that the SBP can be thought as an average-case version
of the discrepancy question solved by Spencer’s Theorem 1.1. While Spencer’s Theorem 1.1
does not apply to such random vectors (as one can easily show that ∥ui∥∞ ∼

√
2 log n ≫ 1)

the randomness makes the problem amenable to a detailed mathematical analysis with different
tools. Concretely, it is shown in Aubin, Perkins, and Zdeborová (2019), Abbe, Li, and Sly
(2022), and Gamarnik et al. (2022) (among other results) that the SBP undergoes the following
sharp satisfiability/unsatisfiability transition.

Theorem 1.3 (Sharp threshold for the SBP (Aubin, Perkins, and Zdeborová, 2019; Abbe, Li,
and Sly, 2022)). Let

β1(K) := −
logPz∼N (0,1)[|z| ≤ K]

log 2 .

Let ZK := |SK |, see eq. (2), where u1, · · · , un
i.i.d.∼ N (0, Id). Then in the limit n, d → ∞ with

n/d → β > 0:
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(i) If β < β1(K), limd→∞ P[ZK ≥ 1] = 0.

(ii) If β > β1(K), limd→∞ P[ZK ≥ 1] = 1.

The analysis of Aubin, Perkins, and Zdeborová (2019) is based on the second moment method,
and has been refined in subsequent works (Abbe, Li, and Sly, 2022; Gamarnik et al., 2022). In
particular, β1(K) can be derived as the critical value of β where the value of E[ZK ] transitions
from being exponentially small (in n, d) to exponentially large.

1.1.3 Average-case matrix discrepancy

In this work, alongside Kunisky and Zhang (2023), we initiate the study of the average-case
matrix discrepancy problem. Concretely, given n, d ≥ 1 a margin κ > 0, and W1, · · · , Wn

random independent matrices, drawn with centered Gaussian i.i.d. elements (up to symmetry)
with variance 1/d, we seek to answer the question:

(P) : Can we find signs (ε1, · · · , εn) ∈ {±1}n such that ∥
∑n
i=1 εiWi∥op ≤ κ

√
n?

This problem can be seen as an average-case analog of Conjecture 1.2, with the simple Gaussian
random matrix model serving as a natural starting point. By investigating this simplified case in
great detail, we aim to gain insight into Conjecture 1.2, to then probe it for increasingly complex
random matrix models. This would form an alternative direction to other recent works (Hopkins,
Raghavendra, and Shetty, 2022; Dadush, Jiang, and Reis, 2022; Bansal, Jiang, and Meka, 2023)
towards the Matrix Spencer conjecture.
Additionally, (P) can naturally be thought of as the matrix discrepancy analog to the symmetric
binary perceptron described above: in the SBP one would consider diagonal matrices Wi with
i.i.d. elements drawn from N (0, 1) on the diagonal, and (gi)k = (Wi)kk. Our approach to tackle
(P) further builds on the methods introduced by Aubin, Perkins, and Zdeborová (2019) for the
SBP model. Ultimately, the main goal we pursue is to obtain a detailed understanding of the
satisfiability properties of (P), and to reach a counterpart to Theorem 1.3 in the context of
average-case matrix discrepancy.

1.2 Main results

Notations and background

We denote [d] := {1, · · · , d} the set of integers from 1 to d, and Sd the set of d × d real
symmetric matrices. For a function V : R → R, and S ∈ Sd with eigenvalues (λi)di=1, we define
V (S) as the matrix with the same eigenvectors as S, and eigenvalues (V (λi))di=1. We denote
by ∥S∥op := maxi∈[d] |λi| the operator norm. For any B ⊆ R we denote by M+

1 (B) the set of
real probability distributions on B. Finally, for a probability measure µ ∈ M+

1 (R) we denote
Σ(µ) :=

∫
µ(dx)µ(dy) log |x − y| its non-commutative entropy. We say that a random matrix

Y ∈ Sd is generated from the Gaussian Orthogonal Ensemble GOE(d) if

Yij
i.i.d.∼ N (0, (1 + δij)/d) for i ≤ j.

The following celebrated result dates back to Wigner (1955), and is one of the foundational re-
sults of random matrix theory. For a modern proof and further results, see Anderson, Guionnet,
and Zeitouni (2010).

Theorem 1.4 (Semicircle law). Let Y ∼ GOE(d), with eigenvalues (λi)di=1, and denote µY :=
(1/d)

∑d
i=1 δλi

its empirical eigenvalue distribution. Then, almost surely,
µY

weakly−−−−→
d→∞

ρs.c.(dx) =
√

4 − x2

2π
1{|x| ≤ 2},

∥Y∥op = max
i∈[d]

|λi| −−−→
d→∞

2.
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ρs.c. in Theorem 1.4 is often called the semicircle law.

1.2.1 Setting of the problem

Let n, d ≥ 1, and W1, · · · , Wn
i.i.d.∼ GOE(d). For any κ > 0, we define:

Zκ := #

ε ∈ {±1}n s.t.
∥∥∥∥∥
n∑
i=1

εiWi

∥∥∥∥∥
op

≤ κ
√

n

 . (3)

We refer to n−1/2 ∥
∑n
i=1 εiWi∥op as the margin of ε ∈ {±1}n. Zκ thus counts the number of

signings ε ∈ {±1}n with margin at most κ.

The case κ > 2 – Clearly (1/
√

n)
∑n
i=1 Wi ∼ GOE(d), so that (with εi = 1 for all i ∈ [n]), for

any κ > 2,
P [Zκ ≥ 1] ≥ PW∼GOE(d)[∥W∥op ≤ κ] (a)= 1 − od(1),

using Theorem 1.4 in (a). Notice that this bound is also the one given by a random choice of
εi

i.i.d.∼ Unif({±1}) (independently of {Wi}ni=1), as again in this case n−1/2∑
i εiWi ∼ GOE(d).

In what follows, we therefore focus on the (interesting) regime κ ∈ (0, 2], in which a choice of
signings dependent on the Wi must be made in order to get a solution with margin at most κ.

1.2.2 Asymptotics of the first moment

Define, for κ ∈ (0, 2]:

τ1(κ) := 1
log 2

[
− κ4

128 + κ2

8 − 1
2 log κ

2 − 3
8

]
. (4)

Notice that τ1(2) = 0, and τ1(κ) → +∞ as κ ↓ 0. Our first main result is the following sharp
asymptotics for the expectation of Zκ.

Theorem 1.5 (Asymptotics of the first moment). Let κ ∈ (0, 2], and W1, · · · , Wn
i.i.d.∼ GOE(d).

Assume n/d2 → τ ∈ [0, ∞) as n, d → ∞. Then

lim
d→∞

1
d2 logEZκ = (τ − τ1(κ)) log 2, (5)

where Zκ is defined in eq. (3). In particular, if τ < τ1(κ), then

lim
d→∞

P[Zκ = 0] = lim
d→∞

P

 min
ε∈{±1}n

∥∥∥∥∥
n∑
i=1

εiWi

∥∥∥∥∥
op

> κ
√

n

 = 1.

In Section 2 we carry out the proof of Theorem 1.5. It relies on Proposition 2.1, which establishes
the large deviations of the operator norm of a GOE(d) matrix, in the scale d2. The existence of
such a large deviation principle is not surprising given existing results on the large deviations of
the empirical measure of GOE(d) matrices (Ben Arous and Guionnet, 1997), and we partially
build upon these results in the first part of our proof. Further, using results of logarithmic
potential theory (Edward B Saff and Totik, 2013) and the Tricomi theorem (Tricomi, 1985), we
are able to then solve the variational principle arising from this large deviations result, and its
outcome gives eq. (4). Our proof also implies a limiting theorem for the spectral measure of a
matrix W ∼ GOE(d) constrained on the event ∥W∥op ≤ κ, see Theorem 2.2.

Relation to previous results – Theorem 1.5 is a refinement of Theorem 1.13 of Kunisky and
Zhang (2023), which show that Zκ = 0 with high probability if κ ≤ δ · 4−τ , for an (unspecified)
absolute constant δ > 0. For instance, the bound of Kunisky and Zhang (2023) correctly predicts
τ1(κ) ∼ − log κ/ log 4 for κ → 0, but fails to capture that τ1(κ) → 0 continuously as κ → 2.
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1.2.3 The satisfiability region

We start by introducing a function τ2(κ), which will serve as a threshold for the validity of our
satisfiability analysis.

Proposition 1.6. For any η > 0, let δη ∈ (0, 1) to be the unique solution to:

−1 + δ

2 log 1 + δ

2 − 1 − δ

2 log 1 − δ

2 = η

1 + η
log 2. (6)

For any η > 0, let

τ̃(η, κ) := max
{

(1 + η)τ1(κ),
1 + δ2

η

2(1 − δ2
η)2 +

[
2δη(3 + δ2

η) − (1 + 3δ2
η)

4(1 − δ2
η)3 + 2(1 + δη)5

(1 − δ2
η)4

]
κ2
}

. (7)

We define
τ2(κ) := min

u∈[0,κ]
min
η>0

τ̃(η, u). (8)

Then κ 7→ τ2(κ) is a continuous and non-increasing function of κ.

Proposition 1.6 is elementary, we prove it in Section 3.1 for completeness, along with a straight-
forward way to evaluate numerically τ2(κ), see eq. (29). We are now ready to state our main
result on the existence of solutions with a given required margin. It is based on the second
moment method, building upon similar techniques to the ones used in the symmetric binary
perceptron (Aubin, Perkins, and Zdeborová, 2019).

Theorem 1.7 (Satisfiability region). Let κ ∈ (0, 2]. Let n, d ≥ 1, such that, as d → ∞,
n/d2 → τ > τ2(κ) defined in eq. (8). For W1, · · · , Wn

i.i.d.∼ GOE(d), we have (recall the
definition of Zκ in eq. (3)):

lim
d→∞

P[Zκ ≥ 1] = lim
d→∞

P

 min
ε∈{±1}n

∥∥∥∥∥
n∑
i=1

εiWi

∥∥∥∥∥
op

≤ κ
√

n

 = 1.

In Section 3, we prove Theorem 1.7. We establish concentration of Zκ in Proposition 3.2, upper
bounding E[Z2

κ]/E[Zκ]2 by some (large) constant as d → ∞. Our proof relies on a discrete analog
of Laplace’s method, combined with showing concentration results (via a log-Sobolev inequality)
for the distribution of correlated Gaussian matrices under spectral norm constraints. We finally
strengthen the result of Proposition 3.2 thanks to the general techniques on sharp transitions
for integer feasibility problems developed in Altschuler (2023), and deduce Theorem 1.7. Let us
emphasize that having access to two-sided bounds on the first moment asymptotics (which are
here sharp, and given in Theorem 1.5) is crucial in order to develop our second moment analysis.

1.3 Discussion and consequences

In Figure 1, we plot a sketch of the phase diagram of the problem, as established by Theorem 1.5
and Theorem 1.7.

Balancing Θ(d2) random matrices – An immediate consequence of Theorem 1.7 is the
following corollary.

Corollary 1.8. For any τ > 0 large enough1, if n, d → ∞ with n/d2 → τ , and letting
W1, · · · , Wn

i.i.d.∼ GOE(d), then (with high probability) there exists ε ∈ {±1}n with margin

1√
n

∥∥∥∥∥
n∑
i=1

εiWi

∥∥∥∥∥
op

≤ κc(τ) < 2.

Furthermore, κc(τ) → 0 as τ → ∞.
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Figure 1: Sketch of the satisfiable (SAT) and unsatisfiable (UNSAT) regimes in average-case
matrix discrepancy, as proven by Theorems 1.5 and 1.7. The border of the SAT region is given
by τ2(κ), see Proposition 1.6. Numerically, we find τ2(κ → 2) ≃ 4.71. The orange region is not
characterized by our results, and remains open. The right plots show the limits κ ↓ 0 (top) and

κ ↑ 2 (bottom). We emphasize that τ1(κ), τ2(κ) → +∞ as κ ↓ 0.

Corollary 1.8 establishes that for n large enough but still in the scale n = Θ(d2), one can find
solutions with margin arbitrarily close to 0. As far as we know, our result is the first proof
that a number n = Θ(d2) of Gaussian random matrices can be balanced in a way to make their
spectrum macroscopically shrink compared to the typical spectrum of a Gaussian matrix. This
solves an open problem posed by Kunisky and Zhang (2023) (see Remark 2.6 there).

Sharp threshold sequence – Theorem 7 of Altschuler (2023) (see also Lemma 3.3) directly
implies the existence of a sharp threshold sequence for average-case matrix discrepancy. Using
Theorems 1.5 and 1.7, we can locate it in the closure of the “Unknown region” of Fig. 1.

Corollary 1.9 (Sharp threshold sequence). Let n, d ≥ 1, and assume n/d2 → τ > 0 as d → ∞.
There exists a sequence κc(d, τ) such that:

(i) For any ε > 0, P[Zκc−ε ≥ 1] = od(1), while P[Zκc+ε ≥ 1] = 1 − od(1).

(ii) τ1(κc) ≤ τ ≤ τ2(κc), i.e. (κc, τ) is in the closure of the “Unknown” region of Fig. 1.

The existence of a sharp threshold sequence has been established recently in a variety of other
perceptron-like problems, see for instance Talagrand (1999b), Talagrand (2011), Xu (2021),
Nakajima and Sun (2023), and Altschuler (2023). Corollary 1.9 shows the existence of a sharp
threshold κc depending on d, and bounds it in an interval of size Θ(1). Note that we fur-
ther expect κc(d, τ) to converge to a well-defined limit, as we plan to discuss in a forthcoming
publication (Maillard, 2024).

While our results characterize a large part of the (κ, τ) phase diagram, we end this section by
discussing a few important open directions stemming from our analysis.

Tightness of the second moment analysis – Similarly to Aubin, Perkins, and Zdeborová
(2019) (and subsequent works) for the symmetric binary perceptron (SBP), we use a second
moment approach to characterize the feasibility of this problem. However, while this method
gives a tight threshold for the SBP in Theorem 1.3 (and thus leaves no “Unknown” region in the
SBP counterpart to Figure 1), the situation in average-case matrix discrepancy is quite different.

1Numerically, we find τ ≥ 5 is enough, see Fig. 1.
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First, the threshold τ2(κ) is likely not of eq. (8) is optimal, as the upper bounds on E[Z2
κ] proven

in Section 3 are not expected to be tight. For this reason, the second moment ratio E[Z2
κ]/E[Zκ]2

might still be bounded by a constant (cf. Proposition 3.2) even for some values τ ≤ τ2(κ). For
instance, one might conjecture that this includes values of τ arbitrarily close to 0 when κ
approaches 2, which is not captured by our current bounds. As shown in Section 3, sharpening
our study of the range of parameters (τ, κ) with bounded second moment ratio is significantly
more complex than in the SBP setting: it requires a precise understanding of the spectral laws of
two correlated GOE(d) matrices, both conditioned on having small spectral norm (see eq. (34)),
a very involved problem of large deviations theory applied to random matrices (Guionnet, 2022).

Furthermore, and very interestingly, we do not expect the second moment method to yield a
sharp satisfiability threshold in average-case matrix discrepancy. Concretely, we conjecture that
an equivalent to Theorem 1.3 can not hold in this problem, in the sense that the satisfiability
threshold is not always given by the asymptotics of the first moment of Zκ.

Conjecture 1.10 (Failure of the second moment method in part of the phase diagram). Let
κ ∈ (0, 2]. There exists τc(κ) ≥ 0 such that, for n, d → ∞ with n/d2 → τ , if τ < τc(κ), then

lim inf
d→∞

1
d2 log E[Z2

κ]
E[Zκ]2 > 0.

Moreover, there exists κ ∈ (0, 2) such that τ1(κ) < τc(κ), so that lim(1/d2) logE[Zκ] > 0.

Conjecture 1.10 is based on a (non-rigorous) local analysis of the second moment potential Gd(q)
of eq. (34) close to q = 0 in the high-dimensional limit, which reveals an instability of the critical
point q = 0 for τ < τc(κ). We carry out this analysis in an upcoming work Maillard (2024),
which further reveals that τc(κ) ≥ (1/2)(κ2/4 − 1)4, so that τ1(κ) < τc(κ) at least in the range
0.718 ≲ κ ≲ 1.652. We stress that the statement of Conjecture 1.10 is in stark contrast with
the symmetric binary perceptron, in which the second moment method succeeds in the entirety
of the phase diagram (Theorem 1.3). We will detail the argument leading to Conjecture 1.10
in the forthcoming companion work to this manuscript (Maillard, 2024), in which we tackle
the problem of average-case matrix discrepancy using exact but non-rigorous tools of statistical
physics.

Structure of the solution space – Beyond satisfiability, a natural question concerns the
geometric structure of the space of solutions {ε ∈ {±1}n : ∥

∑
i εiWi∥op ≤ κ

√
n}. In the

symmetric binary perceptron, the geometric structure of the solution space was investigated
by Aubin, Perkins, and Zdeborová (2019), Perkins and Xu (2021), and Abbe, Li, and Sly (2022),
and was shown to exhibit a “frozen-1RSB” structure: that is, typically, solutions are isolated
and far apart. Whether the solution space to average-case matrix discrepancy presents similar
geometric features is a stimulating open question, which we leave for future investigation

Algorithmic discrepancy – The past decade has seen a surge of interest in algorithmic dis-
crepancy, that is the design of efficient algorithms to produce signings ε ∈ {±1}n minimizing
a discrepancy objective such as eq. (1). In the classical context of vector discrepancy, this line
of work was initiated by Bansal (2010), and we refer to Bansal, Jiang, and Meka (2023) and
Kunisky and Zhang (2023) for a more detailed description of the literature that followed. For the
problem of average-case matrix discrepancy, Kunisky and Zhang (2023) propose an online algo-
rithm that is able to achieve a discrepancy ∥

∑
i εiWi∥op ≲ d log(n+d) for a large class of random

matrices Wi, including the GOE distribution. In the regime n = Θ(d2), this unfortunately falls
short of obtaining a discrepancy lower than 2

√
n. Whether one can design a polynomial-time

algorithm that can output (with large probability) a low-discrepancy ε ∈ {±1}n in parts of the
SAT phase described in Fig. 1 remains an open question. For the symmetric binary percep-
tron, which is the vector analog to our problem, it was recently shown that the phase diagram
presents a large computational-to-statistical gap in which low-discrepancy solutions exist, while
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large classes of polynomial-time algorithms can not find them, and that this was related to the
geometric structure of the solution space (Bansal and Spencer, 2020; Gamarnik et al., 2022).

Acknowledgements

The author wants to thank Dylan Altschuler for discussions and a careful reading of the
manuscript, as well as Tim Kunisky and Afonso S. Bandeira for insightful discussions about
the early stages of this work.

2 Sharp asymptotics of the first moment
We carry out in this section the proof of Theorem 1.5. A direct computation from eq. (3) using
linearity of expectation yields:

EZκ =
∑

ε∈{±1}n

P

∥∥∥∥∥
n∑
i=1

εiWi

∥∥∥∥∥
op

≤ κ
√

n

 = 2n P[∥W∥op ≤ κ], (9)

where W ∼ GOE(d). The main result we prove is the following.
Proposition 2.1 (Left large deviations for the operator norm of a GOE(d) matrix). Let
W ∼ GOE(d). For any κ > 0:

lim
d→∞

1
d2 logP[∥W∥op ≤ κ] =


κ4

128 − κ2

8 + 1
2 log κ

2 + 3
8 if κ ≤ 2,

0 otherwise.
(10)

Using Proposition 2.1 in eq. (9) (recall that n/d2 → τ) yields eq. (5). The second result of
Theorem 1.5 is a direct consequence of Markov’s inequality combined with eq. (5). Notice that
Markov’s inequality even shows that P[Zκ > 0] goes to zero exponentially fast in d2 for τ < τ1(κ).
In the remainder of Section 2, we focus on proving Proposition 2.1. We note first that for κ > 2
we have logP[∥W∥op ≤ κ] = od(1) as a consequence of Theorem 1.4. We thus focus on the case
κ ∈ (0, 2] in what follows.
Sketch of proof and important related work – Our proof of Proposition 2.1 builds upon
the seminal results and proof techniques of Ben Arous and Guionnet (1997), which established
the large deviations of the empirical spectral measure of W ∼ GOE(d), with respect to the weak
topology. Our approach yields the value of the limit in eq. (10) as a variational principle over
probability measures supported in [−κ, κ], which we can solve using the theory of logarithmic
potentials (Edward B Saff and Totik, 2013) and Tricomi’s theorem (Tricomi, 1985), similarly to
the alternative proof of Wigner’s semicircle law obtained by Ben Arous and Guionnet (1997)
from their large deviations result. Similar arguments also appeared in the theoretical physics
literature (Dean and Majumdar, 2006; Vivo, Majumdar, and Bohigas, 2007; Dean and Majum-
dar, 2008; Majumdar and Schehr, 2014). We refer to Anderson, Guionnet, and Zeitouni (2010)
and Guionnet (2022) for more background and open problems in the theory of large deviations
for random matrices.
Remark – The following result is a byproduct of our analysis.
Theorem 2.2 (Limiting spectral density of a constrained GOE(d) matrix). For κ ∈ (0, 2],
denote Pκ the law of W ∼ GOE(d) conditioned on ∥W∥op ≤ κ. If W ∼ Pκ, then its empirical
spectral density µW converges weakly (as d → ∞, and a.s.) to µκ(dx) := ρκ(x)dx given, for
x ∈ (−κ, κ), by:

ρκ(x) := 4 + κ2 − 2x2

4π
√

κ2 − x2
. (11)

Notice that ρ2(x) =
√

4 − x2/(2π) is Wigner’s semicircle law, see Theorem 1.4.
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Figure 2: ρκ(x) of eq. (11) for different values of κ. For κ = 2 one recovers the semicircle law.

We illustrate the form of ρκ(x) in Figure 2. Theorem 2.2 is proven in Section 2.4.

2.1 Background on large deviations

Our proof leverages the main result of Ben Arous and Guionnet (1997), which is a large deviation
principle for the empirical eigenvalue distribution of GOE(d) matrices1. The space M+

1 (R) of
probability measures on R is endowed with its usual weak topology. It is metrizable by the
Dudley metric (Bogachev and Ruas, 2007):

d(µ, ν) :=
{∣∣∣∣∫ fdµ −

∫
fdv

∣∣∣∣ : |f(x)| ≤ 1 and |f(x) − f(y)| ≤ |x − y|, ∀(x, y) ∈ R2
}

. (12)

Recall that Σ(µ) :=
∫

µ(dx)µ(dy) log |x − y|.

Proposition 2.3 (Ben Arous and Guionnet (1997)). Let W ∼ GOE(d). We denote µW :=
(1/d)

∑d
i=1 δλi(W) its empirical spectral distribution. For µ ∈ M+

1 (R), we define:

I(µ) := −1
2Σ(µ) + 1

4

∫
µ(dx) x2 − 3

8 . (13)

Then:

(i) I : M+
1 (R) → [0, ∞] is a strictly convex function and a good rate function, i.e. {I1 ≤ M}

is a compact subset of M+
1 (R) for any M > 0.

(ii) The law of µW satisfies a large deviation principle, in the scale d2, with rate function I,
that is for any open (respectively closed) subset O ⊆ M+

1 (R) (respectively F ⊆ M+
1 (R)):

lim inf
d→∞

1
d2 logP[µW ∈ O] ≥ − inf

µ∈O
I(µ),

lim sup
d→∞

1
d2 logP[µW ∈ F ] ≤ − inf

µ∈F
I(µ).

More general large deviations results – Ben Arous and Guionnet (1997) also prove large
deviations results for the empirical measure of W sampled under more general distributions, with
density proportional to exp{−Tr[V (W)]}, for a continuous potential V growing fast enough at
infinity, see also Section 2.6 of Anderson, Guionnet, and Zeitouni (2010). One could approach

1Notice that Ben Arous and Guionnet (1997) use a convention where GOE(d) matrices have off-diagonal entries
with variance 1/(2d). We state their result adapted to our conventions.
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Proposition 2.1 by noticing that the law of W ∼ GOE(d) constrained to ∥W∥op ≤ κ can be
written in this form, with a discontinuous potential V (x) = x2 + 1{|x| > κ} × ∞. However, we
will see that the large deviations of the empirical measure is only used to prove the upper bound
in Proposition 2.1, and the particular form of the operator norm constraint allows us to rely
solely on Proposition 2.3, rather than adapting the general results of Ben Arous and Guionnet
(1997) and Anderson, Guionnet, and Zeitouni (2010) to this discontinuous potential.

2.2 Large deviation upper bound for the operator norm

We prove here the upper bound for (1/d2) logP[∥W∥op ≤ κ] in Proposition 2.1.

Let Q := {µ ∈ M+
1 (R) : µ([−κ, κ]) = 1}. By the Portmanteau theorem, Q is sequentially closed

under weak convergence, and thus closed since the weak topology on M+
1 (R) is metrizable. We

apply Proposition 2.1 to get:

lim sup
d→∞

1
d2 logP[∥W∥op ≤ κ] = lim sup

d→∞

1
d2 logP[µW ∈ Q],

≤ − inf
µ∈Q

I(µ),

= − inf
µ∈M+

1 ([−κ,κ])
I(µ). (14)

The last equality follows since I(µ|[−κ,κ]) = I(µ) for all µ ∈ Q, see eq. (13). In order to
characterize the minimizer of I(µ) for µ ∈ M+

1 ([−κ, κ]), we rely on classical results of logarithmic
potential theory, such as Theorem 1.3 of Chapter I of Edward B Saff and Totik (2013), see also
Mhaskar and E. Saff (1985) and Theorem 2.4 of Ben Arous and Guionnet (1997). In our context,
the “admissible weight function” of Edward B Saff and Totik (2013) reads

w(x) = exp{−x2/4}1{|x| ≤ κ}.

Adapting the results of the aforementioned literature to our notations, we obtain the following
theorem.

Theorem 2.4 (Edward B Saff and Totik (2013)).
Let κ > 0 and Eκ := infµ∈M+

1 ([−κ,κ]) I(µ). Then

(i) Eκ < ∞.

(ii) There exists a unique µ⋆κ ∈ M+
1 ([−κ, κ]) such that I(µ⋆κ) = Eκ.

(iii) µ⋆κ is the unique measure in M+
1 ([−κ, κ]) such that for µ⋆κ-almost all x:∫

µ⋆κ(dy) log |x − y| = x2

4 + 1
4

∫
µ⋆κ(dy) y2 − 3

4 − 2Eκ.

One can further show that this theorem allows to prove that a candidate measure is the optimal
one without computing Eκ.

Lemma 2.5. For κ ∈ (0, 2], assume that µ ∈ M+
1 ([−κ, κ]) and C ∈ R are such that for all

x ∈ (−κ, κ): ∫
µ(dy) log |x − y| = x2

4 + C. (15)

Then µ = µ⋆κ.

Note that Lemma 2.5 can also be seen as a consequence of Theorem 3.3 of Chapter I of Edward
B Saff and Totik (2013). We give here a short proof for the sake of completeness.
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Proof of Lemma 2.5 –. For any σ, ν real signed measures, we have (recall eq. (13))

I(σ + ν) − I(σ) = −1
2Σ(ν) +

∫
ν(dx)

[
x2

4 −
∫

σ(dy) log |x − y|
]

.

Applying this formula to σ = µ and ν = µ⋆κ − µ, we reach:

I(µ⋆κ) − I(µ) = −1
2Σ(µ⋆κ − µ) +

∫
(µ⋆κ − µ)(dx)

[
x2

4 −
∫

µ(dy) log |x − y|
]

,

(a)= −1
2Σ(µ⋆κ − µ),

(b)
≥ 0.

We used eq. (15) in (a) and the fact that µ⋆κ has no atom since I(µ⋆κ) < ∞ (Ben Arous and Guion-
net, 1997), so we can restrict the integral to x ∈ (−κ, κ). In (b) we used the following classical
property of the non-commutative entropy Σ(µ), which can be found e.g. as Proposition II.2.2 in
Faraut (2014).

Lemma 2.6. Let µ be a signed measure on R with compact support, and such that
∫
R µ(dx) = 0.

Let µ̂(t) :=
∫

µ(dx) eitx be the Fourier transform of µ. Then

Σ(µ) :=
∫

µ(dx)µ(dy) log |x − y| = −
∫ ∞

0

|µ̂(t)|2

t
dt.

In particular, Σ(µ) ≤ 0.

This shows that I(µ) ≤ I(µ⋆κ) = infµ∈M+
1 ([−κ,κ]) I(µ). By (ii) of Theorem 2.4, µ = µ⋆κ.

Thanks to Lemma 2.5, we can give an exact formula for µ⋆κ by exhibiting a candidate measure
satisfying eq. (15), which in turns implies an exact formula for Eκ.

Proposition 2.7. Let κ ∈ (0, 2]. Recall that Eκ = infµ∈M+
1 ([−κ,κ]) I(µ) is reached in a unique

measure µ⋆κ. Let µκ(dx) := ρκ(x)dx be given, for x ∈ (−κ, κ), by:

ρκ(x) := 4 + κ2 − 2x2

4π
√

κ2 − x2
. (16)

Then µκ = µ⋆κ, and

Eκ = I(µ⋆κ) = − κ4

128 + κ2

8 − 1
2 log κ

2 − 3
8 .

Combining Proposition 2.7 with eq. (14), we obtain the upper bound, for κ ∈ (0, 2]:

lim sup
d→∞

1
d2 logP[∥W∥op ≤ κ] ≤ κ4

128 − κ2

8 + 1
2 log κ

2 + 3
8 . (17)

It therefore just remains to prove Proposition 2.7.

Proof of Proposition 2.7. By Lemma 2.5, to show that µκ = µ⋆κ it is enough to show that eq. (15)
holds for µκ. Since U(x) :=

∫
µκ(dy) log |x − y| satisfies (in the sense of distributions)

U ′(x) = P.V.
∫

ρκ(y)
x − y

dy,

it is enough to check for any x ∈ (−κ, κ):

P.V.
∫ r

−r

ρκ(y)
x − y

dy = x

2 , (18)
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where P.V. refers to the principal value. Notice that

P.V.
∫ r

−r

ρκ(y)
x − y

dy = lim
ε↓0

Re
{∫ r

−r

ρκ(y)
x + iε − y

dy

}
.

We compute Gκ(z) :=
∫ r

−r ρκ(y)/(z − y)dy for all z such that Im(z) > 0. Changing variables to
y = κ cos θ, and then to ζ = eiθ, we have:

Gκ(z) = 1
4π

∫ π

0

4 + κ2 − 2κ2 cos2 θ

z − κ cos θ
dθ,

= 1
8π

∫ π

−π

4 + κ2 − 2κ2 cos2 θ

z − κ cos θ
dθ,

= 1
8iπ

∮
|ζ|=1

κ2ζ4 − 8ζ2 + κ2

ζ2(κζ2 − 2ζz + κ)dζ.

The denominator has three poles: {0, ζ−, ζ+}, where ζ± := (z ±
√

z2 − κ2)/κ (we choose the
branch of the square root such that Im[

√
w] ≥ 0 for all w ∈ C). Since Im(z) > 0, it is easy to

show that |ζ−| < 1 < |ζ+|. We then apply the residue theorem and find:

Gκ(z) = z

2 + 4 + κ2 − 2z2

4
√

z2 − κ2
. (19)

Taking limε→0 Re[Gκ(x + iε)] for |x| < κ yields eq. (18), and thus µκ = µ⋆κ. It remains to
compute Eκ = I(µ⋆κ). One can use the same arguments as above (based on the residue theorem)
to show ∫

µ⋆κ(dx) x2 = κ2(8 − κ2)
16 . (20)

By (iii) of Theorem 2.4 and Lemma 2.5, we then have for all x ∈ (−κ, κ):

Eκ = κ2(8 − κ2)
128 − 3

8 + x2

8 − 1
2

∫ κ

−κ
ρκ(y) log |x − y| dy. (21)

Notice that eq. (19) is valid for all z with Im(z) > 0. In particular, we reach from it, that for
all x ≥ 0:

P.V.
∫ r

−r

ρκ(y)
x − y

dy =


x

2 if x < κ,

x

2 + 4 + κ2 − 2x2

4
√

x2 − κ2
if x > κ.

Since this is an integrable function, we have

∫ κ

−κ
ρκ(y) log |x − y| dy =


x2

4 + C if x ≤ κ,

x2

4 + C − x
√

x2 − κ2

4 − log
(

x −
√

x2 − κ2

κ

)
if x > κ.

Using that
∫ κ

−κ ρκ(y) log |x − y|dy − log x → 0 as x → ∞ yields C = log(κ/2) − κ2/8. Eq. (21)
becomes:

Eκ = I(µ⋆κ) = κ2(8 − κ2)
128 − 3

8 − 1
2

[
log κ

2 − κ2

8

]
,

= − κ4

128 + κ2

8 − 1
2 log κ

2 − 3
8 ,

which ends the proof.
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Remark: predicting the form of ρκ – In order to predict the density ρκ given by eq. (16), we
used an argument based on a heuristic application of Tricomi’s theorem (Tricomi, 1985), which
states that if eq. (18) is satisfied and ρκ is supported on [−κ, κ], then

ρκ(x) = 1
π

√
κ2 − x2

[
C − 1

π
P.V.

∫ κ

−κ

√
κ2 − y2

x − y
×
(

y

2

)
dy

]
, (22)

for some constant C chosen to ensure
∫ κ

−κ ρκ(x)dx = 1. A careful evaluation of eq. (22) based
on the residue theorem yields eq. (16).

2.3 Large deviation lower bound for the operator norm

We focus now on the lower bound for (1/d2) logP[∥W∥op ≤ κ] in Proposition 2.1.

Unfortunately the large deviation statement of Proposition 2.3 is not enough to obtain the
corresponding lower bound to eq. (14), because the set of probability measures supported in
[−κ, κ] has empty interior under the weak topology1. Instead, we come back to the joint law of
the eigenvalues of a GOE(d) matrix, and restrict the integration domain to a small neighborhood
of the quantiles of µ⋆κ. This strategy is similar to the one used in the proof of the large deviation
lower bound in Ben Arous and Guionnet (1997).

The joint law of the eigenvalues (λ1, · · · , λd) of W is well-known thanks to the rotation invariance
of the law of W. We have (see e.g. Theorem 2.5.2 of Anderson, Guionnet, and Zeitouni (2010)):

P[∥W∥op ≤ κ] =
∫

[−κ,κ]d
∏
i<j |λi − λj |e− d

4
∑d

i=1 λ
2
i
∏d
i=1 dλi∫

Rd

∏
i<j |λi − λj |e− d

4
∑d

i=1 λ
2
i
∏d
i=1 dλi

. (23)

The denominator (or partition function) can be computed from Selberg’s integrals (Mehta,
2014). Its limit is given by

lim
d→∞

1
d2 log

∫
Rd

∏
i<j

|λi − λj |e− d
4
∑d

i=1 λ
2
i

d∏
i=1

dλi = −3
8 . (24)

Let δ ∈ (0, κ), and recall the definition of ρκ in eq. (16). In what follows, we let νδ := ρκ−δ. We
define the quantiles of νδ as

−(κ − δ) = x
(d)
0 < x

(d)
1 < · · · < x

(d)
d < x

(d)
d+1 = κ − δ,

with, for all i ∈ {0, · · · , d}: ∫ x
(d)
i+1

x
(d)
i

νδ(u) du = 1
d + 1 .

We will drop the subscript and write xi for x
(d)
i to lighten notations.

Clearly, the empirical measure (1/d)
∑d
i=1 δxi weakly converges to νδ as d → ∞. Notice that

{(λi)di=1 : |λi − xi| ≤ δ, ∀i ∈ [1, d]} ⊆ [−κ, κ]d, so that from eqs. (23) and (24):

e− 3d2
8 +o(d2)P[∥W∥op ≤ κ] (25)

≥
∫

[−δ,δ]d

∏
i<j

|ui − uj + xi − xj |e− d
4
∑d

i=1(ui+xi)2
d∏
i=1

dui,

(a)
≥
∫

[−δ,δ]d∩∆d

∏
i<j

(uj − ui + xj − xi)e− d
4
∑d

i=1(ui+xi)2
d∏
i=1

dui,

1For any µ ∈ M+
1 (R), there is a sequence µn weakly converging to µ while supp(µn) ⊈ [−κ, κ].
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(b)
≥
∫

[−δ,δ]d∩∆d

∏
i+1<j

(xj − xi)
d−1∏
i=1

[xi+1 − xi]1/2[ui+1 − ui]1/2e− d
4
∑d

i=1(δ+|xi|)2
d∏
i=1

dui,

where we defined in (a) the set ∆d := {u1 < · · · < ud}, and used in (b) that ui ≤ uj and xi ≤ xj ,
as well as the inequality A + B ≥

√
AB for A, B ≥ 0. The integral on the variables ui can be

lower-bounded as follows:∫
[−δ,δ]d∩∆d

d−1∏
i=1

√
ui+1 − ui

d∏
i=1

dui = δ(3d−1)/2
∫

[−1,1]d∩∆d

d−1∏
i=1

√
ui+1 − ui

d∏
i=1

dui,

≥ δ(3d−1)/2
d∏
i=1

∫ −1+ 2i−1
d

−1+ 2(i−1)
d

dui

(
d−1∏
i=1

√
ui+1 − ui

)
,

≥
(

δ

d

)(3d−1)/2
. (26)

Combining eqs. (25) and (26):

lim inf
d→∞

1
d2 logP[∥W∥op ≤ κ] ≥ 3

8 − δ2

4 + lim inf
d→∞

[
− δ

2d

d∑
i=1

|xi| − 1
4d

d∑
i=1

x2
i

+ 1
2d2

d−1∑
i=1

log(xi+1 − xi) + 1
d2

d∑
i,j=1

log(xj − xi)1{j > i + 1}

 .

By the weak convergence described above, and since
∑d
i=1 x2

i =
∑d
i=1 x2

i1{|xi| ≤ κ}, we get by
the Portmanteau theorem:

lim inf
d→∞

1
d2 logP[∥W∥op ≤ κ] ≥ 3

8 − δ2

4 − δ

2

∫
|x|νδ(dx) − 1

4

∫
x2νδ(dx) (27)

+ lim inf
d→∞

 1
2d2

d−1∑
i=1

log(xi+1 − xi) + 1
d2

d∑
i,j=1

log(xj − xi)1{j > i + 1}

 .

Finally, notice that

Σ(νδ) = 2
∑

0≤i,j≤d

∫ xi+1

xi

νδ(dx)
∫ xj+1

xj

νδ(dy) log(y − x)1{x < y},

≤
d∑
i=0

∫ xi+1

xi

νδ(dx)
∫ xi+1

xi

νδ(dy) log |y − x| + 2
∑

0≤i<j≤d

log(xj+1 − xi)
(d + 1)2 ,

≤ 1
(d + 1)2

 d∑
i=0

log(xi+1 − xi) + 2
∑

0≤i<j≤d
log(xj+1 − xi)

 ,

(a)
≤ 1

(d + 1)2

d−1∑
i=1

log(xi+1 − xi) + 2
d∑

i,j=1
log(xj − xi)1{j > i + 1}

+ 2d + 1
(d + 1)2 log 2κ.

We used in (a) that |xi − xj | ≤ 2(κ − δ) ≤ 2κ for all i, j. Using this in eq. (27) gives:

lim inf
d→∞

1
d2 logP[∥W∥op ≤ κ] ≥ 3

8 − δ2

4 − δ

2

∫
|x|νδ(dx) − 1

4

∫
x2νδ(dx) + 1

2Σ(νδ),

≥ −δ

2

∫
|x|νδ(dx) − δ2

4 − I(νδ).

Recall that νδ = ρκ−δ, so that taking the limit δ → 0, we get:

lim inf
d→∞

1
d2 logP[∥W∥op ≤ κ] ≥ −I(ρκ),
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Proposition 2.7 gives the value of I(ρκ), which implies the lower bound

lim inf
d→∞

1
d2 logP[∥W∥op ≤ κ] ≥ κ4

128 − κ2

8 + 1
2 log κ

2 + 3
8 . (28)

Combining eqs. (14) and (28) ends the proof of Proposition 2.1.

2.4 Limiting spectral distribution of a norm-constrained Gaussian matrix

We prove here Theorem 2.2. A large deviations upper bound for the law of µW can be obtained
by combining Proposition 2.3 and Proposition 2.1, as we state in the following corollary.

Corollary 2.8. Let κ ∈ (0, 2] and W ∼ Pκ. We denote µW := (1/d)
∑d
i=1 δλi(W) its empirical

spectral distribution. Recall the definition of I(µ) in eq. (13), and of µ⋆κ(dx) = ρκ(x)dx in
eq. (16). Then the law of µW satisfies a large deviation upper bound, in the scale d2, with rate
function Jκ(µ) := I(µ) − I(µ⋆κ), that is for any closed subset F ⊆ M+

1 ([−κ, κ]):

lim sup
d→∞

1
d2 logPκ[µW ∈ F ] ≤ − inf

µ∈F
Jκ(µ).

Proof of Corollary 2.8. Because µW ∈ F ⇒ ∥W∥op ≤ κ, we have

Pκ[µW ∈ F ] = PW∼GOE(d)[µW ∈ F | ∥W∥op ≤ κ],

=
PW∼GOE(d)[µW ∈ F ]

PW∼GOE(d)[∥W∥op ≤ κ] .

Since F is closed in M+
1 ([−κ, κ]) under the weak topology, it is closed as well in M+

1 (R). Thus:

lim sup
d→∞

1
d2 logPκ[µW ∈ F ] (a)= lim sup

d→∞

1
d2 logPW∼GOE(d)[µW ∈ F ] + I(µ⋆κ),

(b)
≤ − inf

µ∈F
Jκ(µ),

using Proposition 2.1 in (a), and Proposition 2.3 in (b).

While we surely anticipate that one can obtain a corresponding large deviation lower bound for
µW (and thus a full large deviation principle), Corollary 2.8 is enough to imply Theorem 2.2.
Indeed, for any δ > 0, if B(µ⋆κ, δ) ⊆ M+

1 ([−κ, κ]) is the open ball of radius δ centered in µ⋆κ for
the distance of eq. (12), then

lim sup
d→∞

1
d2 logPκ[µW /∈ B(µ⋆κ, δ)] ≤ − inf

µ∈B(µ⋆
κ,δ)c

[Jκ(µ)].

Since Jκ is a good rate function (see Proposition 2.3) and has a unique minimizer (cf. (ii) of
Theorem 2.4), infµ∈B(µ⋆

κ,δ)c [Jκ(µ)] > 0. Therefore, by the Borel-Cantelli lemma,

P[lim sup
d→∞

d(µW, µ⋆κ) ≤ δ] = 1,

which ends the proof by taking the limit δ → 0.

3 The satisfiability region
Section 3.1 is dedicated to studying the properties of the threshold τ2(κ). The proof of Theo-
rem 1.7, which is the main goal of this section, is outlined in Section 3.2, and details are given
in the remainder of Section 3.
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3.1 Properties of the satisfiability bound

We prove here Proposition 1.6, which follows from the following lemma.

Lemma 3.1. Define, for any κ > 0, τ̄(κ) := minη>0 τ̃(η, κ). Then τ̄(κ) = τ̃(η⋆(κ), κ), where
η⋆(κ) is the unique value of η > 0 such that:

(1 + η)τ1(κ) =
1 + δ2

η

2(1 − δ2
η)2 +

[
2δη(3 + δ2

η) − (1 + 3δ2
η)

4(1 − δ2
η)3 + 2(1 + δη)5

(1 − δ2
η)4

]
κ2. (29)

Moreover, κ 7→ τ̄(κ) is a continuous function of κ.

Recall that τ2(κ) = minu∈[0,κ] τ̄(u), as defined in Lemma 3.1, so that κ 7→ τ2(κ) is clearly
continuous and non-increasing. Moreover, solving eq. (29) gives a simple way to numerically
evaluate κ ∈ [0, 2] 7→ τ̄(κ), which then yields the values of τ2.

Proof of Lemma 3.1. Let
fκ(η) := (1 + η)τ1(κ),

gκ(η) :=
1 + δ2

η

2(1 − δ2
η)2 +

[
2δη(3 + δ2

η) − (1 + 3δ2
η)

4(1 − δ2
η)3 + 2(1 + δη)5

(1 − δ2
η)4

]
κ2.

Recall that δη is defined as the unique solution to H[(1 + δ)/2]/ log 2 = η/(1 + η), with H(p) =
−p log p − (1 − p) log(1 − p). If G(δ) := H[(1 + δ)/2]/ log 2, then G is smooth and strictly
decreasing on [0, 1]. So δη = G−1[η/(1 + η)] is a smooth and strictly decreasing function of
η > 0. It is then immediate by elementary arguments (as done e.g. in eq. (42)) that gκ(η) is also
a smooth and strictly decreasing function of η.
Moreover, we have gκ(0+) = ∞, fκ(0+) = τ1(κ) < ∞, and gκ(∞) < ∞, fκ(∞) = ∞. It is then
elementary to show that for any κ > 0, minη>0 τ̃(η, κ) = minη>0 max{fκ(η), gκ(η)} is reached in
a unique η⋆(κ), such that fκ(η⋆(κ)) = gκ(η⋆(κ)), and that η⋆(κ) is a continuous function of κ,
which implies that τ̄(κ) = fκ(η⋆(κ)) is also continuous.

3.2 Reduction to a second moment upper bound

The main element of our analysis is the following upper bound.

Proposition 3.2. Let κ ∈ (0, 2]. Recall the definition of Zκ in eq. (3), and of τ̄(κ) in Lemma 3.1.
Assume that τ > τ̄(κ). Then, for n, d → ∞ with n/d2 → τ :

lim sup
d→∞

E[Z2
κ]

E[Zκ]2 ≤ L ·
[
1 − τ̄(κ)

τ

]−1/2
,

for an absolute constant L > 0.

We will detail the proof of Proposition 3.2 in Section 3.3, deferring some intermediate results to
Section 3.4 and 3.5. We first show how to deduce Theorem 1.7.

Proof of Theorem 1.7. Since τ > τ2(κ) = minu∈[0,κ] τ̄(u) (see Lemma 3.1), and Zκ′ ≤ Zκ for any
κ′ ≤ κ, we can assume without loss of generality that τ > τ̄(κ) in order to prove Theorem 1.7.
Because the bound on the right-hand side is strictly higher than 1, Proposition 3.2 is not strong
enough to directly guarantee the existence of solutions with high probability. This is a recurring
challenge in many random constraint satisfaction problems where E[Z2

κ]/E[Zκ]2 → C > 1. This
occurs e.g. in the symmetric binary perceptron, the vector analog of our matrix discrepancy task,
see Abbe, Li, and Sly (2022), and prevents from applying the classical second moment method
to get high-probability bounds. Fortunately, in Altschuler (2023) the author develops general
techniques on sharp transitions for integer feasibility problems, and applies them to show the
concentration of the discrepancy minε∈{±1}n ∥

∑n
i=1 εiWi∥op.
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Lemma 3.3 (Theorem 7 of Altschuler (2023)). Let d ≥ 1, and W1, · · · , Wn
i.i.d.∼ GOE(d). Let

disc(W1, · · · , Wn) := minε∈{±1}n ∥
∑n
i=1 εiWi∥op. Assume that n/d2 → τ as d → ∞. Then

there exists c(τ) > 0 such that

E[disc(W1, · · · , Wn)]√
Var[disc(W1, · · · , Wn)]

≥ c(τ)
√

d.

Let us see how the combination of Lemma 3.3 with our second moment estimates (Proposi-
tion 3.2) ends the proof of Theorem 1.7.

Since τ̄(κ) is a continuous function of κ by Lemma 3.1, we choose δ > 0 small enough such that
τ > τ̄(κ − δ). Let X := disc(W1, · · · , Wn). Notice that X ≤ ∥

∑n
i=1 Wi∥op, so that EX ≤ 2

√
n

since (1/
√

n)
∑n
i=1 Wi ∼ GOE(d), and E∥Y∥op ≤ 2 for Y ∼ GOE(d) (see e.g. Exercise 7.3.5 of

Vershynin (2018)). From Lemma 3.3 we thus get

Var(X) ≤ 4n

c(τ)2d
. (30)

Recall that the Paley-Zygmund inequality states that for any random variable X ≥ 0:

P[X > 0] ≥ E[X]2

E[X2] .

Applying it to Zκ−δ and using Proposition 3.2, we get that

P[X ≤ (κ − δ)
√

n] ≥ L−1 ·
[
1 − τ̄(κ − δ)

τ

]1/2
+ od(1). (31)

Let us denote C(τ, κ, δ) := L · [1 − τ̄(κ − δ)/τ ]−1/2. By Chebyshev’s inequality and eq. (30), we
further have for all t > 0:

P[X ≥ EX − t] ≥ 1 − 4n

c(τ)2dt2 .

In particular, if t = c(τ)−1√8C(τ, κ, δ)n/d, we have P[X ≥ EX − t] ≥ 1 − (2C(τ, κ, δ))−1, which
combined with eq. (31) implies that

EX ≤ (κ − δ)
√

n + c2(τ, κ, δ)
√

n

d
,

where we redefined the constant c2(τ, κ, δ) > 0. Again by Chebyshev’s inequality and eq. (30),
this implies that for all u > 0:

P[X ≤ (κ − δ)
√

n + c2

√
n

d
+ u] ≥ 1 − c1(τ)n

du2 .

Picking u = δ
√

n − c2
√

n/d, we have u ≥ (δ/2)
√

n for n, d large enough, and this yields:

P[X ≤ κ
√

n] ≥ 1 − 4c1(τ)
δ2d

→d→∞ 1,

which ends the proof.
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3.3 Proof of the second moment upper bound

We prove here Proposition 3.2. We compute the second moment as:

E[Z2
κ] =

∑
ε,ε′∈{±1}n

P

∥∥∥∥∥
n∑
i=1

εiWi

∥∥∥∥∥
op

≤ κ
√

n and
∥∥∥∥∥
n∑
i=1

ε′
iWi

∥∥∥∥∥
op

≤ κ
√

n

 ,

(a)= 2n
∑

ε∈{±1}n

P

∥∥∥∥∥
n∑
i=1

Wi

∥∥∥∥∥
op

≤ κ
√

n and
∥∥∥∥∥
n∑
i=1

εiWi

∥∥∥∥∥
op

≤ κ
√

n

 ,

(b)= 2n
n∑
l=0

(
n

l

)
P
[
∥W∥op ≤ κ and ∥qlW +

√
1 − q2

l Z∥op ≤ κ

]
. (32)

In (a) and (b) we used the rotation invariance of the GOE(d) distribution. In eq. (32), we
changed variables to l := (⟨ε, 1n⟩+n)/2 and defined the “overlap” ql := (1/n)⟨ε, 1n⟩ = 2(l/n)−1.
Furthermore, W, Z ∼ GOE(d) independently. We get from eq. (32) that (recall as well eq. (9)):

E[Z2
κ]

E[Zκ]2 = 1
2n

n∑
l=0

(
n

l

)
exp{nGd(ql)}, (33)

where for q ∈ [−1, 1]:

Gd(q) := 1
n

log
P
[
∥W∥op ≤ κ and ∥qW +

√
1 − q2Z∥op ≤ κ

]
P[∥W∥op ≤ κ]2 . (34)

Let H(p) := −p log p − (1 − p) log(1 − p) denote the “binary entropy” function. We will leverage
the following lemma, which is based on standard asymptotic techniques, and whose proof is
deferred to Section 3.4.

Lemma 3.4. Let n ≥ 1, and Fn : [−1, 1] → R such that Fn(0) = 0 and F ′
n(0) = 0. Assume that

there exists (γ, δ) > 0 such that:

(i) lim supn→∞ sup|q|≤δ F ′′
n (q) ≤ 1 − γ.

(ii) lim supn→∞ sup|q|≥δ

[
Fn(q) + H

(
1+q

2

)]
< log 2.

Then (with ql := 2l/n − 1 ∈ [−1, 1] for l ∈ {0, · · · , n}):

lim sup
n→∞

1
2n

n∑
l=0

(
n

l

)
exp{nFn(ql)} ≤ C

√
γ

,

for a global constant C > 0.

From eq. (33), in order to finish the proof of Proposition 3.2, it suffices to check conditions (i)
and (ii) of Lemma 3.4 for Gd defined in eq. (34), for τ > τ̄(κ), γ = 1 − τ̄(κ)/τ , and some δ > 0.

Recall the definition of η⋆(κ) in Lemma 3.1. We let δ := δη⋆(κ) as defined by eq. (6).

Condition (ii) – Notice that Gd(0) = 0 and that Gd is clearly an even function of q, so
G′
d(0) = 0 (the smoothness of Gd can be shown by direct computation, as we will see in eq. (36)).

Furthermore, we have the trivial bound:

Gd(q) + H

(1 + q

2

)
≤ H

(1 + q

2

)
− 1

n
logP[∥W∥op ≤ κ].
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Recall that q 7→ H[(1 + q)/2] is even, and strictly decreasing on [0, 1]. Using Proposition 2.1,
and the definition of τ1(κ) in eq. (4), we get

lim sup
d→∞

sup
|q|≥δ

[
Gd(q) + H

(1 + q

2

)]
≤ H

(1 + δ

2

)
+ τ1(κ)

τ
log 2,

(a)
< H

(1 + δ

2

)
+
[ 1

1 + η⋆(κ)

]
log 2,

(b)=
[

η⋆(κ)
1 + η⋆(κ) + 1

1 + η⋆(κ)

]
log 2,

= log 2,

using τ > τ̄(κ) = (1 + η⋆(κ))τ1(κ) in (a), and the definition of δ = δη⋆(κ) in (b), cf. eq. (6). We
have thus checked condition (ii) of Lemma 3.4.
Condition (i) – We will show that for any δ ∈ (0, 1):

lim sup
d→∞

sup
|q|≤δ

G′′
d(q) ≤ 1

τ

{
1 + δ2

2(1 − δ2)2 +
[

2δ(3 + δ2) − (1 + 3δ2)
4(1 − δ2)3 + 2(1 + δ)5

(1 − δ2)4

]
κ2
}

. (35)

Let us first show how eq. (35) finishes the proof of Proposition 3.2. We apply if to δ = δη⋆(κ).
By Lemma 3.1, eq. (35) can be rewritten for this value of δ as

lim sup
d→∞

sup
|q|≤δ

G′′
d(q) ≤ τ̄(κ)

τ
= 1 − γ,

with γ := (1 − τ̄(κ)/τ). This implies that condition (i) of Lemma 3.4 holds with this value of γ,
and thus ends the proof of Proposition 3.2, as described above.
Proof of eq. (35) – There remains to show eq. (35). Let q ∈ [0, 1). We have (dW =

∏
i≤j dWij

is the Lebesgue measure over the space Sd of symmetric matrices):

P
[
∥W∥op ≤ κ and ∥qW +

√
1 − q2Z∥op ≤ κ

]

=
∫
1{∥W∥op ≤ κ}e− d

4 Tr[W2]P
[
∥qW +

√
1 − q2Z∥op ≤ κ

]
dW∫

e− d
4 Tr[W2]dW

,

=

∫
1{∥W∥op ≤ κ}e− d

4 Tr[W2]
(∫

dYe
− d

4(1−q2)
Tr[(Y−qW)2]

1{∥Y∥op ≤ κ}
)

dW(∫
e− d

4 Tr[W2]dW
)(∫

dYe
− d

4(1−q2)
Tr[Y2]

) ,

=
∫
1{∥W∥op, ∥Y∥op ≤ κ}e

− d
4(1−q2)

(Tr[W2]+Tr[Y2])+ dq

2(1−q2)
Tr[YW]dYdW(∫

dWe− d
4 Tr[W2]

)2
(1 − q2)d(d+1)/4

. (36)

Starting from eq. (36), we can compute the derivatives of Gd(q). We will use the shorthand
notation

⟨·⟩q,κ :=
∫

(·)1{∥W∥op, ∥Y∥op ≤ κ}e
− d

4(1−q2)
(Tr[W2]+Tr[Y2])+ dq

2(1−q2)
Tr[YW]dYdW∫

1{∥W∥op, ∥Y∥op ≤ κ}e
− d

4(1−q2)
(Tr[W2]+Tr[Y2])+ dq

2(1−q2)
Tr[YW]dYdW

, (37)

i.e. ⟨·⟩q,κ is the law of (W, Y) two correlated GOE(d) matrices (with correlation q), conditioned
on the event ∥W∥op, ∥Y∥op ≤ κ. We get

G′
d(q) = d(d + 1)q

2n(1 − q2) + 1
2n

〈
− dq

(1 − q2)2 Tr[W2 + Y2] + d(1 + q2)
(1 − q2)2 Tr[WY]

〉
q,κ

.
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Differentiating further, we obtain:

G′′
d(q) = d(d + 1)(1 + q2)

2n(1 − q2)2︸ ︷︷ ︸
=:I1(q)

+ 1
2n

〈
−d(1 + 3q2)

(1 − q2)3 Tr[W2 + Y2] + 2dq(3 + q2)
(1 − q2)3 Tr[WY]

〉
q,κ︸ ︷︷ ︸

=:I2(q)

+ 1
4n

Var⟨·⟩q,κ

(
− dq

(1 − q2)2 Tr[W2 + Y2] + d(1 + q2)
(1 − q2)2 Tr[WY]

)
︸ ︷︷ ︸

=:I3(q)

. (38)

We bound successively the different terms {Ia}3
a=1 in eq. (38). Since n/d2 → τ , we have:

lim sup
d→∞

sup
|q|≤δ

I1(q) = 1
τ

sup
|q|≤δ

(1 + q2)
2(1 − q2)2 = (1 + δ2)

2τ(1 − δ2)2 . (39)

Note that under the law of ⟨·⟩q,κ of eq. (37), W is distributed as a GOE(d) matrix, conditioned
to satisfy ∥W∥op ≤ κ. By Theorem 2.2, we know that µW weakly converges (a.s.) to µ⋆κ. Since∫

µW(dx)x2 =
∫

µW(dx)x21{|x| ≤ κ}, we have by the Portmanteau theorem and dominated
convergence:

lim
d→∞

1
d
E[TrW2] =

∫
µ⋆κ(dx) x2 1{|x| ≤ κ}

=
∫

µ⋆κ(dx) x2,

(a)= κ2(8 − κ2)
16 ,

using eq. (20) in (a). In particular this easily implies:

κ2

4 ≤ lim
d→∞

1
d
E[TrW2] ≤ κ2

2 . (40)

By the Cauchy-Schwarz inequality

⟨Tr[WY]⟩q,κ ≤ ⟨(Tr[W2]Tr[Y2])1/2⟩q,κ ≤
√

⟨(TrW2)(TrY2)⟩q,κ ≤ [E[(Tr[W2])2]]1/2.

Using the same arguments as above, one gets from this:

lim sup
d→∞

sup
|q|≤1

1
d

⟨Tr[WY]⟩q,κ ≤
√

lim
d→∞

1
d2E[(Tr[W2])2] =

∫
µ⋆κ(dx) x2 ≤ κ2

2 . (41)

For a small σ > 0, we let n, d large enough (by eqs. (40),(41)) such that E[TrW2] ≥ dκ2(1−σ)/4
and ⟨Tr[WY]⟩q,κ ≤ dκ2(1 + σ)/2 for all |q| ≤ 1. We get:

sup
|q|≤δ

I2(q) ≤ d2κ2

4n
max
|q|≤δ

[
2q(3 + q2)(1 + σ) − (1 + 3q2)(1 − σ)

(1 − q2)3

]
.

If f(q) := 2q(3 + q2)(1 + σ) − (1 + 3q2)(1 − σ), then for all q ∈ [−1, 1]:

f ′(q) = 6[1 + σ − q(1 − q) + σq(1 + q)] ≥ 6
[3

4 + σ

]
> 0, (42)

so that

sup
|q|≤δ

I2(q) ≤ d2κ2

4n

[
2δ(3 + δ2)(1 + σ) − (1 + 3δ2)(1 − σ)

(1 − δ2)3

]
.
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Finally, taking d → ∞ and σ → 0:

lim sup
d→∞

sup
|q|≤δ

I2(q) ≤ κ2

4τ
· 2δ(3 + δ2) − (1 + 3δ2)

(1 − δ2)3 . (43)

Recall that for a real random variable X, we define the sub-Gaussian norm ∥X∥ψ2 of X as (Ver-
shynin, 2018):

∥X∥ψ2 := inf{t > 0 : E[exp(X2/t2)] ≤ 2}.

To bound I3, we rely on the following crucial result, which we prove in Section 3.5.

Lemma 3.5 (Concentration of moments under ⟨·⟩q,κ). Let q ∈ (−1, 1), κ ∈ (0, 2], and

P (X1, X2) :=
∑
p≥0

∑
i1,··· ,ip∈{1,2}

ai1···ipXi1 · · · Xip

be a polynomial in two non-commutative random variables (X1, X2). Let (W, Y) ∼ ⟨·⟩q,κ given
by eq. (37). Then:

∥Tr P (W, Y) − ⟨Tr P (W, Y)⟩q,κ∥ψ2 ≤ C
√

1 + q
∑
p≥0

p · κp−1 ∑
i1,··· ,ip∈{1,2}

|ai1···ip |,

where C > 0 is an absolute constant. Furthermore, we have the fully explicit bound:

Var⟨·⟩q,κ
[Tr P (W, Y)] ≤ 2(1 + q)

∑
p≥0

p · κp−1 ∑
i1,··· ,ip∈{1,2}

|ai1···ip |

2

. (44)

Lemma 3.5 is a consequence of a log-Sobolev inequality we prove for ⟨·⟩q,κ. We apply eq. (44)
to P (X, Y ) = −q(X2 + Y 2) + (1 + q2)XY , which yields:

I3(q) ≤ d2

4n(1 − q2)4 · 2(1 + q)
(
2κ[2q + 1 + q2]

)2
,

= 2d2(1 + q)5κ2

n(1 − q2)4 .

So finally we get:

lim sup
d→∞

sup
|q|≤δ

I3(q) ≤ 2(1 + δ)5κ2

τ(1 − δ2)4 . (45)

Combining eqs. (39),(43),(45) finishes the proof of eq. (35). As we discussed above, this ends
the proof of Proposition 3.2.

3.4 Discrete Laplace’s method for a dimension-dependent exponent

We prove here Lemma 3.4. By hypothesis (ii), we fix ε > 0 such that, for n large enough:

sup
|q|≥δ

[
Fn(q) + H

(1 + q

2

)]
≤ log 2 − ε. (46)

Recall the classical inequality:(
n

l

)
≤ enH(l/n), for l ∈ {0, · · · , n}. (47)
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Combining eqs. (46) and (47), we have

1
2n

n∑
l=0

1

{∣∣∣∣l − n

2

∣∣∣∣ >
nδ

2

}(
n

l

)
exp{nFn(ql)} ≤ 1

2n
n∑
l=0

1

{∣∣∣∣l − n

2

∣∣∣∣ >
nδ

2

}
exp{n(log 2 − ε)},

≤ n exp{−nε}. (48)

Let σ ∈ (0, γ). By hypothesis (i), we get that for n large enough F ′′
n (q) ≤ (1 − γ + σ) for all

|q| ≤ δ. Since Fn(0) = 0 and F ′
n(0) = 0, this implies Fn(q) ≤ (1 − γ + σ)q2/2 for all |q| ≤ δ.

Therefore,

1
2n

n∑
l=0

1

{∣∣∣∣l − n

2

∣∣∣∣ ≤ nδ

2

}(
n

l

)
exp{nFn(ql)} ≤ 1

2n
n∑
l=0

(
n

l

)
e

n(1−γ+σ)
2 q2

l . (49)

Recall that ql = 2(l/n) − 1. The right-hand side of eq. (49) can now be analyzed with standard
extensions of Laplace’s method. We use here the following statement, which is a consequence of
the proof of Lemma 2 of Achlioptas and Moore (2002).

Lemma 3.6 (Achlioptas and Moore (2002)). There exists B, C > 0 such that the following
holds. Let G a real analytic positive function on [0, 1], and define for α ∈ [0, 1]:

g(α) := G(α)
αα(1 − α)1−α .

If there exists αmax ∈ (0, 1) a strict global maximum of g in [0, 1] such that g′′(αmax) < 0, then
for sufficiently large n:

B · g(αmax)n+1/2√
−g′′(αmax)

≤
n∑
l=0

(
n

l

)
G(l/n)n ≤ C · g(αmax)n+1/2√

αmax(1 − αmax)(−g′′(αmax))
.

Remark – Lemma 3.6 is stated in Achlioptas and Moore (2002) as

C1 · g(αmax)n ≤
n∑
l=0

(
n

l

)
G(l/n)n ≤ C2 · g(αmax)n,

where the constants C1, C2 might depend on αmax and g(αmax). Their proof (see Appendix A
of Achlioptas and Moore (2002)) reveals the dependency of C1, C2 on αmax and g′′(αmax), which
we make explicit here.

We apply Lemma 3.6 in eq. (49), with

G(x) := 1
2e

(1−γ+σ)(2x−1)2
2

Let

g(x) := G(x)
xx(1 − x)1−x = e

(1−γ+σ)(2x−1)2
2

2xx(1 − x)1−x .

It is clear that g(x) = g(1 − x) for all x ∈ [0, 1], and moreover

1
2

d
dx

(log g)(x) = −(1 − γ + σ)(1 − 2x) + arctanh(1 − 2x).

Since arctanh(u) ≥ u for all u ∈ [0, 1), we get that for all x ∈ (0, 1/2]:

d
dx

(log g)(x) ≥ 2(γ − σ)(1 − 2x).
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Combining this with the symmetry g(x) = g(1−x), we obtain that g has a strict global maximum
in x = 1/2, and we compute g(1/2) = 1. Moreover, we get by direct computation that g′′(1/2) =
−4(γ − σ) < 0. All in all, we reach that for n large enough:

1
2n

n∑
l=0

(
n

l

)
e− n(1−γ)

2 q2
l ≤ C√

γ − σ
. (50)

Combining eqs. (48),(49) and (50), we get:

lim sup
n→∞

1
2n

n∑
l=0

(
n

l

)
exp{nFn(ql)} ≤ lim sup

n→∞
[ne−nε + C(γ − σ)−1/2] = C(γ − σ)−1/2.

Letting σ ↓ 0 ends the proof of Lemma 3.4.

3.5 Log-Sobolev inequality for the conditioned law of two correlated GOE(d)
In this section, we start by reminders on log-Sobolev inequalities, before proving such a property
for the law of eq. (37), and finally proving Lemma 3.5.

3.5.1 Log-Sobolev inequalities and concentration of measure

Definition 3.1. Let d ≥ 1. A probability measure µ ∈ M+
1 (Rd) is said to satisfy the Logarithmic

Sobolev Inequality (LSI) with constant c > 0 if, for any differentiable function f in L2(µ), we
have ∫

f2 log f2∫
f2 dµ

dµ ≤ 2c

∫
∥∇f∥2

2 dµ. (51)

We refer the reader to Guionnet (2009) and Anderson, Guionnet, and Zeitouni (2010) for more on
the theory of log-Sobolev inequalities and their applications to concentration results in random
matrix theory. A particularly useful consequence of the LSI is the following.

Lemma 3.7 (Herbst). Assume that µ ∈ M+
1 (Rd) satisfies the LSI with constant c. Let

G : Rd → R be a Lipschitz function, with Lipschitz constant ∥G∥L. Then for all λ ∈ R:

Eµ
[
eλ[G−EG]

]
≤ exp

{
c∥G∥2

Lλ2

2

}
.

Therefore, for all δ > 0:

µ(|G − EG| ≥ δ) ≤ 2 exp
{

− δ2

2c∥G∥2
L

}
.

Finally, we will use that a necessary condition for a measure to satisfy the LSI is the so-called
Bakry-Emery (BE) condition.

Theorem 3.8 (Theorem 4.4.17 of Anderson, Guionnet, and Zeitouni (2010)). Let d ≥ 1 and
Φ : Rd → R a C2 function. Assume that Φ satisfies the Bakry-Emery condition:

Hess Φ(x) ⪰ 1
c

Id,

for all x ∈ Rd, for some c > 0. Then the measure

µΦ(dx) := 1
Z

e−Φ(x)dx

satisfies the LSI with constant c.
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3.5.2 A log-Sobolev inequality for the law of eq. (37)

We show the following lemma.

Lemma 3.9. For any q ∈ (−1, 1) and κ > 0, the law ⟨·⟩q,κ of eq. (37) satisfies the LSI with
constant 2(1 + q)/d.

Proof of Lemma 3.9. Let ε > 0. We denote ϕε(x) := e−x2/(2ε)/
√

2πε. We define

Vε(x) := − log
(∫ κ

−κ
dy e−y2/2 ϕε(x − y)

)
.

Reminders on log-concavity – A real positive integrable function p is said to be strongly
log-concave with variance parameter σ2 (denoted SLC(σ2)) if p(x) = ϕσ2(x) · eφ(x), for some
concave function φ : R → [−∞, ∞). We refer the reader to Saumard and Wellner (2014) for
properties of log-concave and strongly log-concave functions and probability distributions. It is
clear that x 7→ e−x2/21{|x| ≤ κ} is SLC(1), and that ϕε is SLC(ε). By Theorem 3.7 of Saumard
and Wellner (2014), if f is SLC(σ2

1) and g is SLC(σ2
2), their convolution f ⋆ g is SLC(σ2

1 + σ2
2).

Therefore, e−Vε is SLC(1 + ε), which implies (since Vε is smooth) that V ′′
ε (x) ≥ (1 + ε)−1 for all

x ∈ R. Since Vε is even, and

Vε(0) ≥ − log
∫ κ

−κ
dy ϕε(y) ≥ 0,

we get that Vε(x) ≥ x2/[2(1 + ε)] for all x ∈ R. We define µε as:

µε(dY, dW) := e
− d

2(1−q2)
(TrVε(W)+TrVε(Y))+ dq

2(1−q2)
Tr[YW]dYdW∫

e
− d

2(1−q2)
(TrVε(W)+TrVε(Y))+ dq

2(1−q2)
Tr[YW]dYdW

. (52)

Recall Sd is the set of symmetric d × d matrices. Since x 7→ Vε(x) − x2/(2[1 + ε]) is convex, by
Klein’s lemma (cf. Lemma 4.4.12 of Anderson, Guionnet, and Zeitouni (2010) or Lemma 6.4 of
Guionnet (2009)), the function W 7→ TrVε(W) − Tr[W2]/(2[1 + ε]) is also convex. Thus, for all
W ∈ Sd:

Hess Vε(W) ⪰ 1
1 + ε

ISd
.

All in all we get for any W and Y:

Hess
[

d

2(1 − q2)(TrVε(W) + TrVε(Y)) − dq

2(1 − q2)Tr[YW]
]

⪰ d

2(1 − q2)

 ISd
1+ε −qISd

−qISd

ISd
1+ε

 ,

which means

λmin

(
Hess

[
d

2(1 − q2)(TrVε(W) + TrVε(Y)) − dq

2(1 − q2)Tr[YW]
])

≥ d(1 − q − εq)
2(1 + ε)(1 − q2) .

Therefore, by Theorem 3.8, µε satisfies the LSI with constant

2(1 + ε)(1 − q2)
d(1 − q − εq) = 2(1 + q)

d
+ oε→0(1).

Finally, notice that we have Vε(x) →ε→0 V (x) pointwise, with V (x) defined as:

V (x) :=



x2

2 if |x| < κ,

κ2

2 + log 2 if |x| = κ,

+∞ if |x| > κ.
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Since Vε(x) ≥ x2/4 for ε ≤ 1/2, we get by dominated convergence and the Portmanteau theorem
that µε →ε→0 µ0 weakly, where µ0 is defined as in eq. (52), replacing Vε by V . Because the set
{∥W∥op = κ} has Lebesgue measure zero, we further have that µ0 = ⟨·⟩q,κ. Since µε satisfies
the LSI with constant 2(1 + q)/d + oε→0(1), and weakly converges to ⟨·⟩q,κ as ε ↓ 0, we deduce
that ⟨·⟩q,κ satisfies the LSI1 with constant 2(1 + q)/d.

3.5.3 Proof of Lemma 3.5

Let P (X1, X2) =
∑
p≥0

∑
i1,··· ,ip∈{1,2} ai1···ipXi1 · · · Xip . We make use of the following elementary

result.

Lemma 3.10 (Lemma 6.2 of Guionnet (2009)). Let Q be a polynomial in two non-commutative
variables. Then, for any κ > 0, the function

(W, Y) ∈ Bop(κ) × Bop(κ) 7→ Tr[Q(W, Y)]

is Lipschitz with respect to the Euclidean norm, with Lipschitz norm bounded by
√

dC(Q, κ) for
some constant C(Q, κ) > 0. If Q is a monomial of degree p, one can take C(Q, κ) = pκp−1.

Notice that supp(⟨·⟩q,κ) ⊆ Bop(κ) × Bop(κ). By Lemma 3.10, f : (W, Y) 7→ TrP (W, Y) is thus
Lipschitz on the support of ⟨·⟩q,κ, with Lipschitz constant

∥f∥L ≤
√

d
∑
p≥0

p · κp−1 ∑
i1,··· ,ip∈{1,2}

|ai1···ip |.

Combining Lemmas 3.9 and 3.7 finishes the proof of Lemma 3.5. Indeed, notice that if X is a
random variable such that E[X] = 0 and E[eλX ] ≤ eλ

2K2/2 for some K > 0 and all λ ∈ R, then
∥X∥ψ2 ≤ CK, and moreover by Taylor expansion close to λ = 0, we get Var(X) ≤ K2.
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