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Abstract

Heuristic tools from statistical physics have been used in the past to locate the phase transitions and
compute the optimal learning and generalization errors in the teacher-student scenario in multi-layer neural
networks. In this contribution, we provide a rigorous justification of these approaches for a two-layers
neural network model called the committee machine, under a technical assumption. We also introduce a
version of the approximate message passing (AMP) algorithm for the committee machine that allows to
perform optimal learning in polynomial time for a large set of parameters. We find that there are regimes
in which a low generalization error is information-theoretically achievable while the AMP algorithm fails
to deliver it; strongly suggesting that no efficient algorithm exists for those cases, and unveiling a large
computational gap.
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1 Introduction

While the traditional approach to learning and generalization follows the Vapnik-Chervonenkis [1] and
Rademacher [2] worst-case type bounds, there has been a considerable body of theoretical work on calculating
the generalization ability of neural networks for data arising from a probabilistic model within the framework
of statistical mechanics [3, 4, 5, 6, 7]. In the wake of the need to understand the effectiveness of neural
networks and also the limitations of the classical approaches [8], it is of interest to revisit the results that have
emerged thanks to the physics perspective. This direction is currently experiencing a strong revival, see e.g.
[9, 10, 11, 12].

Of particular interest is the so-called teacher-student approach, where labels are generated by feeding
ii.d. random samples to a neural network architecture (the teacher) and are then presented to another neural
network (the student) that is trained using these data. Early studies computed the information theoretic
limitations of the supervised learning abilities of the teacher weights by a student who is given m independent
n-dimensional examples with a =m/n=©(1) and n — oo [3, 4, 7]. These works relied on non-rigorous
heuristic approaches, such as the replica and cavity methods [13, 14]. Additionally no provably efficient
algorithm was provided to achieve the predicted learning abilities, and it was thus difficult to test those
predictions, or to assess the computational difficulty.

Recent developments in statistical estimation and information theory —in particular of approximate
message passing algorithms (AMP) [15, 16, 17, 18], and a rigorous proof of the replica formula for the optimal
generalization error [11]— allowed to settle these two missing points for single-layer neural networks (i.e.
without any hidden variables). In the present paper, we leverage on these works, and provide rigorous
asymptotic predictions and corresponding message passing algorithm for a class of two-layers networks.

2 Summary of contributions and related works

While our results hold for a rather large class of non-linear activation functions, we illustrate our findings on a
case considered most commonly in the early literature: the committee machine. This is possibly the simplest
version of a two-layers neural network where all the weights in the second layer are fixed to unity, and we
illustrate it in Fig. 1. Denoting Y), the label associated with a n-dimensional sample X, and W the weight
connecting the i-th coordinate of the input to the /-th node of the hidden layer, it is defined by:

Y, = sign[i sign(iXm ;;)} . (1)
1=1 i=1

We concentrate here on the teacher-student scenario: The teacher generates i.i.d. data samples with i.i.d.
standard Gaussian coordinates X,,; ~ N (0, 1), then she/he generates the associated labels Y}, using a committee
machine as in (1), with i.i.d. weights W] unknown to the student (in the proof section we will consider the

more general case of a distribution for the weights of the form []"_; Py({W}}X ), but in practice we consider
=1
distribution P used to generate W};. The goal of the student is to learn the weights IW; from the available

the fully separable case). The student is then given the m input-output pairs (X,,,Y),) and knows the

m
p=1
label the teacher would generate for a new sample not present in the training set).

examples (X, Y,)/"; in order to reach the smallest possible generalization error (i.e. to be able to predict the

There have been several studies of this model within the non-rigorous statistical physics approach in
the limit where = m/n = ©(1), K = ©(1) and n — oo [19, 20, 21, 22, 6, 7]. A particularly interesting
result in the teacher-student setting is the specialization of hidden neurons (see sec. 12.6 of [7], or [23] in the
context of online learning): For av < apec (Where agpec is a certain critical value of the sample complexity),
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Figure 1: The committee machine is one of the simplest models belonging to the considered model class (2), and
on which we focus to illustrate our results. It is a two-layers neural network with activation sign functions
fO @ = sign and weights W® fixed to unity. It is represented for K = 2.

the permutational symmetry between hidden neurons remains conserved even after an optimal learning, and
the learned weights of each of the hidden neurons are identical. For o > arpec, however, this symmetry gets
broken as each of the hidden units correlates strongly with one of the hidden units of the teacher. Another
remarkable result is the calculation of the optimal generalization error as a function of a.

Our first contribution consists in a proof of the replica formula conjectured in the statistical physics
literature, using the adaptive interpolation method of [24, 11], that allows to put several of these results on a
rigorous basis. This proof uses a technical unproven assumption. Our second contribution is the design of
an AMP-type of algorithm that is able to achieve the optimal generalization error in the above limit of large
dimensions for a wide range of parameters. The study of AMP —that is widely believed to be optimal between
all polynomial algorithms in the above setting [25, 26, 27, 28]— unveils, in the case of the committee machine
with a large number of hidden neurons, the existence a large hard phase in which learning is information-
theoretically possible, leading to a good generalization error decaying asymptotically as 1.25K /« (in the
a = O©(K) regime), but where AMP fails and provides only a poor generalization that does not go to zero
when increasing «. This strongly suggests that no efficient algorithm exists in this hard region and therefore
there is a computational gap in learning such neural networks. In other problems where a hard phase was
identified its study boosted the development of algorithms that are able to match the predicted thresholds and
we anticipate this will translate to the present model.

We also want to comment on a related line of work that studies the loss-function landscape of neural
networks. While a range of works show under various assumptions that spurious local minima are absent
in neural networks, others show under different conditions that they do exist, see e.g. [29]. The regime of
parameters that is hard for AMP must have spurious local minima, but the converse is not true in general. It
might be that there are spurious local minima, yet the AMP approach succeeds. Moreover, in all previously
studied models in the Bayes-optimal setting the (generalization) error obtained with the AMP is the best
known and other approaches, e.g. (noisy) gradient based, spectral algorithms or semidefinite programming,
are not better in generalizing even in cases where the “student” models are overparametrized. Of course in
order to be in the Bayes-optimal setting one needs to know the model used by the teacher which is not the
case in practice.



3 Main technical results

3.1 A general model

While in the illustration of our results we shall focus on the model (1), all our formulas are valid for a broader
class of models: Given m input samples (X m-)fj;il, we denote W the teacher-weight connecting the i-th
input (i.e. visible unit) to the /-th node of the hidden layer. For a generic function @qy; : RE x R — R one can
formally write the output as

Vo= eon({ G X} o An) o Ven P [{ ZE XA )@

=1

where (A4,,);/. are iid. real valued random variables with known distribution Py, that form the probabilistic
part of the model, generally accounting for noise.

For deterministic models the second argument is simply absent (or is a Dirac mass). We can view altern-
atively (2) as a channel where the transition kernel P, is directly related to ¢out. As discussed above, we
focus on the teacher-student scenario where the teacher generates Gaussian i.i.d. data X,,; ~ N(0,1), and i.id.
weights W ~ P. The student then learns W* from the data (X, Y},);;; by computing marginal means of
the posterior probability distribution (5).

Different scenarii fit into this general framework. Among those, the committee machine is obtained when
choosing @out(h) = sign(zlli1 sign(h;)) while another model considered previously is given by the parity
machine, when @ou(h) = H{il sign(h;), see e.g. [7] and sec. H for the numerical results in the case K = 2.
A number of layers beyond two has also been considered, see [22]. Other activation functions can be used, and
many more problems can be described, e.g. compressed pooling [30, 31] or multi-vector compressed sensing

[32].

3.2 Two auxiliary inference problems

Denote Sk the finite dimensional vector space of K x K matrices, S} the convex set of semi-definite positive
K x K matrices, Si: for positive definite K x K matrices, and VN € Sj; we set SH(N) = {M €
Skt st. N — M € Si}. Note that Sj- (V) is convex and compact.

Stating our results requires introducing two simpler auxiliary K -dimensional estimation problems:
e The first one consists in retrieving a K -dimensional input vector Wy ~ Fj from the output of a Gaussian
vector channel with K-dimensional observations

Yo = r'2Wo + Zo,

Zy ~ N(0, I« k) and the “channel gain” matrix r € S;;. The posterior distribution on w = (w;)& | is

1
Zp,

0

P(u|Yp) = 5~ Po(w)e 07 Hemzetre, ©)
and the associated free entropy (or minus free energy) is given by the expectation over Y of the log-partition

function
Yp,(r) =Eln Zp,

and involves K dimensional integrals.
e The second problem considers K-dimensional i.i.d. vectors V,U* ~ N (0, I« ) where V is considered to



be known and one has to retrieve U* from a scalar observation obtained as
170 ~ Pout( : ‘ql/QV + (p - Q)l/zU*)

where the second moment matrix p = E[W,W{]] is in S?; (where Wy ~ Py) and the so-called “overlap matrix”

q is in S} (p). The associated posterior is

1 6—%u7u

)= ?W&ut(%mlmv*" (P—Q)I/QU)a (4)

P(ulYy,V
and the free entropy reads this time
\Ppout (q) 10) = E ln ZPout

(with the expectation over )70 and V') and also involves K dimensional integrals.

3.3 The free entropy

The central object of study leading to the optimal learning and generalization errors in the present setting is

the posterior distribution of the weights:

P(wa} ) X, Vi) = nHPO () fj P (Vul{ = Z wwih ), O

where the normalization factor is nothing else than a partition function, i.e. the integral of the numerator over
{wil}?ifl. The expected' free entropy is by definition

1
fo=_"ElZ,. (6)

The replica formula gives an explicit (conjectural) expression of f, in the high-dimensional limit n,m — oo
with « = m/n fixed. We show in sec. B how the heuristic replica method [13, 14] yields the formula. This
computation was first performed, to the best of our knowledge, by [19] in the case of the committee machine.
Our first contribution is a rigorous proof of the corresponding free entropy formula using an interpolation
method [33, 34, 24], under a technical Assumption 1.

In order to formulate our results, we add an (arbitrarily small) Gaussian regularization noise Z #\/Z to the
first expression of the model (2), where A > 0, Z,, ~ N (0, 1), which thus becomes

1 < OK
Y, = %ut({% S XuWii}Au) + ZuVA, )
i=1
so that the channel kernel is (u € R¥)
AP (a)e™ 78 W pom (wa)? (8)

Pout(y|u) = \/7/

Let us define the replica symmetric (RS) potential as

frs(q;7) = frs(q;m;p) = ¥R, (1) + a¥p,, (g 0) — %Tr(rq), 9)

'The symbol E will generally denote an expectation over all random variables in the ensuing expression (here { X, Y,.}).
Subscripts will be used only when we take partial expectations or if there is an ambiguity.



where & = m/n, and Up, ,(q;p) and 1p,(r) are the free entropies of the two simpler K-dimensional
estimation problems (3) and (4).
All along this paper, we assume the following hypotheses for our rigorous statements:

(H1) The prior Py has bounded support in R¥.

(H2) The activation @y : RE x R — R is a bounded C? function with bounded first and second derivatives
w.rt. its first argument (in R -space).

(H3) Forallp=1,...,mandi=1,...,n wehaveiid. X,; ~ N(0,1).

We finally rely on a technical hypothesis, stated as Assumption 1 in section 5.3.

Theorem 3.1 (Replica formula). Suppose (H1), (H2) and (H3), and Assumption 1. Then for the model (7) with
kernel (8) the limit of the free entropy is:

1
lim f, = lim —ElnZ, = sup inf frs(q,r). (10)
n—oo n—,oo N, TES?; qesg(p)

This theorem extends the recent progress for generalized linear models of [11], which includes the case
K =1 of the present contribution, to the phenomenologically richer case of two-layers problems such as the
committee machine. The proof sketch based on an adaptive interpolation method recently developed in [24] is
outlined in sec. 5 and the details can be found in sec. A.

Remark 3.2 (Relaxing the hypotheses). Note that, following similar approximation arguments as in [11], the
hypothesis (H1) can be relaxed to the existence of the second moment of the prior; thus covering the Gaussian case,
(H2) can be dropped (and thus include model (1) and its sign(-) activation) and (H3) extended to data matrices X
with i.i.d. entries of zero mean, unit variance and finite third moment. Moreover, the case A = 0 can be considered
when the outputs are discrete, as in the committee machine (1), see [11]. The channel kernel becomes in this case
Pouws(ylu) = [ dPa(a)L(y — pout(u,a)) and the replica formula is the limit A — 0 of the one provided in
Theorem 3.1. In general this regularizing noise is needed for the free entropy limit to exist.

3.4 Learning the teacher weights and optimal generalization error

A classical result in Bayesian estimation is that the estimator W that minimizes the mean-square error with the
ground-truth W* is given by the expected mean of the posterior distribution. Denoting ¢* the extremizer in
the replica formula (10), we expect from the replica method that in the limit n — oo, m/n = «, and with high
probablity, WTw* /n — ¢*. We refer to proposition 5.3 and to the proof in sec. A for the precise statement,
that remains rigorously valid only in the presence of an additional (possibly infinitesimal) side-information.
From the overlap matrix ¢*, one can compute the Bayes-optimal generalization error when the student tries to
classify a new, yet unseen, sample X, cw. The estimator of the new label Ynew that minimizes the mean-square
error with the true label is given by computing the posterior mean of pout (Xneww) (Xnew is @ row vector).
Given the new sample, the optimal generalization error is then

n—o0

%]EX,W* [(Ew|X,Y [900ut(Xneww)] - (Pout(XneWW*))ﬂ — Eg(q*)y (11)

where w is distributed according to the posterior measure (5) (note that this Bayes-optimal computation differs
from the so-called Gibbs estimator by a factor 2, see sec. C). In particular, when the data X is drawn from
the standard Gaussian distribution on R™*", and is thus rotationally invariant, it follows that this error only
depends on wTW* /n, which converges to ¢*. Then a direct algebraic computation gives a lengthy but explicit

formula for €4(¢*), as shown in sec. C.



3.5 Approximate message passing, and its state evolution

Our next result is based on an adaptation of a popular algorithm to solve random instances of generalized linear
models, the Approximate Message Passing (AMP) algorithm [15, 16], for the case of the committee machine and
models described by (2).

The AMP algorithm can be obtained as a Taylor expansion of loopy belief-propagation (see sec. F) and
also originates in earlier statistical physics works [35, 36, 37, 38, 39, 26]. It is conjectured to perform the best
among all polynomial algorithms in the framework of these models. It thus gives us a tool to evaluate both the
intrinsic algorithmic hardness of the learning and the performance of existing algorithms with respect to the

optimal one in this model.

Algorithm 1 Approximate Message Passing for the committee machine

Input: vector Y € R and matrix X € R"*":
Initialize: Jout,pu = 0,3 —IKfoorl <i<nandl < pu<matt=0.
Initialize: W; € RE andCZ,&ugout# € 8 forl<i<nandl <pu<matt=1.
repeat

Update of the mean w,, 6 R¥ and covariance V,, € S;g:

= 3 G - 3R () EETL) 1 Vi= 5

Update of gout,, € RE and OwGout,u € S}:
ggut,u = Yout (wfu Yua V/j) | awg(t)ut,,u = awgout (wfu Yua V/j)
Update of the mean 7; € R¥ and covariance ¥; € S;;:

2 m 2 _
T Et Z Xpui t X i t Wt | it _ E X i t
\fgoutu n wgout,u 7 A | n wgout,u
/J/:

Update of the estlmated marginals W; e RE and C; € S;g:
Wit = foSLT) | G = 1L T
t=t+1
until Convergence on w,C.

Output: W and C.

The AMP algorithm is summarized by its pseudo-code in Algorithm 2, where the update functions goyt,
OwYout» fuw and f. are related, again, to the two auxiliary problems (3) and (4). The functions f,,(X,7") and
fo(3,T) are respectively the mean and variance under the posterior distribution (3) when r — 7! and
Yy — S1V2T, while gout (Wu, Yy, V) is given by the product of V- 1/2 and the mean of u under the posterior
(4) using Yo — Y..p—q— V,and 2V - wy, (see sec. F for more details). After convergence, W estimates
the weights of the teacher-neural network. The label of a sample X oy, not seen in the training set is estimated
by the AMP algorithm as

K
erew = /dy( Hdzl) yPOut(y‘{Zl}l[il)N( newv Vrfew) ) (12)
=1

where wl,, = > i X newinf is the mean of the normally distributed variable z € RX, and V!, = p—qh\ip
is the K x K covariance matrix (see below for the definition of ngP). We provide a demonstration code of
the algorithm on GitHub [40].

AMRP is particularly interesting because its performance can be tracked rigorously, again in the asymptotic
limit when n — oo, via a procedure known as state evolution (a rigorous version of the cavity method in
physics [14]), see [18]. State evolution tracks the value of the overlap between the hidden ground truth W* and
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Figure 2: Generalization error and order parameter for a committee machine with two hidden neurons (K = 2)
with Gaussian weights (left), binary/Rademacher weights (right). These are shown as a function of the ratio
a = m/n between the number of samples m and the dimensionality n. Lines are obtained from the state evolution
(SE) equations (dominating solution is shown in full line), data-points from the AMP algorithm averaged over 10
instances of the problem of size n = 10%. oo and g1 denote diagonal and off-diagonal overlaps, and their values
are given by the labels on the far-right of the figure.

the AMP estimate W, defined as ¢y ;p = litmy, o0 (W) TW* /1, via the iteration of the following equations:

danip = 2VUR (Manp) ranie = 20V, (dhvpi p) - (13)
See sec. G for more details and note that the fixed points of these equations correspond to the critical points of
the replica free entropy (10).

Let us comment further on the convergence of the algorithm. In the large n limit, and if the integrals
are performed without errors, then the algorithm is guaranteed to converge. This is a consequence of the
state evolution combined with the Bayes-optimal setting. In practice, of course, n is finite and integrals are
approximated. In that case convergence is not guaranteed, but is robustly achieved in all the cases presented
in this paper. We also expect (by experience with the single layer case) that if the input-data matrix is not
random (which is beyond our assumptions) then we will encounter convergence issues, which could be fixed
by moving to some variant of the algorithm such as VAMP [41].
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Figure 3: (Left) Bayes optimal and AMP generalization errors and (right) diagonal and off-diagonal overlaps ggo,
qo1 for a committee machine with a large number of hidden neurons K and Gaussian weights, as a function of the
rescaled parameter & = o/ K. Solutions corresponding to global and local minima of the replica free entropy are
respectively represented with full and dashed lines. The dotted line marks the spinodal at &Sci)ino dal = 7.17, ie the
apparition of a local minimum in the replica free entropy, associated to a solution with specialized hidden units.
The dotted-dashed line shows the first order specialization transition at &< .. ~ 7.65, at which the specialized

spec —
fixed point becomes the global minimum. For & < &%CC, AMP reaches the Bayes optimal generalization error

and overlaps, corresponding to a non-specialized solution. However, for o > &SC;CC, the AMP algorithm does not

follow the optimal specialized solution and is stuck in the non-specialized solution plateau, represented with
dashed lines. Hence it unveils a large computational gap (yellow area).

4 From two to more hidden neurons, and the specialization

phase transition

4.1 Two neurons

Let us now discuss how the above results can be used to study the optimal learning in the simplest non-trivial
case of a two-layers neural network with two hidden neurons, that is when model (1) is simply

Y, = sign[Sign<ZXmWi*1> + sign(ZXm z*2>} g
i=1 i=1

and is represented in Fig. 1, with the convention that sign(0) = 0. We remind that the input-data matrix X
has i.i.d. (0, 1) entries, and the teacher-weights W* used to generate the labels Y are taken i.i.d. from P.
In Fig. 2 we plot the optimal generalization error as a function of the sample complexity o = m/n. In
the left panel the weights are Gaussian (for both the teacher and the student), while in the right panel they
are binary/Rademacher. The full line is obtained from the fixed point of the state evolution (SE) of the AMP
algorithm (13), corresponding to the extremizer of the replica free entropy (10). The points are results of
the AMP algorithm run till convergence averaged over 10 instances of size n = 10%. In this case and with
random initial conditions the AMP algorithm did converge in all our trials. As expected we observe excellent

10



agreement between the SE and AMP.

In both left and right panels of Fig. 2 we observe the so-called specialization phase transition. Indeed
(13) has two types of fixed points: a non-specialized fixed point where every matrix element of the K x K
order parameter q is the same (so that both hidden neurons learn the same function) and a specialized fixed
point where the diagonal elements of the order parameter are different from the non-diagonal ones. We
checked for other types of fixed points for K = 2 (one where the two diagonal elements are not the same),
but have not found any. In terms of weight-learning, this means for the non-specialized fixed point that the
estimators for both W and W5 are the same, whereas in the specialized fixed point the estimators of the
weights corresponding to the two hidden neurons are different, and that the network “figured out” that the
data are better described by a model that is not linearly separable. The specialized fixed point is associated
with lower error than the non-specialized one (as one can see in Fig. 2). The existence of this phase transition
was discussed in statistical physics literature on the committee machine, see e.g. [20, 23].

For Gaussian weights (Fig. 2 left), the specialization phase transition arises continuously at ozg)ec(K =
2) ~ 2.04. This means that for a < ag)ec
network is not able to learn that two different teacher-vectors W; and W5 were used to generate the observed

labels. For o > ag)ec

(K = 2) the number of samples is too small, and the student-neural

(K = 2), however, it is able to distinguish the two different weight-vectors and the
generalization error decreases fast to low values (see Fig. 2). For completeness we remind that in the case
of K = 1 corresponding to single-layer neural network no such specialization transition exists. We show
in sec. E that it is absent also in multi-layer neural networks as long as the activations remain linear. The
non-linearity of the activation function is therefore an essential ingredient in order to observe a specialization
phase transition.

The right part of Fig. 2 depicts the fixed point reached by the state evolution of AMP for the case of binary
weights. We observe two phase transitions in the performance of AMP in this case: (a) the specialization phase
transition at asl%ec(K = 2) ~ 1.58, and for slightly larger sample complexity a transition towards perfect
generalization (beyond which the generalization error is asymptotically zero) at aferf(K =2) ~ 1.99. The
binary case with K = 2 differs from the Gaussian one in the fact that perfect generalization is achievable at finite
«. While the specialization transition is continuous here, the error has a discontinuity at the transition of perfect
generalization. This discontinuity is associated with the 1st order phase transition (in the physics nomenclature),
leading to a gap between algorithmic (AMP in our case) performance and information-theoretically optimal
performance reachable by exponential algorithms. To quantify the optimal performance we need to evaluate
the global extremum of the replica free entropy (not the local one reached by the state evolution). In doing
so that we get that information theoretically there is a single discontinuous phase transition towards perfect
generalization at a2 (K = 2) ~ 1.54.

While the information-theoretic and specialization phase transitions were identified in the physics literature
on the committee machine [20, 21, 3, 4], the gap between the information-theoretic performance and the
performance of AMP —that is conjectured to be optimal among polynomial algorithms— was not yet discussed
in the context of this model. Indeed, even its understanding in simpler models than those discussed here, such

as the single layer case, is more recent [15, 26, 25].

4.2 More is different

It becomes more difficult to study the replica formula for larger values of K as it involves (at least) K-
dimensional integrals. Quite interestingly, it is possible to work out the solution of the replica formula in
the large K limit (thus taken after the large n limit, so that K /n vanishes). It is indeed natural to look for
solutions of the replica formula, as suggested in [19], of the form ¢ = qqlxxx + (qo/K )1k 1}, with the
unit vector 15 = (1)&£,. Since both ¢ and p are assumed to be positive, this scaling implies that 0 < g; < 1
and 0 < g, + g4 < 1, as it should, see sec. D. We also detail in this same section the corresponding large K
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expansion of the free entropy for the teacher-student scenario with Gaussian weights. Only the information-
theoretically reachable generalization error was computed [19], thus we concentrated on the analysis of
performance of AMP by tracking the state evolution equations. In doing so, we unveil a large computational
gap.

In the right panel of Fig. 3 we show the fixed point values of the two overlaps oo = ¢4 + ¢o/K and
go1 = ¢a/K and the resulting generalization error, plotted in the left panel. As discussed in [19] it can be
written in a closed form as e, = arccos [2 (g, + arcsin gq) /7] /7, represented in the left panel of Fig. 3. The
specialization transition arises for « = ©(K) so we define & = o/ K. The specialization is now a 1st order
phase transition, meaning that the specialization fixed point first appears at ag)inodal ~ 7.17 but the free
entropy global extremizer remains the one of the non-specialized fixed point until &S%ec o~ 7.65. This has
interesting implications for the optimal generalization error that gets towards a plateau of value epjatean ~ 0.28
fora < &%ec
of Fig. 3.

AMP is conjectured to be optimal among all polynomial algorithms (in the considered limit) and thus

and then jumps discontinuously down to reach a decay aymptotically as 1.25/a. See left panel

analyzing its state evolution sheds light on possible computational-to-statistical gaps that come hand in hand
with 1st order phase transitions. In the regime of & = ©(K) for large K the non-specialized fixed point is
always stable implying that AMP will not be able to give a lower generalization error than €pjateau. Analyzing
the replica formula for large K in more details, see sec. D, we concluded that AMP will not reach the optimal
generalization for any o < ©(K?). This implies a rather sizable gap between the performance that can
be reached information-theoretically and the one reachable tractably (see yellow area in Fig. 3). Such large
computational gaps have been previously identified in a range of inference problems —most famously in the
planted clique problem [27]— but the committee machine is the first model of a multi-layer neural network
with realistic non-linearities (the parity machine is another example but use a very peculiar non-linearity) that
presents such large gap.

5 Structure of the proof of Theorem 3.1

All along this section we assume (H1), (H2) and (H3), and all the rigorous statements are implicitely assuming
these hypotheses. We denote K-dimensional column vectors by underlined letters. In particular W} =
(WHE | w; = (wy) | Forp=1,...m,let V., U}, be K-dimensional vectors with i.i.d. A'(0, 1) components.
Let s, € (0,1/2] a sequence that goes to 0 as n increases, and let M be the compact subset of matrices in
S};"’ with eigenvalues in the interval [1,2]. For all M € s, M, 2s,[xxx — M € S?;.

5.1 Interpolating estimation problem

Let e = (e1,€2) € (spM)2 Let g : [0,1] — Si(p) and 7 : [0,1] — S} be two “interpolation functions” (that

will later on depend on €), and

Ri(t) = ¢ +/0 r(v)dv, Ry(t) = € +/0 q(v)dv. (14)

For t € [0, 1], define the K -dimensional vector:

[1—t & . e .
=1

where matrix square-roots (that we denote equivalently A'/2 or v/A) are well defined. We interpolate with
auxiliary problems related to those discussed in sec. 3; the interpolating estimation problem is given by the
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following observation model, with two types of t-dependent observations:

{ Yiu ~ Pout( - [S8;,), 1<pu<m, 16)

Yii=VR(OW!+2Z;, 1<i<n,

where Z/, is (for each i) a K-vector with i.i.d. A/(0, 1) components, and X;J is a K-vector as well. Recall that
in our notation the *-variables have to be retrieved, while the other random variables are assumed to be known
(except for the noise variables obviously). Define now s, , by the expression of S, , but with w; replacing W7
and u,, replacing U},. We introduce the interpolating posterior:

3

m

e 2||Y i Rl(t)ﬂzllg H

o3 llu, I3

enER Pout(Yiuls,) (A7)

Pye(w,ulYs, Y/, X, V)
(27

where the normalization factor Z,, ((t) equals the numerator integrated over all components of w and u. The

average free entropy at time ¢ is by definition

S|

frne(t) = —EInZ, (t Eln/DquPo H out (Yepulse,,) H —3 1Y i —V/Ri () I3 (18)

M_l =1

where Du = [[}}" H{il(Qﬁ)_l/Qe*uil/?.
The presence of the small “pertubation” € induces a proportional change in the free entropy of the
interpolating model:

Lemma 5.1 (Perturbation of the free entropy). For all ¢ € (s, M)? we have fort = 0 that |f,(0) —
fre=0,0)(0)| < C’sy, for some positive constant C'. Moreover, | fn, — fy, c—(0,0)(0)| < Csy, for some positive
constant C, so that

|fn - fn,e:(O,O)(0)| = On(l) :
Proof. Let us compute (or directly obtain by the I-MMSE formula for vector channels [42, 43, 44])

1

Vel fn,e(o) = _5 [p - E<Q>n70,e] ) (19)

where the K x K overlap matrix (Q;/) is defined below by (23). Note that the r.h.s. of the above equation is
(up to a factor —1/2) the K’ x K MMSE matrix. Set u,(z) = In Pyy(y|x). Now we compute (by calculations
very similar to the ones used in the proof of the following Proposition 5.2):

Vednd)= 5 fjl E | Vuy,,,(Sy,){ Vuriu(se,)) | | (20)
=

Note that the rh.s. of the above equation is symmetric by the Nishimori identity Proposition A.1. By
the mean value theorem we obtain then directly that |f,,c(0) — fne=0,0)(0)] < [[Ve fre(0)|pller]lr +
IVes fre(O)l[Elle2llr < Cmax; [|ei| < C'sp. O

Using this lemma one verifies, using in particular continuity and boundedness properties of ¢ p, and ¥p_,
(see Lemma A.6 in sec. A for details; sec. A gathers the detailed proofs of all the propositions below):

(21)

fn,e(o) = fn - % + On(l) s
Fae1) = ¥p,(fy r(t)dt) + aWp,, (fy a(t)dt; p) — & [ Te[pr(t))dt — & + 0,(1) .
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Here 0,,(1) — 0 in the 1, m — 0o limit uniformly in ¢, ¢, r, €.

5.2 Overlap concentration and fundamental sum rule

Notice from (21) that at ¢ = 1 the interpolating estimation problem constructs part of the RS potential (9),
while at ¢ = 0 it is the free entropy (6) of the original model (7) (up to a constant). We thus now want to
compare these boundary values thanks to the identity

Ldfne(t) K

— n(1) . 22
o dt+2+o() (22)

K

fn = fn,E(O) + 5 + On(l) = fn,e(l) - /

0

The next obvious step is therefore to compute the free entropy variation along the interpolation path, see
sec. A.3 for the proof:

Proposition 5.2 (Free entropy variation). Denote by (=), ¢ the (Gibbs) expectation w.r.t. the posterior P;
given by (17). Set uy(x) = In Py (y|x). For allt € [0, 1] we have

Vocll) _ _p(me| (2 Z Vari, (50,0 Vuri, (80,07 = r0)(Q = a(®)] )+ STr[r(O)alt) - p)] + 00 ().

n,t,e 2

where V is the K -dimensional gradient w.r.t. the argument of uy, ,(+), and 0, (1) — 0 in the n, m— oo limit
uniformly int, q, r, €. Here, the K x K overlap matrix () is defined as

N,
Qu = -~ > Wiwi . (23)
i=1

We will plug this expression in identity (22), but in order to simplify it we need the following crucial
proposition, which says that the overlap concentrates. This property is what is generally refered to as a replica
symmetric behavior in statistical physics.

Proposition 5.3 (Overlap concentration). Assume that for anyt € (0,1) the transformation € € (5, M)?
(Ry(t,€), Ry(t,€)) isaC' diffeomorphism with a Jacobian determinant greater or equal to 1. Then one can find a
sequence s, going to 0 slowly enough such that there exists a constant C(pout, S, K, ) > 0 depending only on
the activation oy, the support S of the prior Py, the number of hidden neurons K and the sampling rate «, and
a constant vy > 0 such that (|| — ||r is the Frobenius norm):

! ' 2 C(QOOUMS) K; O[)
W /(sn/vl)2 dﬁ/o dﬂE<HQ N E<Q>n’t’€HF>n,t,e = n”Y ’

The proof of this concentration result can be directly adapted from [45]. Using the results of [45] is

straightforward, under the assumption that € — R(t, ¢) is a C! diffeomorphism with a Jacobian determinant
greater or equal to 1. This Jacobian determinant can be computed from formula (30). To check that it is greater
than one we use Lemma 5.5 and need Assumption 1 stated in paragraph 5.3 below. With a Jacobian determinant
greater than one, we can “replace” (i.e., lower bound) the integrations over R (¢, €), that naturally appear in
the proof of Proposition 5.3, by integrations over the perturbation matrix e. This is exactly what has been done
in the K = 1 version of the present model in [11] or in [46] i.e., in the scalar overlap case (see also [47] for a
setting with a matrix overlap as in the present case).
From there we can deduce the following fundamental sum rule which is at the core of the proof:

Proposition 5.4 (Fundamental sum rule). Assume that the interpolation functions r and q are such that the map
€ = (e1,€e2) = R(t,e) = (Ri(t,€), Ra(t,€)) given by (14) is a C* diffeomorphism whose Jacobian determinant
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Jn.c(t) is greater or equal to 1. Assume that for allt € [0,1] and € € (s, M)? we have q(t) = q(t,e) =
E(Q)nte € S;g(p). Then

1

fo= W /(snM)2 de{wpo(/ol T(t)dt) +a¥p . (/ q(t, €)dt; p)
—/ Te[g(t, ) ]dt}+on(1). (24)

Proof. Let us denote V;, = Vol(s,,M)?. The integral over € is always over (s,M)2. Consider the first term, i.e.
the Gibbs bracket, in the free entropy derivative given by Proposition 5.2. By the Cauchy-Schwarz inequality

((e[( Zwm 5,0V, (8,07 = 1(0) (@ = a@)]) )’

</de/ dtE Hvaqu (51,) Vi, (S,,)T — H X /de/ AE(|Q = a®)[g ),

The first term of this product is bounded by some constant C'(¢out, ) that only depend on ¢qyt and «, see
Lemma A.4 in sec. A.4. The second term is bounded by C(pout, S, K, a)n~7 by Proposition 5.3, since we
assumed that for all € € B, and all ¢ € [0, 1] we have ¢(t) = q(t, €) = E(Q)n.t.. Therefore from Proposition
5.2 we obtain

1 Vdfpe(t) 1 ! B
Vn/de/o I dt = 2Vn/de/o Tr[q(t, €)r(t) — r(t)p]dt + 0n(1) + O(n /2y, (25)

Here the small terms are both going to 0 uniformly w.r.t. to the choice of ¢ and . When replacing (25) in (22)

and combining it with (21) we reach the claimed identity. O

5.3 A technical lemma and an assumption

We give here a technical lemma used in the rest of the proof, and which allows us to detail the unproven
assumption on which we rely to prove Thm 3.1.

Lemma 5.5. The quantity E(Q)n ¢ is a function of (n,t, R(t,€)). We define F,gl)(t, R(t,€)) = E(Q)nt, and
fois (t,R(t,e)) =2aV¥p, (E(Q)nite) Frn = (FT(LU, F7§2)) is defined on the set:

D, = {(t,rl,TQ) € [0,1] x S;;- X S;; (pt — 1o+ 2s,1K) € S;;-} (26)

F,, is a continuous function from Dy, to Sz x S} (p). Moreover, F,, admits partial derivatives with respect to Ry
and Ry on the interior of D,,. For every (t, R(t,€)) for which they are defined, they satisfy:

K (1)

O(Fn
Yoo s, 27)
< O(R1)w

We can now state the technical assumption on which we rely, and which essentially allows us to derive
that the map e — R(t, ¢) is a C! diffeomorphism with a Jacobian determinant greater or equal to 1 as it will
become clear in the next section:
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Assumption 1. With the notations of Lemma 5.5,

Proof of Lemma 5.5. The fact that the image domain of F), is Sz x Sj-(p) is known from Lemma A.2. The
continuity and differentiability of F,, follows from standard theorems of continuity and derivation under the
integral sign (recall that we are working at finite n). Indeed, the domination hypotheses are easily satisfied
since we work under (H1) and (H2).

Let us now prove (27). We write the formal differential of Fy(Ll) with respect to R; as Dg, FT(LI), which
is a 4-tensor, and our goal is to prove that Tr[Dpg, Fy(Ll)] > 0, the trace of a 4-tensor over Sk A;;)(x) being
Tr[A] = > ;<; A(ij)(ij)- Then one can write Tr[Dg, Fél)] =Tr[VVTUp (E(@)nte) X VR E(Q)ntc]- We
know from Lemma A.2 and Lemma A.6 that VVTWp  (E(Q)n.t.) is a positive symmetric matrix (when seen
as a linear operator over Sk’). Moreover, it is a known result that the derivative Vg, E(Q), ¢ ¢ is also positive
symmetric, since R; is the matrix snr of a linear channel (see [42, 43, 44]). Since the product of two symmetric
positive matrices has always positive trace, this shows that Tr[Dg, FT(LI)} > 0. O

5.4 Matching bounds

Proposition 5.6 (Lower bound). Under Assumption 1, the free entropy of model (7) verifies

liminf f, > sup inf frs(q,r).
oo reSk 4eSi(p)

Proof. Choose first (t) = r € S} a fixed matrix. Then R(t) = (R1(t), Ra(t)) can be fixed as the solution to
the first order differential equation:

LR =r,  LRt) =EQunic, and  R(0)=e. (28)

dt dt
We denote this (unique) solution R(t,€) = (rt + €1, fg q(v, €;7)dv + €2). It is possible to check that this ODE
satisfies the hypotheses of the parametric Cauchy-Lipschitz theorem, and that by the Liouville formula the
determinant .J,, () of the Jacobian of € — R(t, €) satisfies (see Lemma A.3 in sec. A)

8E n,s,e
In,e(t) = exp / (Qu) (s,R(s,e))ds) >1. (29)
0 >r O(Bz)u

Indeed, this sum of partial derivatives is always positive by Assumption 1. Moreover from (28), q(¢, €;7) =
E(Q)n,t., which is in S}; by Lemma A.2 in sec. A. The fact that the map € — R(¢, €) is a C! diffeomorphism is
easily verified by its bijectivity (from the positivity of J;, ((¢)) combined with the local inversion Theorem. All
the assumptions of Proposition 5.4 are veri.i.d. which then implies, recalling the potential expression (9),

1 1
c e [ atwnane) + o).
fn Vol(s, M)? /(sn/\/l)z € frs /0 q(v, € r)dv, ) + 0,(1)
This implies the lower bound as this equality is true for any r € S}E. O
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Proposition 5.7 (Upper bound). Under Assumption 1, the free entropy of model (7) verifies

limsup f, < sup inf frs(q,7).
n—00 rE€S; 4€SK (p)

Proof. We now fix R(t) = (Ri(t), R2(t)) as the solution R(,€) fO v, €)dv + €1, fO v,€)dv + €2) to
the following Cauchy problem:

d d

SR = 2090, (B(@ned), i Fe(t) =B(Quic,  and  R(0) = .

We denote this equation as O;R(t) = F,,(t, R(t)), R(0) = e. It is then possible to verify that F,,(R(t),t)
is a bounded C! function of R(t), and thus a direct application of the Cauchy-Lipschitz theorem implies
that R(t,€) is a C! function of ¢ and e. The Liouville formula for the Jacobian determinant of the map
€ € (spM)? = R(t,€) € R(t, (snM)?) gives this time (see Lemma A.3 in sec. A)

_ '~ [ O(Fn ) O(Fn2)w
In,e(t) = exp (/0 gl:, {m(s, R(s,e)) + m(s, R(s, 6))} ds) >1. (30)

The fact that this determinant is greater or equal to 1 for all ¢ € [0, 1] follows again from the positivity of this
sum of partials, see Lemma 5.5 and Assumption 1. Identity (30) implies the bijectivity of € — R(t, €) which,
combined with the local inversion theorem, makes it a diffeomorphism. Since E(Q), ¢ and p — E(Q)n 1. are
positive matrices (see Lemma A.2 in sec. A) we also have that ¢(t,€) € Sj:(p) and since by the differential
equation we have r(t,¢) = 2aV¥p,, (q(t,€)) and as VUp  (q) € Sj (see Lemma A6 in sec. A), then
r(t,€) € Si too. We have everything needed for applying Proposition 5.4 again which gives in this case

= Vol(si/\/l)2 /d€{¢PO(/Olr(v,e)dv)+allfpout(/0

Then by convexity of ¥p, and ¥p_ . (see Lemma A.6),

1

q(v,e)dv;p)—%Tr /01 q(v,e)r(v,e)dv}+on(1).

1 ! 1
fn < VOI(Sn./\/l)Z/dE/O dv{d)Po (T(v7 e)dv) + a\I’Pout (Q(v7 6);p) - §Tr[Q(v’ E)T(U, 6)]} + On(l)

1 1
- T / de /0 v fis(a(v, €),7(0,€)) + On(1)

We now remark that

frs(q(v,€),r(v,€)) = inf frs(q,r(v,€)).

a€S(p)

Indeed, for every r € Sy, the function g, : ¢ € Sit(p) — frs(g,7) € R (recall (9)) is convex (by Lemma A.6),
and its g-derivative is Vg, (q) = aVVp,, (q) — /2. Since Vg, (, ¢ (q(v, €)) = 0 by definition of r(v, €), and
S (p) is convex, the minimum of Jr(v,e)(q) is necessarily achieved at ¢ = q(v, €). Therefore

1 1
fo<— Lt / de / do nf fis(,r(0,€)) +0n(1) < sup  inf  frs(q,r) + On(L),
VO](SnM)2 (50 M)?2 0 qES (p) ( TES; qe‘g;(p) (

which concludes the proof of Proposition 5.7. O

Combining these two matching bounds ends the proof of Theorem 3.1.
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6 Discussion

One of the contributions of this paper is the design of an AMP-type algorithm that is able to achieve the
Bayes-optimal learning error in the limit of large dimensions for a range of parameters out of the so-called
hard phase. The hard phase is associated with first order phase transitions appearing in the solution of the
model. In the case of the committee machine with a large number of hidden neurons we identify a large hard
phase in which learning is possible information-theoretically but not efficiently. In other problems where
such a hard phase was identified, its study boosted the development of algorithms that are able to match the
predicted threshold. We anticipate this will also be the same for the present model. We should, however, note
that for larger K > 2 the present AMP algorithm includes higher-dimensional integrals that hamper the speed
of the algorithm. Our current strategy to tackle this is to combine the large- K expansion and use it in the
algorithm. Detailed account of the corresponding results are left for future work.

We studied the Bayes-optimal setting where the student-network is the same as the teacher-network, for
which the replica method can be readily applied. The method still applies when the number of hidden units in
the student and teacher are different, while our proof does not generalize easily to this case. It is an interesting
subject for future work to see how the hard phase evolves under over-parametrization and what is the interplay
between the simplicity of the loss-landscape and the achievable generalization error. We conjecture that in
the present model over-parametrization will not improve the generalization error achieved by AMP in the
Bayes-optimal case.

Even though we focused in this paper on a two-layers neural network, the analysis and algorithm can be
readily extended to a multi-layer setting, see [22], as long as the number of layers as well as the number of
hidden neurons in each layer is held constant, and as long as one learns only weights of the first layer, for which
the proof already applies. The numerical evaluation of the phase diagram would be more challenging than
the cases presented in this paper as multiple integrals would appear in the corresponding formulas. In future
works, we also plan to analyze the case where the weights of the second and subsequent layers (including the
biases of the activation functions) are also learned. This could be done for instance with a combination of EM
and AMP along the lines of [48, 49] where this is done for the simpler single layer case.

Concerning extensions of the present work, an important open case is the one where the number of
samples per dimension o = O(1) and also the size of the hidden layer per dimension K /n = ©(1) asn — oo,
while in this paper we treated the case K = ©(1) and n — oo. This other scaling where K/n = 0(1) is
challenging even for the non-rigorous replica method.
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Supplementary material

A Proof details for Theorem 3.1

A.1 The Nishimori property in Bayes-optimal learning

We first state an important property of the Bayesian optimal setting (that is when all hyper-parameters of the
problem are assumed to be known), that is used several times, and is often refered to as the Nishimori identity.

Proposition A.1 (Nishimori identity). Let (X,Y) € R™ x R"2 be a couple of random variables. Let k > 1 and
let XV ... X®) bek iid. samples (given'Y) from the conditional distribution P(X = -|Y), independently of
every other random variables. Let us denote (—) the expectation operator w.r.t. P(X = - |Y') andE the expectation
wr.t. (X,Y). Then, for all continuous bounded function g we have

E(g(Y, XM, X W) = E(g(y, xW, ..., x*V X)), (31)

Proof. This is a simple consequence of Bayes formula. It is equivalent to sample the couple (X, Y") according
to its joint distribution or to sample first Y according to its marginal distribution and then to sample X
conditionally to Y from its conditional distribution P(X = - |Y'). Thus the (k 4 1)-tuple (Y, X1, ... X #)
is equal in law to (Y, XM, ..., X(*=1)| X) This proves the proposition. O

As a first application of Proposition A.1 we prove the following Lemma which is used in the proof of the
upper bound Proposition 5.7.

Lemma A.2 (Positivity of some matrices). The matrices p, E(Q) and p — E(Q) are positive definite, i.e. in S:.
In the application the Gibbs bracket is (—)p ¢ ..

Proof. The statement for p follows from its definition (in Theorem 3.1). Note for further use that we also
have p = LE[W};(W;)T]. Since by definition Q@ = 13" | Wjw;y in matrix notation we have Q =
% > Wiw]. An application of the Nishimori identity shows that

B(@) = - S E(Wiw) = - 3 Blfw) (u])] 32
=1 =1

which is obviously in S;. Finally we note that

n n

1 * * 1 * *

Elp— (@) = — > (BW: (W) - Eltw)(w])]) = = >~ B[] — (w) (W~ (w])]
i=1 i=1

where the last equality is proved by an application of the Nishimori identity again. This last expression is

obviously in Sit, i.e. E(Q) € St (p). O

A.2 Setting in the Hamiltonian language

We set up some notations which will shortly be useful. Let u, (z) = In Pyy(y|z). Here z € RX andy € R.
We will denote by Vu,(x) the K-dimensional gradient w.r.t. z, and VVTu,(z) the K x K matrix of second
derivatives (the Hessian) w.r.t. z. Moreover V Pyt (y|z) and VVT P,y (y|z) also denote the K-dimensional
gradient and Hessian w.r.t. z. We will also use the matrix identity

vapout(Y ‘&)
T T = .
\VAYS Uy, (&) + VUYH (g)v uy, (g) Pyt (Y#‘Q)

(33)
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Finally we will use the matrices w € R™K 4 e RM*K Yy, ¢ R™, Y/ e R™KE X ¢ Rm*n V¢ RmMXK
W* € R™K and U* € R™*K_ Like in sec. 5 we adopt the convention that all underlined vectors are
K -dimensional, like e.g. u,,, U, V, and X;Z

It is convenient to reformulate the expression of the interpolating free entropy f, ((¢) in the Hamiltonian
language. We introduce an interpolating Hamiltonian:

He(w,u; V3, Y, X, V) = ZUY,H Seu) + ZHY — Ry (t)Y? w,||3 (34)

where recall that

-t &
St =0\ > Xpiw; + VRa(t) V,, + v/tp — Ra(t) + 250 Tcxic u, - (35)
=1

The expression of H(W*,U*; Y3, Y/, X, V) is similar to (34), but with w replaced by W* and s, , given by
(35) replaced by S, , given by (15). The average free entropy (18) at time ¢ then reads

1 v,y
Fre(t) = EE ln/R L dPO(w)/R . Dy e~ He(wwY, Y, X, V) (36)

where Du = [}, Hllil(27r)*1/2e_“il/2 and dPy(w) = [T/, Po(w;) [T/~ dwj. To develop the calculations

in the simplest manner it is fruitful to represent the expectations over W*, U, Y, Y” explicitly as integrals:

]_ / * _ * . ! _ . !
ne(t) = —Ex v t ’ 0 :
fre(t) = —Ex, / dY;dY] dPy(W*)DU* e~ He WS UYL X V) / dPy(w)Du e~ 0wt Y. X V) 37y
n

A.3 Free entropy variation: Proof of Proposition 5.2
The proof provided here follows very closely the one in [11] for the case K = 1, so we are more brief and

refer to this paper for more details. We first prove that for all t € (0, 1)

n

Do) Z6(m[( i Virr,, (5, Vi (80,07 = () (5 3 Wowl —a(0)))

=1

+ ST - ) - 5 @)

where

[ [\} 3 vzoil;jgst“ (fz (W W) ))Hmzn,e(t)}. (39)

Once this is done, we show that A4,, goes to 0 as n — oo uniformly in ¢ € [0, 1] in order to conclude the proof.

Ap =

The Hamiltonian (34) t-derivative evaluated at the ground-truth matrices is given by

dH;
dt

dSt
dt

S (WW?)T(Y@- ~ Ri()°W)

— (W, UYL Y X, V) = ZVUYt“ Sy 4) y7

1=

:—ZTr[ ’“VTUYW Stﬂ} ZT[(de

£)1/2

) (= R 2w W] o)
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(where we used that R () is symmetric). The ¢-derivative of f, (t) thus reads, for 0 < ¢ < 1,

dfn,e(t)
dt

dH;

( dH;
dt

dt (
Ty T2

_ E[ WU Y, VXV I 2, (1)) — —E< WYY, X, V)) @

n,t,e

First, we note that 75 = 0. This is a direct consequence of the Nishimori identity Proposition A.1:

d%t / dHt * *, / —
T, = E< w3, Y/ X, V)>m€ nE S UYL YL X, Y) = 0. (42)

We now compute 77. Starting from (40) and considering the first term only (recall also the expression (15)
for S, ).
=LK

Z?:l Xm'wf
2y/n(1—1t)

d d .
+ 2 VROV, + 2/t — Balt) + 20Tk Qﬂ}vwm(gt,u)] In Zn,e(t)} . (43)

E[Tr[cig“vwn,u (81,)| 0 Zn (1) = B[ Te[{ -

We then compute the first line of the right-hand side of (43). By Gaussian integration by parts w.r.t. X,;; (recall
hypothesis (H3)), and using the identity (33), we find after some algebra

el T
- §E<Tr [ﬁ Z Wiw/Vuy, , (Sy,)VTuy;, (ﬁw)} >n e (44)
i=1 v

Similarly for the second line of the right hand side of (43), we use again Gaussian integrations by parts but
this time w.r.t. V,, U}, which have iid. N'(0,1) entries. This calculation has to be done carefully with the
help of the matrix identity

sy = /arge WA L VMO (45)

dt dt dt

for any M (t) € S}, and the cyclicity and linearity of the trace. Applying (45) to M (t) equal to fO s)ds and
fg(p — q(s))ds, as well as the identity (33), we reach after some algebra

E[Tr [(%\/RQ(@ZH 4 %Wp = Rat) + Zon Ik U ) Vi, (S,,0)| In Zc(8)]

VYT P (VilS,01) T
—E[Tr| R AT |10 20 c0)] + B(Te[a(t)Vuy,,, (5,0 VTuvi,, (5] >m . (6)
As seen from (40), (41) it remains to compute E[Tr[(< /Ry (8))T(Y]; — /Ra(t W:T|In Z,,(t)]. Recall

that Y3 ; — \/R1(t)W} = Z; ~ N(0, Ixx k). Using Gaus31an 1ntegrat10n by parts as well as the identity (45)
one obtains

E[Tr[(j\/f) ), — VR(OW?) *T}lnzn,e(t)]:—Tr[ Rl(t)(p—E<W;wj>n,t,€)}. (47)
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Finaly the term 77 is obtained by putting together (43), (44), (46) and (47).
It now remains to check that A,, — 0 as n — +o00 uniformly in ¢ € [0, 1]. The proof from [11] (Appendix
C.2) can easily be adapted so we give here just a few indications for the ease of the reader. First one notices that

[VVTPout(Y;t ,u’S

L) * — T _
out(Y |St " ‘ W {St'“} } /dyﬂvv POut(}/t,u‘ﬁt”u) 0, (48)

so that by the tower property of the conditional expectation one gets

T NIV P (Ve ulS, ) o
MWZ P Vil <fZW Wiy -n)]] =o. )

Next, one shows by standard second moment methods that E[(In Z,, ¢(t)/n — fn.c(t))?] — 0asn — +oo
uniformly in t € [0, 1] (see [11] for the proof at K = 1, that generalizes straightforwardly for any finite K).
Then, using this last fact together with (49), and under hypotheses (H1), (H2), (H3), an easy application of the
Cauchy-Schwarz inequality implies A,, — 0 as n — +oo uniformly in ¢ € [0, 1]. This ends the proof. ]

A.4 Technical lemmas

Lemma A.3 (Cauchy-Lipschitz Theorem and Liouville Formula). Let

7| [0.1]x(0,400)" — [0, +00)
' (t2) = F(t,2)
be a continuous, bounded function. Assume that F' admits continuous partial derivatives aF t=1,...,d)onits

domain of definition. Then, for all ¢ € (0, +00)?, the Cauchy problem

y(0)=¢ and  y'(t)=F(ty(t)) (50)
admits a umque solutiont — y(t,€). Forallt € [0, 1], the mapping z; : € — y(t, €) is a diffeomorphism of class
C*, from (0, +00)? to 2;((0, +00)%). Moreover the determinant J(z;)(€) of the Jacobian of z at € verifies

J(z)(e) = det((ayz = exp / (s,y(s e))ds) . (51)
663 ,j

Thus, in particular, if in addition %, gf; > 0 then J(z)(€) > 1 for alle.

Proof. The existence and uniqueness of the solution of (50) follows from the classical Cauchy-Lipschitz
Theorem. The solution is indeed defined on all the segment [0, 1] because F is bounded.

Theorem 3.1 from Chapter 5 in [50] gives that y admits continuous partial derivatives g—é fori=1,....,d,
and Corollary 3.1 from Chapter 5 in the same reference states the Liouville formula (51).

By the Cauchy-Lipschitz Theorem, two solutions of y/(¢) = F'(¢,y(t)) that are equal at some ¢ € [0, 1]
are equal everywhere. This implies that the mapping z; : € — y(t, €) is injective, for all ¢ € [0, 1]. Since y

admits continuous partial derivatives in €;, i = 1, ..., d, we obtain that z; is of class C* on (0, —|—oo)d. Now,
the equation (51) gives that .J(z;)(e) > 0 for all € € (0, +00)?. The local inversion Theorem gives then that z;
is a C! diffeomorphism. O
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Lemma A.4 (Boundedness of an overlap fluctuation). Under hypothesis (H2) one can find a constant C'(p, K, A) <
+00 (independent of n, t, €) such that for any R, € S}: we have

2
F> | S 2I(R) +a*Clp, K, A). (52)

IE< H% Z vuth“ (§tvﬂ>vuYt,u (ﬁt,u)T - Rn
pn=1

We note that the constant remains bounded as A — 0 and diverges as K — +00.

Proof. It is easy to see that for symmetric matrices A, B we have Tr(A — B)? < 2(TrA? + TrB?). Therefore

)
F/ nite

< 2Tr(R2) + 2E<Tr<% Z Vuy, ,(81,)Vuy,, (ﬁt,M)T)2>n g (53)
p=1 ”

1 m
E< H ﬁ Z vuYt’“ (§tvﬂ)vuyt,u (ﬁt,u)T - Rn
pn=1

In the rest of the argument we bound the second term of the rh.s. Using the triangle inequality and then
Cauchy-Schwarz we obtain

(5 2 v i), < <%(ZHV%<SW>V%<SW> I¥)’)
p=1

nit,e n,t,e
< E@(f}l|Vun,u<st,,i>||2uw,u< S,07k) ), (54)
=
From the random representation of the transition kernel,
10, (5) = In Pos (Vi) = I [ dPa(a,) e 5Otz 55)
and thus
Vuy, , () = J dPa(a,) (Vi = ol 0,)) Vepla, ay)e” 25 Ctn—elwen))” (56)

/ dPA(aM)e_i(Yt,u—@(La#))Q

where V¢ is the K-dimensional gradient w.r.t. the first argument z € R, From the observation model we get

and thus we immediately
obtain for all s € R¥

[Vuy,, (2)]| < (2sup|e| + VA|Z,])sup || Vel| . (57)

From (57) and (54) we see that it suffices to check that

m2
—SE[(2suple] +1Z.)*(sup [Vell))’] < Clo, K, A)

where C'(p, K, A) < 400 is a finite constant depending only on ¢, K, and A. This is easily seen by expanding
all squares and using that m/n — «. This ends the proof of Lemma A 4. O

Lemma A.5 (Properties of ¢'p,). ¢'p, is defined as the free entropy of the first auxiliary channel (3). We have,
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foranyr € Si:

Ypy(r) = ]Eln/ dw Py (w)e e/ ?w=gwire,
RK

Then ) p, is convex and differentiable on Si, with Vipp, (r) € S;g foranyr e S}E.

Proof. Note that ¢ p, is related to the mutual information I (Wjy; Yp) via the relation I(Wy; Yo) = —¢p,(r) +
% + 1Tr[rp]. It is then a known result (see [42, 43, 44]) that the derivative V,I(Wj;Yp) is given by the
matrix-MMSE, i.e. V,I(Wo; Yy) = 3E [(w) (w)T]. This implies that V,¢p, (r) = £ (p — E[(w) (w)T]). Using
the Nishimori identity Prop.A.1, we can write it as V,¢p, (r) = 3E [(w — (w))(w — (w))T], which is clearly a
positive matrix. It is also known (see for instance Lemma 4 of [42]), that I(W};Y}) is a concave function of ,
which implies that 1p, is convex, which ends the proof. O

Lemma A.6 (Properties of Up, ). Recall that U p_  is defined as the free entropy of the second auxiliary channel
(4). More precisely, for g € S;-(p), we have:

o bl

\I’Pout(Q) = ]El]_’l /RK dwmpout (%’q1/2v + (p — q)l/Qw)

Then U p, . is continuous and convex on Sy (p), and twice differentiable inside Sy (p). Also, VU p, . (q) € Si.

Proof. The continuity and differentiability of ¥ p_ . is easy, and exactly similar to the first part of the proof of
Proposition 18 of [11]; it just follows from the hypothesis (H2) which allows to use continuity and differentiation
under the expectation, because all the domination hypotheses are easily verified.

One can compute the gradient and Hessian matrix of ¥p,  (g), for ¢ inside S (p), using Gaussian
integration by parts and the Nishimori identity. The calculation is tedious and essentially follows the steps of
Proposition 11 of [11]. Recall that ug; (z) = In Pout (Yo|z). We define the average (—) « (Where sc stands for
“scalar channel”) as

_ Jax DwPou(Yol(p — 9)"?w + ¢'/2V)g(w)

<g(w)>sc - < (58)
Jrix DwPout(Yol(p — 9)'/?w + ¢'/2V)
for any continuous bounded function g. One arrives at:
1 N T
Ve, (q) = §E<VU% ((p —q)'PWr + q1/2V> Vug, <(p —q)"Pw+ ql/QV) >SC- (59)

Note that this gradient is actually a symmetric matrix of size K x K, as it is a gradient w.r.t. ¢, which is itself
a matrix of size K. The Hessian VVTWUp . with respect to ¢ is thus a 4-tensor. One can compute in the same
way:

vvT\Ij})out (q) =

E [(< VYV Pous (Yol (p — @)V?w + ¢'/?V)) >SC (60)

Pout(Yol(p — @)Y/2w + q'/2V)
(S (a5 56) S, (oY) )]

1
2

In this expression, ®2 means the “tensorized square” of a matrix, i.e. for any matrix M of size K x K, M®? is
a 4-tensor with indices M, l?l% 1als = Migt, Mi,1,. From this expression, it is clear that the Hessian of Up,, is
always positive, when seen as a matrix with rows and columns in Sk, and thus Up,_ . is convex, which ends
the proof of Lemma A.6. O

28



B Replica calculation

Our goal here is to provide an heuristic derivation of the replica formula of Theorem 3.1 using the replica
method, a powerful non-rigorous tool from statistical physics of disordered systems [13, 14]. This computation
is necessary to properly “guess” the formula that we then prove using the adaptive interpolation method. The
reader interested in the replica approach to neural networks and the commitee machine is invited to look as
well to some of the classical papers [51, 36, 20, 21, 19, 5].

The replica trick makes use of the formula, for a random variable z € R™ and a strictly positive function
fn : R™ — R that depends on n:

lim E Inf, = lim lim = InEfP. (61)
n—oon p—0+ n—oo np
Note that the inversion of the two limits here is non-rigorous. Computing the moments E f? can often
be done for integers p € N, and one can conjecture from it its value for every p > 0, before taking the limit
p — 07 in (61) by analytical continuation of the value for integer p.
In our calculation, we will use this formula to compute the free entropy of our system, f = limy, o0 fn.
We will thus need the moments of the partition function, for integer p:

K p

EZ, =E / dePO ({wa }s HPout Y{{fzxzwd} :

=1
K

_p .
=K _al_Il/nXR dw® HPO {wzl}l 1 HPout lL {\/ﬁ;me?l}

=1
The outer expectation is done over X,,; ~ N(0,1), w* and Y. Writing w* as w® we have:

Ezg:EX/ dYH /RHXRK w [T Po ({wii}y)

=1

X HPout Y/J’ {IZX/M,U];I[} ]
pn=1 n i=1

=1

To perform the average over X, we notice that, since it is an i.i.d. standard Gaussian matrix, then for every

a,_

a, i, 1, n1/2 Yoy Xpuiw$ follows a Gaussian multivariate distribution, with zero mean. This naturally

leads to 1ntroduce its covariance tensor, which is equal to:

]EZ ZI/l/ — 5/“,Eal — 6/1«1/le/ (62)

Qi = szlw (63)

RKXK

For every a, b, Qf € is the overlap matrix, and ¥ is of size size (p + 1)K x (p + 1) K. Introducing &

functions for fixing (), we arrive at :

E[27] = H / o I / Q. [Loror({QE}) X Tebannar({QE1)] (64)

{(a,r);(b,r")}
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with:
P
prlor {Qbr H |:/ K dwaPO(wa>:| H 6 ( ! — Zwllwll/> y (65)
a=0 LK {(a):(b1)})
_ a a\,— % Indet X— mE(p+1) 1 or
Ichannel({@br = /Rm YH/me az HPout Y|Z%e 2

exp |~ ZZZ Zi (5t | - (66)

!
u 1ab LU bl

By Fourier expanding the delta functions in I;rior, and performing a saddle-point method, one obtains:

lim 1 InE[Z]] = extr, 4 [H(Q,Q)} , (67)

n—00 1

in which (recall = lim,,—,oc m/N) :

p
; E%Z e ZZQW 9 4 Inl+alnl, (68)

a=0 I/ a,;éb LU

in which we defined:

1= H /RK dwaP() exp —= ZZQal,wl wl, + = ZZle’wl wl’ , (69)

a=0 [’ a;ﬁb Ll
79 1 - &
d Pou(y] = 7075 (5 Y | 70
/= / yH/}RK p+1)/2 Jaety P 2@;0”231 P2 )bll’ 70)

Our goal is to express H(Q, Q) as an analytical function of p, in order to perform the replica trick. To do
so, we will assume that the extremum of H is attained at a point in @, () space such that a replica symmetry
property is verified. More concretely, we assume:

3Q° e R M st vaello,p]] V(1) €L K[* Q= Q, (71)
g e RE*E st VY(a<b)e[lo,p)? VI,1)e [, K] QY =aqu, (72)

and samely for Q° and §. Note that Q° is by definition a symmetric matrix, while ¢ is also symmetric by our
assumption of replica symmetry. Under this ansatz, we obtain:

H@Q.Q"q.0) = " rgogr - D

5 Trlgq) + In I + aln J. (73)

Remains now to compute an expression for / and .J that is analytical in p, in order to take the limit p — 0.
This can be done easily, using the identity, for any symmetric positive matrix M € R¥*X and any vector

x € RE: exp (2T(M/2)x = [px DE exp (fTM 1/2 ) in which D¢ is the standard Gaussian measure on R¥.
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We obtain:

/ [ [ ; 2+ 7 HPH
1= D¢ dw Py(w) exp |—=wT(Q” + §)w + £T¢ 7/ “w , (74)
RE K 2

R
J:/Rdy/RK De URK dZPout{y\(QO—q)1/2Z+q1/2§}]p+1. (75)

Our assumptions must be consistent in the sense that extry 4 {Hmp_)m- H(Q, Q)} = 0 (because EZ0 = 1).
In the p — 07 limit, one easily gets J = 1 and I = [, dw Py(w) exp [—%wTQOwO}. This implies that the

optimal overlap parameters satisfy Q° = 0 and Q?l/ = Ep, [wywy]. In the end, we obtain the final formula for
the free entropy:

1
h_)m fn =extrgg4 {—2Tr[q6] +Ip+ aIC} , (76)
Ip = / D¢ dw® Py(w®) exp {—;(wO)T(jwo + STQ1/2wO}
RK RE
x In {/ dwPy(w) exp [—1chjw + {T(jl/QwH ,
REK 2
to= [y [ pe [ D2Pu{ol@ - 220+ g
R REK REK
x In [/ DZ Py {y|(Q0 — q)l/QZ + q”%}} .
REK

A known ambiguity of the replica method is that its result is given as an extremum, here over the set
S#(Qo) of positive symmetric matrices, such that (Q° — ¢) is also a positive matrix. It is easy to show that
this form gives back the form given in Theorem 3.1, by assuming that this extremum is realized as a sup, inf,.
Note that in the notations of Theorem 3.1, Q° is denoted p and ¢ is denoted R.

C Generalization error

We detail here two different possible definitions of the generalization error, and how they are related in our
system. Recall that we wish to estimate W* from the observation of oyt (X W™*). In the following, we denote
E for the average over the (quenched) W* and the data X, and (—) for the Gibbs average over the posterior
distribution of W. One can naturally define the Gibbs generalization error as:

Gibbs
€g

]EW*,X< [‘Pout (XW) — Pout (XW*)]2 >7 (77)

N —

and define the Bayes-optimal generalization error as:

Bayes
69

Ew- x [( {(fout (XW)) = ou (XW*))?]. (78)

N |
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Using the Nishimori identity A.1, one can show that:

Bayes

1 § 1
9 = SExaw [ou (XW)] + SExaw [(pous (XW))?]
— IEX,W* (‘Pout (XW*) Pout (XW)> s

1 « 1 x
= SExwe [@out (XW] = SExw+ (Pout (XW*) gout (X))

Using again the Nishimori identity one can write:
Gibbs __ *\2 *
S = Ex e o (XW)] = Exw (@out (XW*) ot (XW)),

which shows that egibbs = 269Bay . Note finally that since the distribution of X is rotationally invariant, the
quantity Ex [pout (X W) pout (XW)] only depends on the overlap ¢ = WTW*. As the overlap is shown to
concentrate under the Gibbs measure by Proposition 5.3, and as we expect that the value it concentrates on
is the optimum ¢* of the replica formula (such fact is proven, e.g., for random linear estimation problems in
[52]), the generalization error can itself be evaluated as a function of ¢*. Examples where it is done include
[53, 3, 19, 11].

C.1 The generalization error at ' = 2

In this subsection alone, we go back to the K = 2 case, instead of the X' — oo limit. From the definition of
the generalization error (see sec. C), one can directly give an explicit expression of this error in the K = 2
case. Recall our committee-symmetric assumption on the overlap matrix, which here reads

_(watE )
L owty

For concision, we denote here sign(z) = o(x). One obtains from (78):

1 -
= — geBavesK=2 _ Dxolo(x1) + o(z2)] (79)
2 g R4
da da 4
x o0 |(5 +qi)rr+ w2+ 13 1—4—%%—61{%
2 2 2
a+ 2 1—¢2)(1 - (ga + qa)?
+o %11‘1 + ( 5 + qq)x2 — x3 Ga( ) + x4 ( qd)( (ga q(;) )
\/1_*_51an a L= ~ guaa— g}

Note that one could possibly simplify this expression by using an appropriate orthogonal transformation on x.
These integrals were then computed using Monte-Carlo methods to obtain the generalization error in the left
and middle plots of Fig. 2.

D The large K limit in the committee symmetric setting

We consider the large K limit” for a sign activation function, and for different priors on the weights. Since the

output is a sign, the channel is simply a delta function. We assume a committee symmetric solution, i.e. the

2A similar limit has been derived in the context of coding with sparse superposition codes [54]. There the large input alphabet
limit of the mutual information is considered after the thermodynamic limit n — oo corresponding to the large codeword limit in this
coding context.
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matrices ¢ and § (¢ and R in the notations of Theorem 3.1) are of the type ¢ = qql i + 92 1x 17, with the unit
vector 15 = (1)X |, and similarly for §. In the large K limit, this scaling of the order parameters is natural.
Indeed, assume that the covariance of the prior is Q° = 1 (Q" = p in the notations of Theorem 3.1). Since
both q and (Q° — ¢) are assumed to be positive matrices, it is easily shown to imply that 0 < gz < 1 and
0<¢.+tq <1

D.1 Large K limit for sign activation function

In the following, we consider Q° = 0?1 x. We are interested here in computing the leading order term in I of
(76). Note that replacing o2 by 1 in this equation only amounts to replacing g by ¢/c2, so we can assume 0 = 1
without loss of generality. We (abusively) write I in (76) as Io = Zy::tl Jzx DEIc(y, &) log Ic(y, £), with
the definition

Io(y,€) = /R  DZPu {l(Q" — )22 + 4"} (50)

Here, we assumed a sign activation function and no noise, as well as a particular form for Q) and ¢ (see

the remarks above). Note that this implies that g% = Vaalk + 7%/% 151} and that (Qo — q)l/ 2 =
VI=¢a=9a—v1=qa
VT= gt + Y=g/

1x1].. All together, this gives the following explicit expression for I:(y, ) :

Io(y,6) = > Dz

5 i LSy 1—qZ 1 1 Z | (2
X 64y — sign \/Elz;ﬁgn[\/ —qq z+(\/ —qa—qi— —qcz)7+(q f)z} :

. . 1.2 . . .
Introducing a new variable w = % and a Fourier-transform of the then-introduced delta function, as well as
another variable u being the argument of the outer sign function in the previous equations, one obtains:

dwdw dudtc 0 00
I — o 1ww+wu5 .
c(y:€) /R o on € ysign(u)

K it [1-ga—aq4 :|w 1 1/2
B sign | 2+ —at 1| =+ ]
XH/DZ@ “U\/fe VES8 [ [ 1-qq VK 1—q (@*/=€), )
1=1/R

IS8

Denote

_ 1_%_%7 w 1 1/2
M) = [T ) L),

such that

dwdi duda K 0 anlot A (w.)]
_ W -+iud — %= —-“sign[z+N (w,
IC(yaf) _/]R ot ?emw wucsy,sign(U) ll_[1/RDZ€ VKe VK :
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For 1 <[ < K, one can rewrite the factorized integral in the last expression of I (y, ) as:

dwdi dudii S
_ Tww+iut
Ic(y,f) _\/]R o ?6 5y,51gnu HJ )‘l w 5 w U), (81)
A2 I N} iU s
J (N(w, €), 1, 1) Ee_l’url/\l\/?/l?zez(/\l_z\/?)e Viesienl] (82)
R

We abusively dropped the dependency of A; on (w, ). Note the following identity:
F(a,ip) = / DzetiBsign(z) — o?/2 [cosﬁ + ¢sin Bf[(a)} , (83)
R

with H (z) = erf(x/+/2). Using it in our previous expressions, we obtain:

J(\, 0, 4) = e~ 22 [cos <\/“7{> —jsin (\/UE> Jig <)\l - z\/“;?ﬂ .

Note that by our committee-symmetry assumption, we have A\;(w, §) = X\ o(§) + \/%Al(w, €) with A ¢ and
A1 typically of order 1 when K — oo:

Mo(©) = /726 (81)

1—qa—qq ] [ da + qa aq | 1€
A(w, &) = —_— —1lw+ — . 85
1(w,¢) [ 1 —qq 1—qq 1-qi] VK (89

Expanding J(\;, W, %) as K — 0o, we obtain using the known development of the error function:

Lp2 02 ; U TP — W Ao
T, ,0) = ¢~ e ll—g‘quxl,O@)}j‘?—i“[ 1.9 ””]\/Ze N L ok 3/2)].

This yields (putting back the (w, ) dependency):

~2

K
A 2 1
[T7 N, €),@,0)] = e 2% exp [—“2 — S — i\[ﬂ(h —i)To + 5% + O(K‘”Q)] . (86)
™
=1

in which we defined the following quantities, that only depend on & (recall (84))

(f) = L 5 (5) — i *%/\1,0(5)2

we(§) = VK lg ls I'o(€) = ; lE 1 e )

S = —1 E A S = —1 g H(\ 2
1(5) /—Kl - ( l,O(f))7 2(5) Kl - ( l,O(f))

A detailed calculation actually shows that the previous expansion of (86) is valid up to O(K ~!), and not only
O(K~1/?). Recall also (81), in which one can now readily perform the integration over all variables w, 1, u,
to obtain (dropping the £ dependency in we, I, S1, S2):

SH—\/»w Ty \/Qd+Qa \ﬁ

2_4a

Io(y,€) = +O(K™), (87)
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in which H(z) = [° Dz = § [1 — erf(z/v/2)]. Note that all quantities we, I', S1, S only depend on ¢ via
its emp1r1cal measure, which 1mplies that the integration over & € R¥ will be tractable. We compute it in the
following, using theoretical physics methods. We denote the quantity that appears in (87) as a function of
We, FO, 51, SQ:

Sl_'_\/»w F \/(Id+(1a \/7

2 _4a

Introducing once again delta functions and their Fourier transforms for we, I'g, S1, S2, we write, starting from
(87):

G(vaga F07 Sl? 52

Io = / DeTe(y,€)log Io(y, €)

y==1

_ Z /d’wgd’wg drodro dSldSl dSQdS2 Z1U’lU+ZF()FO+ZSlSl+ZSQSQ G(y we FO Sl 52)

) 2T 2

« IOgG(y, we, FO: S17 SQ) |:/ Dgeiﬁ)wg(@iforo(g)iglsl(g)iSQSZ(g):| + O(Kfl) (88)
RK
The integral over £ in (88) can be computed in the limit K — oc:

Dge—iwwg (&)—iloT0(€)—i8151(€)—i8252(€)
RE

A

[ ey |8 _ o Sl A
TVE K VK K

The large K expansion yields

A:exp{ — fw —il\/1—qq — S10E [§H< 1 4 ﬁ)]
—4d
1. A ~ q 2
_ (255 +z'52> E [H ( _dng>
The expectations are taken with respect to a real variable & ~ N(0, 1). These expectations are known by
2
A 2
H( dd 5) = —arcsingq,,
1—qq s

=l ()] =V

One can now compute the integrals over the “hat” variables in (88). Denote I' g = @, and S{ =

} +O(K™Y).

properties of the error function:

E
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% arcsin q4. This yields:

2 i — /2
-[C — D'LUDSl G <y, w, ng \/ (aI'CSHl qdd qd) Sl +w ﬂ7 S2f>
R2 m T
2(arcsin g — 2
log G (y, w, I‘g, \/ (arcsmﬂqd 4a) S1+w —zd, Sg) . (89)

Note that

Gewﬂﬁ¢ﬂwmwwﬂ”&+w¢%ﬂ%):H<ﬁ¢2ﬁmm%—%&+wWM+%
™ T

T \/1 - %(Qa + arcsin qq)

Making the change of variable S7** = S7 + sy chi"’rj:;i“_qd in (89), and defining v = %(qa + arcsin ¢g), one

Ic = Z/Da:H yx T log H |yx 0 +O(K1).
y—t1/R L=y L=~

The two values of y contribute in the same way, which finally yields:

IC—%éDM¥PJle]%ﬂ{FM117 +OKY. (90)

Note that the parameter ~y is naturally bounded to the interval [0, 1] by the conditions 0 < ¢; < 1 and
0< Qo +qa < 1.

reaches:

D.2 The Gaussian prior

The prior part Ip of the free entropy of (76) is very easy to evaluate in the Gaussian prior setting. We consider
a prior with covariance matrix Qo = I (we can simply rescale ¢ by ¢/o? in the final expression for a finite
variance Qg = oI as we already described). Performing the Gaussian integration in Ip in (76) yields:

K 1 K -1

Ip = —Ga+ ~Ga—
P 2Qd+2Qa

. 1 R .
bﬂ1+%)—§bﬂl+%+@0- (91)

D.3 The fixed point equations

From the definition of the free entropy (76) and the expansions for Ip and I obtained in (90) and (91), one
obtains the fixed point equations after having extremized over ¢4 and ¢, (recall that o = lim 7*):

944 Ic (a4, 4a) + alc(qa, ga)] = 0, (92)
8% [IG(de Qa) + aIC(Qd7 QQ)] =0,

with (g4, ga) defined as:

1 K-1 1 1 1
I = K — 1 - 51 1—q —a.
6(4a; 4a) = 5 [da + Kqd] 2 % [1 - Qd] 2 8 L —qa — Qd] ’

IC(QdaQa):2/DZL‘H [x 0 log H [:p - ,
R Vi-v 1—~
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and recall that v = %(Qa + arcsin gg).
The fixed point equations (92), (93) have different behaviors depending on the scaling of o with the hidden
layer size K. We detail these different behaviors in the following paragraphs.

D.3.1 Regime o = 0x 00 (K)

In this regime (which in particular contains the case in which « stays of order 1 when K — o0), the fixed
point equations (92), (93) can be simplified as:

qa =0, (94)
Ga = 20(1 — qa)%%.

D.3.2 Regime a = O _,(K)

In this regime, we naturally define @ = «/ K, such that @ will remain of order 1. One can show that the
solutions of the fixed point equations (92), (93) must satisfy the following scaling : ¢, + g4 = 1 — %, with
X > 0 areaching a finite value when K — oco. The fixed point equations in terms of x and g4 read:

1 ~ 9Zc
— 2 _1>a8q,1’

(95)

Note that the State Evolution (SE) computation of Figure 2 was performed by solving the fixed point
equations (94) and (95) (depending on the regime of «).

The stability of the g; = 0 solution: Itis easy to show that (95) always admit what we call a non-specialized
solution, i.e. a solution with g4 = 0. This solution stops to be optimal in term of the free energy at a finite
Qispec ~ 7.65. However, one can show that this solution will remain linearly stable for every c. Actually, it is
linearly stable in the much broader regime o = o( K2). Going back to the initial formulation of the fixed point
equations (92),(93), and adding the correct time indices to iterate them, one obtains:

t+1 F(QZ,C]Z)

= , 96
W T P q) 9
qt-‘rl — G(th Q(tz) (97)
¢ (1+ F(ahat)) (1 + F(gh, at)G(dh ab))
with I’ and G defined as:
2cy
Flaa,02) = 7o [Ogle — Dy, 1), 98)
20K 1
G(qd,qa) = K1 [aqafc — Kaqdfc] . (99)

We focus on the behavior of (96) around ¢; = 0. Given our previous expansion of /¢ in the K — oo
oF

s Dag lgu=0 — K00 0, which means the ¢4 = 0 solution

limit, and (98), one easily sees that for & = 0x 00 (K?)
always remains linearly stable.

However, assume now that o = ©(K?). Performing a similar calculation to the one shown in sec. D.1,

37



one can show the following expansion:
I0(9a 40) = 1 (00 @0) + 1 (04, 00) + O =
c\4d;4a ¢ \4d;Ya K C 4d; qa K2

The term of 2 90 ]q ,—0 arising from 7, g ) will thus have a possibly non-zero contribution in the K — oo limit, as
seen from (98).

To summarize, the non-specialized solution always remains linearly stable in the large K limit at least for
a < K?2. This implies that in this regime, Approximate Message Passing can not escape the non-specialized
fixed point to find the specialized solution, as seen in Fig. 3. For a of order larger than K2, one would have to
explicitly compute 1 g ) in order to check that % |¢s=0 # 0 to show that the non-specialized solution is indeed

linearly unstable. This tedious calculation is left for future work.

D.4 The generalization error at large K

Recall the definition of the generalization error in (78). From the remarks of section C, one can compute it at
large K by applying the same techniques used to compute the channel integral /¢ in sec. D.1. One obtains
after a tedious, yet straightforward, calculation:

1 1 2
€™ = 2 & = —arccos | — (gq + arcsingg) | + O(K™). (100)

This expression is the one used in the computation of the generalization error in the left panel of Fig. 3.

E Linear networks show no specialization

An easy yet interesting case is a linear network with identical weights in the second layer and a final output
function 0 : R — R, i.e a network in which @out(h) = J(ﬁ Z{i 1 hl). For clarity, in this section, we
decompose the channel as Pyt (y]|@out(Z)) for Z € R instead of Pyt (y|Z). We will compute the channel
integral I of the replica solution (76). For simplicity, we assume that Q¥ = 1 x the identity matrix (i.e w has
identity covariance matrix under Py). Note that (76) gives I¢ as Ic = [p dy [px DEIc(y, &) log Io(y, §). One
can easily derive:

dudi . -
Lo(y,€) = e €70~ ae / s wip, (gl ()

R2 2w
% dz e—%ZT(]lK—q)*lZ—&-ZTX(a,:ci)
rE /(2m)K det(1x — q) ’
in which we denoted X (4, zi) £ (1x — q)~'q'/2¢ — IK, with the unit vector 1x = (1)% . The inner

integration over Z can be done, as well as the 1ntegrat10n over

(v e)

IC(y,é) = / Pout y|0’( )) exp | — 1
1— L1l g1k 2 (1 - % 1kqlk)

So we can formally write the total dependency of I (y, &) on £ and on g as

1 1
IC(ya 6) = IC <y7 ﬁl.r}(ql/2£a KlTKq1K> .
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Note that we have the following identity, for any fixed vector z € R and smooth real function F:

2

DEF(2TE) = u)e_%. (101)

1
—— [ duF
RE V2rmxTx /R (

In the end, if we denote I'(¢q) = %I%qlK, we have:

Io = d dve 21"@)[ v,y)log I (v 102
c/yW/ o (v,9) log Io(v,y), (102)
1

)= \/1—/dupom ylo(u ))exp[

Ic - -
2(1-T(g))
Note that by hypothesis, both g and 1 x — ¢ are positive matrices, so 0 < I'(¢) < 1. As these equations show,

(u—v)?|. (103)

Ic only depends on I'(q) = K~} 117 qur- From this one easily sees that extremizing over ¢ implies that the
optimal ¢ satisfies §;r = ¢/ K for some real §. Subsequently, all ¢ are also equal to a single value, that we
can denote £. This shows that this network never exhibits a specialized solution.

F Update functions and AMP derivation

AMP can be seen as Taylor expansion of the loopy belief-propagation (BP) approach [13, 14, 55], similar to
the so-called Thouless-Anderson-Palmer equation in spin glass theory [35]. While the behaviour of AMP can
be rigorously studied [17, 18, 56], it is useful and instructive to see how the derivation can be performed in
the framework of belief-propagation and the cavity method, as was pioneered in [36, 38] for the single layer
problem. The derivation uses the Generalized AMP notations of [16] and follows closely the one of [26].

F.1 Definition of the update functions

Let’s consider the distributions probabilities Qo and @, closely related to the inference problems eq. (3) and
eq. (4):

1 _ _
Qout(z;w,y,V) = eIV I (h2) QoW T) = —— Py(W)e 3T IWATTS W

ZPout ZPO

We define the update functions gout, O Gout, fw and fe, which will be useful later in the algorithm:

gout(W,ya ) O log(ZPout) - V_lEQout [Z - w] s

8wgout(w Y, ) 1EQout [(Z - w)(z - W>T] - Vil - gOUtggut )
fw(E T) (9 -1 log Zpo = EQO [W] N
fc(2 T) 1wa = EQO [WWT] fwa; .

Note that gyt is the mean of V1 (z — w) with respect tor Qoyt and f, the mean of Q.

F.2 Derivation of the Approximate Message Passing algorithm
F.2.1 Relaxed BP equations

Lets consider a set of messages {m;_, " Th“ﬁi}izlun,ﬂzlum on the bipartite factor graph corresponding to
our problem Fig. 4. These messages correspond to the marginal probabilities of W if we remove the edges
i — p or u — 4. The belief propagation (BP) equations (or sum-product equations) can be formulated as the
following [14, 55], where W; = (w;)i—1.x € RE:
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Pout (YH’{X#Wi}izl) Wi € R O(W)

n=1l.m 1 = 1l.n 1t =1.n

My—i

Figure 4: Factor graph representation of the committee machine (for n = 4 and m = 3). The variable (circle)
W; € RE needs to satisfy a prior constraint (square) P and a constraint accounting for the fully connected layer,
that correlates all the variables together.

z—>,u, ]f?éli
(104)
it (W) = /HdW Pout | Yy |\F ZXWW mh_,, (W)
u%z
The term inside P,y can be decouple using its K -dimensional Fourrier transform
Poue | Vi Y X S d o Ly X Pout(Y,
out u|\/ﬁ; uiW; —W RE §exp | i§ \/ﬁ; uiW; out ;uf)
Injecting this representation in the BP equations, (104) becomes
it (Wi) = 1/ d€ Pt (Yy, €) exp ier L x W,
u—n (27T)K/2Z#_>i RE B \/ﬁ K
1
X dW;m®_, ,(W;) exp ( ET—X W)) ,
};[ /RK j—),LL \/ﬁ IRV
EIj
and we define the mean and variance of the messages
Wt = /RK dWmt_, (W)W,
(105)

Cjtﬁu_/R W mjﬁu(WJ)W/J'WT W;—W(W;—w) )

In the limit n — oo the term I; can be easily expanded and expressed using W and C

t Xpj 1 X2
IJ = /RK dW]mj—NL(WJ) eXp (ZST\/HWJ)> = exp ffT i 5751- Jou ’5
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and finally using the inverse Fourier transform, we obtain

7 1 —1 ) . .
mZ%z(Wz) =~ W /IR{K dzPout (Y, 2) /RK dge €7 XpuilTW
13
X Hexp ( W]t*)pt 5 é‘T ]*hué.
J#i
et S 2 1 or O XEj o
! iets ixuerw, o m Wine —38T 2 SO
= oKz . dZPout(Y/“Z) dfe i€ Zet ni€ e e Fez)
(QW)KZM—M; /]\QK RK
K X i T _ X,
= I;l/ Az Py (Y, 2) %e—%(z—ﬁwrwfu) (V) l(z—\//%Wi—wfu>7
(271') ZM_)i RK det(Vw) =H;,

where we defined the mean and variance, depending on the node ¢
1
t t — 2 At
w = ZX Wj—m’ Vip = n ZX Cj—w (106)
J#z J#i

Again, in the limit n — oo, the term H;, can be expanded:

1X;2w' t\—1
zu) - iTWzT(V;u) Wi

_ X,
Hip =~ o3 (7wl ) (Vi) T (a—why,) (1 + \/%WiT(WZ)_l(Z —w!
1X2

w1 -t - wfu>T<mz>-1wi) |

Gathering all pieces, the message 1m,,_,; can be expressed using definitions of gout and 9, gout

1X5
2 n

; (wz;u Y,UJ %Z)W

iy Ty Vi
Zow | Vm w i Vi

1X5
“W OGout (W, Y, Vt)W}

1 X i
iy, i (Wi) ~ {1 + W] gout (Wi, Yy, Vib) +

2 n R R I)

i {1 + WTB/Zﬁ’l QWTBZ%Z(BZH'L) (W) - 7WTAZ%@W }
det(A?_..) 1 B
S e (= (V7 = (Al B A (W] — (40 L))

with the following definitions of A,_,; and B, _,;:

2

Aft—)l = _Tmawgout (w Y, Vi ) (107)

X
t — T Y, ‘ft
B = w; iy T Vg

M_” == %gout( UL T z,u)

Using the set of BP equations (104), we can finaly close the set of equations only over {1, }:,:

miL (W) = - W IT ¢/ 24 A%Je BWim(Ay )7 B )AL (WA ) L),
’ z—>u £
v#u

In the end, computing the mean and variance of the product of gaussians, the messages are updated using
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fwand fe:

-1
Wlt:}L - fw( H—1’ ,T;i—m) ) u—n = ( ; AI/—H,) ’
V7ER
G+l _ £ (Et ) (108)
11—l ,u,—>7,7 u_n bl

T;i%z = EZ*}Z (Z Bu%z) :

Summary of the Relaxed BP set of equations:

In the end, using eq .(105,106,107, 108), relaxed BP equations can be written as the following set of equations:

-1
wfu - Z M W]t—>u EZ—M <§ AV—)Z)
LSl
n X2 ~
Vi — Z Zui ot t t
s jF#i I T,u—)i - Z,u—m Z Bu—n (109)
t — Xui ¢ -
Bisi = U gout @iy Y Vi) WL = fulSn TE,)
X2i
AZ—H = _Tu w.QOUt(wzu7Y Vt) CA’::L f (EL—M’T;—H)
\

F.2.2 Approximate Message Passing algorithm

The relaxed BP algorithm uses O(n?) messages. However all the messages depend weakly on the target node.
On a tree, the missing message is negligible, that allows us to expand the previous relaxed BP equations (109)
to make appear the Onsager term at a previous time step, and reduce the number of messages to O(n). We
define the following estimates and parameters based on the complete set of messages:

t i Xoug yit -
Y= g o Z AL
w=f ke, <ZBH)
Let’s now expand the previous messages eq. (109), making appear these new target-independent messages:
ez,
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Let’s denote for convenience, £ = (Zf) ! C’fHEﬁ gout(wz, Y,, V/f ). Then
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The AMP algorithm follows naturally the rBP updates (109) using the expanded estimates of the mean and
variance wy, V},, T; and 3J;, and finally reads in pseudo language:

Algorithm 2 Approximate Message Passing for the committee machine

Input: vector Y € R™ and matrix X € R"™*™:
Initialize: Youtu =0,%; —IKfoorl <i<nandl<pu<matt=0.
Initialize: W e RE andC’Z,&ugoutu € S forl<i<nandl <p<matt=1.

repeat
Update of the mean w), € R and covariance V,, € Sy
t = Xui Wt X;Qu Et—l Ctzt 1 Vt _ w X;Zu Cvt
W,L*Z(\/ﬁ i_T(i ) goutu) \ ﬂ*ZTz’

i=1 i=1
Update of gout,u € RE and OwGout,u € S};:

géut,,u = Yout (qu Yy, Vlf) ’ 8wg<t)ut,y = OuZout (me Yy, Vlf)
Update of the mean T; € R¥ and covariance %; € S;;:

t tf o~ Xui ¢ Xiia ¢ 2t t o XZio 4 -
Ti = Zi( Zl ﬁgoutﬂu - Tawgout,,uwi) | Ei = _( Zl n wgout,,u,)
H= p=
Update of the estimated marginals W; e RE and C; € S;g:
VVz‘tH = fw(ZLTZt) | Czl‘H_l = fc(Ef,Tf)
t=t+1

until Convergence on W C.
Output: W and C.

G State evolution equations from AMP

In this section, W* denotes the ground truth weights of the teacher and we define the overlap parameters at
time t, m!, 0!, ¢', Q and that respectively measure the correlation of the AMP estimator with the ground truth,
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its variance and the norms of student and teacher weights:

= N - t * — . - t
mt = Ew JE&HZW (W)T, ol = Ey nlggoan.
and
t — : t t * *
q :EW*JL%EZM(Wi)T’ Q=Ew- hm —ZW (WF)
i

The aim is to derive the asymptotic behaviour of these overlap parameters, called state evolution. The idea is
to compute the overlap distributions starting with the relaxed BP equations eq. (109).

G.1 Messages distribution

In order to get the asymptotic behaviour of the overlap parameters, we need first to compute the distribution of
¥t i and TM _,;- Besides, we recall that in our model, the output has been generated by a teacher according to
Y, = % (ﬁW*X’“ A). We define z, = ﬁW*X“ = ﬁ Yor X, Wrand 2, = ﬁ > iz X Wi

And it useful to recall Ex[X ;] = 0 and Ex [XE”] = 1.

t
n—1

Under belief propagation assumption messages are independent. w!

ow
1 18 thus the sum of independent
variables and follows a gaussian distribution. Let’s compute the first two moments, using expansions of the

relaxed BP equations eq. (109):

EX l‘%l B ZEX M] _]*),u =0,
Hﬁz
1 ~
Ex [w)i(w)isi)T] = - Z Ex (X Xt WE,, (WEL,)T ZEX Wi (Wi )T
ikt o
= i 3/2
- Z (Wi = ZWW)T—FO(l/n/)n:zoq
J?ﬁl =1
[} ZH
1 n
- 7ZEX [Xm‘] Wi* =0,
Vi
T 1 n . o 1 n X .
Exwe [2u2]] =BEws—~ > Ex (XX Wi WR) :EW*gZWi W) — Q.
j=Lk=1 P
oz, andw’
1 n
Exw [wuizf] = EW*E Z Ex (X0 X Wi (Wi EW**Z (W,

- EW*% f: WEHWF)T + 0 (1/n3/2) s omt.

¢ n—00
=1

Hence asymptotically (z,, w’ i t ot

) follow a Gaussian distribution with covariance matrix Q° = [
m- o q

Q mt]
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u—i concentrates around its mean:

1~ -
Exw- [Vii] EW*— ZEX ¢, = B~ Z Gy =Ew =) Cl+0 (1 /n3/2> P
J#z J#l i

Let’s define other order parameters, that will appear in the following:

(jt = aEw,z,A [gout (U.), 908ut(z, A)v Ut)gout (W, @gut('Z’ A)’ Ut)T] )
mt = aEw,Z,A [azgout(wy ¢8ut(z7 A)7 Ut)] )
)A(t = aEw,z,A [_augout(wv Qp[o)ut(zv A)v Jt)] .
o7 ;i _,; canbe expanded around z,_;:
(EZ—M ,u,—m Z Bl/—)l Z \F l/zgout( Wy i @out \/‘ Z XVJ W* + XVZW* A ’ szt—n)
VFE v J#i

m
1
E \F Xyigout(w u—m‘Pout (ZuﬁzaA),Vut—n + E Est‘azgout(Wf/aiaSﬁgut (ZV*)Z'aA)7VVt—>i) Wi*'
vE#E vF#

o ¢

n—>1

“4” Z AV‘” - Z XVZaUJQOUt( Wy —sis YV7 Vyt;n)
vEu vin
1
= — Z ;Xsiawgout (wf,_”', (pgut (zu—m'; A) 7Vut—>z) +0 (1/n3/2> )
v

Hence taking the average and the large size limit, the first moments of the variables ! 1—i and Tﬁ _,; read:

IEo.;,z,.»éx,X (Et ) T :| — th

u—> sl I
-1
Eoz,a,x <EL_”) T;i—)z (Tﬁ—n) <EZ—>1> :| — ",

-1
Ew,z,A,X (Efiﬁz) :| — )Zt.

n—oo

\

And finally T}, ,; ~ ()7L (MW + (§)1/2€) with € ~ N(0,1) and( LHl)fl ~ (1)1

G.2 State evolution equations - Non Bayes optimal case

Let’s define the following notations:

T g = (8) ( W ()'V%)
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Gathering above results, the state evolution equations read:

m!tt = Ep+ lim l Z WE(W;)T =Ew«¢ [fw (Etht[W*7§]) (W*)T]
=1

n—oo M

n—oo N 4

¢ =By lim — S W W = By e [fu (ST, €) £ (3, T, €))T]
i=1

n

.1 A .
o= B i DO = B [fe (ST, )

and

(jt = aEMZ,A [QOUt (w’ cpgut(z, A)a Ut)gout (wv ‘pgut(zv A)v Ut)T]

o [ APAA) [ (2010.0°) g o A). 0N 2 ).
' = By, 2 4 [0:90ut (W, Pou (2, A), )]
—a / dPA(A) / dzdwN (2,030,Q") Bz out (@, P2 (2, A), 0*)
X' =Bz [—Ougout(w, @y (2, A), 0h)]
= —a/dPA(A)/dzdw./\/ (2,w;0,Q") Dugout(w, Py (2, A), o)

G.3 State evolution equations - Bayes optimal case

In the bayes optimal case, the student knows all the parameters of the teacher and then Py = Fj, gpgut = Qouts

t t t

m! = ¢’ and ¢* = m! = !, o' = Q — ¢* and then, naturally

THW™*, & = W* + (¢") "%,
st= ().

In the Bayes-optimal case, the set of state evolution equations reduces and simplifies to:

¢ =B g [fo (S, THW,€) fu (B4, THW*,€)T] (111
111

(jt = aEw7Z,A [gout (wv (Pout(za A)v Ut)gout (w? Soout(z, A)v Ut)T] )

t
where (z,w) ~ N 4, (0, 0; Qt) with Q' = [2215 Zt]

G.4 State evolution - Consistence between replicas and AMP - Bayes optimal case

State evolution - AMP
Using the change of variable £ + & + (cjt) 1/2 W*, eq. (111) becomes:

0 = Ee [Zp, (@)% @) ") o (@26 @) 7) fu (@) 26 @)
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In addition in the Bayes-optimal case, as:
Ex [WZ—M(ZAL - WfL—n‘)T} =mt—¢' =
Ex [WZ—M‘ (W,Z—n‘)q =4
Ex [(Z;TL - wZai)(zu - wz%i)Ti| =Q-q",
the multivariate distribution can be written as a product: V. ., (0,0; Q") = A, (0,¢") N> (w, @ — ¢*). Hence,
using Pout(y]2) = [ dPa(A)d (y — @8y (2, A)), eq. (111) becomes:

qt - aEw,z,A gout(w (pout(z A) Q - qt)gout(wa(pgut(z A) Q - qt)T]
o= (=) T(Q—a") " (z-w)

3wt e
- a/dy/dw K/2 det 1/2 /dzpout y|z)( 7T)K/2 det(Q _qt)l/QgOUt(w’y’Q - qt)gout(wayaQ - qt)T

e*E(Z W)T(Q—q) "} (z-w) 1 . i .
—a/dy/m/dzPout (y]2) 2 K72 dot(Q = )I/QQOut((q) £,9,Q — ¢)9out((¢) &y, Q@ — )7

= aEy,f |:ZPout ((q )1/267 Y, Q —4q ) YJout ((qt)l/ng Y, Q - qt> YJout ((qt)1/2€7 Y, Q - qt> T:|
Finally to summarize the state evolution equations can be written as:
a1 = Ee [Zp, (@)% @)7") o (@926 @) 7) fu (@26 @)
gt = aF, ¢ {Zpout ((@)'26,9,Q = ¢) gour ((4)"/%€,9,Q — ") gout ((¢")/?€. 9. Q — qt)T]

(112)

State evolution - Replicas
Recall from sec. B, the free entropy eq. (76) reads

limp, oo fn = extry4 {—%Tr[q@] +1Ip + aIC} ,
Ip = Ee¢ [2p,(4"%¢,47) log(ZR,(G2¢,47Y))]
Ic = B¢, [Zp,. (72,9, Q — @) 10g(2p,.. (6%, y.Q — 9))] -

Taking the derivatives with respect to g and ¢, using an integration by part and the following identities:

0z ~1,1 -3
Dot = —4q7 1389 [0 2, |

0Z a1 L _1
o gt [ 4z

the state evolution equations read:

q=2%¢ e = 0B [P (@6 0T fu(@ 6 ) fu(@ 2 a)T]
wit
j=2a5¢ 58 = 3By e [2p (4726, 4, Q — ) gout(4"2€, 4, Q — ) gout (026, 4,Q — 9)T]

that simplifies and allows to recover the state evolutions equations directly derived from AMP eq. (112), but
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without time indices

q =E¢ [Zp,(G12€,¢7Y) fu (@26, 4) fu (V26,67 H)T]

qd=0aBy¢ [Zp.. ("%, y,Q — ) gout (€%, ¥, Q — Q) gout (¢/%¢,y,Q — @)T] .

H Parity machine for K =2

Although we mainly focused on the committee machine, another classical two-layers neural network is the
parity machine [7] and our proof applies to this case as well. While learning is known to be computationally
hard for general K, the case K = 2 is special, and in fact can be reformulated as a committee machine, where
the sign activation function has been replaced by ¢;(z) = 1(z # 0) — 1(z = 0):

v, = sien| TT sten( 3" 53)] = [ 3 sien( 32 57 a1
i=1 1=1

=1 =1

We have repeated our analysis for the K = 2 parity machine and the phase diagram is summarized in
Fig. 5 where we show the generalization error and the elements of the overlap matrix for Gaussian (left) and
binary weights (right), with the results of the AMP algorithm (points).

Below the specialization phase transition o < @gpec, the symmetry of the output imposes the non-
specialized fixed point gog = go1 = 0 to be the only solution, with ag)ec(K =2) ~ 2.48 and aSBpeC (K =2) ~
2.49. Above the specialization transition agpec, the overlap becomes specialized with a non-trivial diagonal
term.

Additionally, in the binary case, an information theoretical transition towards a perfect learning occurs
at aB(K = 2) ~ 2.00, meaning that the perfect generalization fixed point (goo = 1, go1 = 0) becomes the
global optimizer of the free entropy. It leads to a first order phase transition of the AMP algorithm which
retrieves the perfect generalization phase only at ozferf(K = 2) ~ 3.03. This is similar to what happens in
single layer neural networks for the symmetric door activation function, see [11]. Again, these results for the

parity machine emphasize a gap between information-theoretical and computational performance.
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Figure 5: Similar plot as in Fig. 2 but for the parity machine with two hidden neurons. Value of the order parameter
and the optimal generalization error for a parity machine with two hidden neurons with Gaussian weights (left)
and binary/Rademacher weights (right). SE and AMP overlaps are respectively represented in full line and points.
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