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Fitting ellipsoids to random points

EFP is a semidefinite program 

Centered ellipsoid      with                                  

Ellipsoid Fitting Property (EFP)

:               and                         for all Principal axes of                      Eigenspaces of

➢ Convex
➢ Efficient algorithms



A few motivations

• Discrepancy of random matrices

• Characterization of SDPs in average-case scenarios…

➢ Geometry :

➢ Statistical estimation

➢ Theoretical computer science

• Minimum Trace Factor Analysis

• Independent Component Analysis
[Podosinnikova&al ‘19]

[Saunderson &al ‘12]

[Potechin &al ‘22]

+ low-rankDiagonal



The ellipsoid fitting conjecture

SAT (conj.) UNSAT (conj.)SAT UNSAT

Dimension 
counting

❖ Upper bound                       by dimension counting.

❖ EFP is not universal Fluctuations of the norm are critical

This talk
I II

[Potechin&al ‘22]

[Kane&al ‘22]
[Saunderson&al ‘12]

…

[Saunderson&al ‘12]



Lower bounds
Goal:                           for 

[Bandeira, M., Mendelson & Paquette ’23]

Similar result obtained w. different estimates in [Hsieh&al’23 ; Tulsiani & Wu ‘23] 

Existing works on EFP rely on an explicit estimate:

➢

➢ “Identity perturbation”

Theorem: w.h.p. if

[Potechin&al ‘22]

Non-rigorous analysis shows this holds for 

linear equations in 

Theorem: w.h.p. if

• [Kane & Diakonikolas ‘22]

• [Bandeira, M., Mendelson & Paquette ‘23] Numerically: 

[M.&Kunisky ‘22]



Lower bounds – Sketch of proof
[Bandeira, M., Mendelson & Paquette ’23]

Define

We show

Goal:

i.i.d., independent of 

➢ Key difficulty: controlling                    .

➢ Rest of the proof: classical    -net argument. 

[Bartl & Mendelson ‘22]

for small enough       . Lemma:

Gram matrix of sub-exp. 
random vectors in 



Ellipsoid fitting conjecture revisited

Heuristic for the ellipsoid fitting conjecture

EFP:
random affine subspace in

closed convex cone

General question

What if the directions of      were uniformly randomly oriented ?

Heuristic 

“Gaussian Fitting” (GF)

Theorem [Gordon ’88, …] GF is
• SAT (whp) if

• UNSAT (whp) if  

Gaussian width

For PSD matrices



Non-rigorous results
[M. & Kunisky ’23]

Replica method hints at universality of       with the “Gaussian fitting” problem.

(Statistical physics of disordered systems)

Free energy / volume of solution set:

Replica method + convexity 
(“replica symmetry”)

Asymptotic formula

“Overlap” Typical spectrum 
of solutions

Dilute expansion (                ) of 

Hard asymptotic expressions via PDEs [Matytsin ’94 ; Guionnet&al’02]

[Bun&al ‘16]



Non-rigorous results: some consequences

Spectrum of solutions/shape of ellipsoids Generalization to non-Gaussian random vectors

• As                ellipsoid fits are “cylinders” in half directions !

• Truncated semicircular distribution
Ellipsoid fits 

harder to find

Near the transition : 

Universality with “Gaussian fitting” problem. 

;

Larger norm 
fluctuations 



A rigorous approach inspired by physics [M. & Bandeira ’23]

“Free energy”

Regularizing            ; 

Gaussian, same order-2 moments as  

“Gaussian fitting” problem

Lemma: if

“Gaussian equivalence”
[Hu & Lu ‘20 ; Montanari & Saeed ‘22 ; Gerace & al ’22, …]

1. We show this “uniform CLT of projections” using a Berry-Esseen-type CLT

2. We leverage Gordon’s theorem to study 

Limitation: supremum over S with bounded spectrum

Focus on 



Transition for approximate EFP

Theorem

[M. & Bandeira ’23]

❖ Approximate solutions, up to arbitrary accuracy

❖ We control the spectrum of solutions in the SAT phase

❖ Rule out solutions with bounded spectrum

“Relaxed” problem:Find                 such that 

for

➢ :                , we can find         solution to              , and    

➢ :                      s.t. , there is no solution      to             such that                     

Rigorous characterization of the SAT/UNSAT transition in (approximate) ellipsoid fitting at 

(shape of ellipsoid fits)

(ellipsoid with axes not too small)



Summary & outlook

THANK YOU !

I II

Best-known lower bound Rigorous transition for approximate ellipsoid fitting

❖ Other proof approaches for lower bounds ? 

❖ Universality proof for non-Gaussian random vectors ? 

for any ✓ Numerics
✓ Replica prediction

From approximate to exact ellipsoid fit ? Rule out matrices with diverging spectral norm ?  
(ellipsoids with very small axes)

SAT (conj.) UNSAT (conj.)SAT UNSAT

…
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