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INJECTIVITY OF RELU NETWORKS ReLU(u) = max (0, u)

When is a ReLU neural network an injective function ?

> General weights: « = 2 is necessary and sufficient

> Injectivity for “generic networks ™ random weights W, LY N(O,LL).

pw(x)y = ReLU(W, - x)

Layerwise injectivity

In the limit m,n — co with @ = m/n = (1), let pm.n = Plpw is injective] Thresholds ?

Oéirlj — Sup{a . 11mn—>oo pm,fn, = 0} g 0{1_';1_] = lnf{()f . llmn_>oo pm’n = 1}

\_ Sharp transition ?
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INTECTIVITY AND RANDOM GEOMETRY ow(x), = ReLU(W,, - x)

Idea: Quotient R =R" / ~,withx ~ y & Wx and Wy are positive on the same set of coordinates.

—> YWislinearoneach R € R [SOW isinjective 4mmmp thereisno R € R with less than n positive coordina’res.]

Pm.n = Pliow is injective] = P[V N Cpn = {0} =PV N Cpo NS™ 1 = 0]

>V = WR"is a random n-dimensional subspace of R,

» Cm.n is the (honconvex) cone of vectors in R™ with less than n positive coordinates.

First bounds

% Cover's theorem : Pmon — 0 if a<3.

x 1/4 < Union bound over the orthantsin Cy, n: Pmn — 1 if a > 9.09,
21 =

< Explicit certificate for non-injectivity: pm,n» = 0if a < 3.3,




APPROACH FROM INTEGRAL GEOMETRY

V :random n-dimensional

Kinematic Crofton formula estimate P[V N C # {0}] for C a convex cone subspace of R"".
! i : A
Spherical cinematic | . Wy :
f | i. (' isafinite union of convex cones
Oni EF(VNC) C = Cy,.n nNot convex
i. F(AUB)+ F(ANB)=F(A)+ F(B)
. J
P =PVNCrnnNS™ ' =0]=1-E[15(V N Cpyn)l 15(A4) = 1{AN S # 0}

Only F that agrees with 1°on convex conesis x”(A4) = x(ANS™ 1)

Idea:Use ¢y, , = E[XS(V N Cynn)| asasurrogatefor 1 — py, ,, .

Excursion sets of Gaussian random fields
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PHYSICS POINT OF VIEW 6(z) = 1[z > 0]

Fw(x) = 0/(Wx
P = P[WR" N Crpn NS™1 = ] = IP’W[ min By (x) > n} w() ; (W),
R
Injectivity 4P Property of the GS of a spherical perceptron
RSB strateqy
/ e = ®(5) ? 1 \
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Ground-state energy

fr_rsp(a) = ma [—Pr_Rsp(f)/f] e—) Injectivity thresholds in the k-RSB approximation”
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REPLICA SYMMETRY BREAKING THEORY
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Discretization in a “k-RSB-like” ansatz




ALGORITHMIC SOLUTION TO F—RSB EquAaTIONS AT T =0

a = 6.0, 200-RSB-like

Discretization of the Parisi

T R R L g L POE in a “k-RSB-like” ansatz
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RESULTS OF REPLICA SYMMETRY BREAKING THEORY

Ground state energy
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Similar to the proof of the RS upper bound for the Gardner capacity in the negative perceptron



SUMMARY & OUTLOOK

Expansivity thresholds for the injectivity of a random RelU layer

| Euler

RS Ioweri | characteristic
bound 1 I surrogate
i | | 1 | I
I I 1 | | | | |
= FRSB RS Eul Y
3 ~3.4 QAT Qi ilr’lfj{SB iy " ~ 9.09
~ 5.32 ~ 6.698 ~ 6.71 ~ 7.65 ~ 8.34
——
% Euler characteristic surrogate ! [ Large deviations of sublevel sets of the perceptron ] ?
% Stability : Lipschitz constant of ¢w for a > aFRSB 2
: ORI

% Deepnet: o > 2L log L is enough for depth L > 1. Is this tight ? Geometry of the image of the network ?

THANKYOU !
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