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@ Goal

[ Find a low-discrepancy coloring ]

dise(§) =  min  max JEZSX(J)

Motivations / applications
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What about random vectors ?
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» There is a sharp satisfiability threshold.
> The annealed free energy is correct: Z,, ~ E[Z,]

» Much more detailed properties are known:

Structure of solution space, performance of solving algorithmes, ...
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» Proof: technical adaptations of the proof of [BAG '97] i i
see also [Anderson, Guionnet & Zeitouni'10] i i

' :

Lo .1 : i !
e lim — log P|||W < kl=-— inf I i !
B[ Wlop <#]=— _ inf  I(u) : i

1 1

1 1

Tricomi’ 85; i i

» Compute px(z)from Tricomi’s theorem Dean&Majumdar’06°08; 1 0.0 i
Vivo&al’07, ... H —2 -1 0 1 2 i

! !

1 1

1 1

1 1

1 1

1 1

1 1

|\ 7



>

>

>

>

First moment computation: a sketch

/ \ W ~ GOE(d)

EZ, = Z P

ee{£1}"

< ri| = 2" Bl[Wop < A]

n
E 5iWi
=1

op

Intuition: The events ||W||,, < x are driven by large deviations
of the whole spectral density.

Ben Arous & Guionnet ’'97;
]P)[’LLW = 'LL] = exp{—dzl(,u)} Dean&I\/LIjajumdua:r’OG ’'08;

Proof: technical adaptations of the proof of [BAG '97]
see also [Anderson, Guionnet & Zeitouni ’10]

1
2 i L ogP W], <H=—  if  I()

— d? peM([—r,x])

Tricomi’ 85;
Compute px(x)from Tricomi’s theorem Dean&Majumdar’06’08;
Vivo&al ‘07, ...

Prove px, = argmin [I(u) Classical tools of logarithmic
peM([=r,x]) potential theory

Saff&Totik’13; Ben Arous & Guionnet ‘97
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—> Left (k < 2) large deviations of ||W||op

() 4+ K2 —222 4 n I()
Prll) = ——F———=—= = argmin 7]
ATVE? — 22 e M([~r,k)
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Results Il: Upper bounds via the second moment method
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Results Ill: failure of the second moment method
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Results Ill: failure of the second moment method

1P [[Wlop < e and gW -+ /T= @2l < 1]

n Pl[[Wllop < &

> Explicit computation: lim G7(0) =
d— o0

The

Upper bound on G4(q), G (q).
Discrete Laplace’s method.

-

» Lower bound in Laplace’s method: [n/d2 — T < Thail. I:> 1
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E[Z,%] Technical assumption:
lclrgg}f — log E[Z.2 >0 uniform continuity of G/(q)
r ing=0asd — o

Non-concentration of Z,, on E[Z,.].
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*  The phase diagram is more complex than in the Symmetric Binary Perceptron !
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